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Ldi noi dau 


Bien vin mai nhap nho vdi nhtrng con song dat vao bd, thuyen vin mai lenh denh theo tiing con 
song di vao dai ditdng, va trong dat lien cuoc song van co nhieu bat cap con dang xay ra,..., tat 
ca nhiing didu do deu la cac bat dang thiic trong pham tru dac thu cua tiing lmh viic. Trong toan 
hoc cung vay noi den bat dang thiic la chung ta noi den mot ldp bai toan kho ma an chiia ben 
trong co nhieu ldi giai dep la ki lam say dam biet bao nhieu ngiidi. 

Trong thdi dai cong nghe thong tin vdi viec ket noi internet ban co the giao liiu hoc hoi diidc rat 
nhieu ve cac phiidng phap lam bai bat dang thiic, hoac hoc hoi vdi nhieu cuon sach ve bat dang 
thiic dang bay ban tren thi triidng nhiing de co mot cuon sach bat dang thiic hay vdi sii hoi tu 
tinh hoa kien thiic cua nhieu ngiidi thi dieu do chinh la diem manh cua cuon sach bat dang thiic 
ma cac ban dang cam tren tay. 

"Tuyen Tap Bat Dang Thiic" vdi khoang bon tram bai toan bat dang thiic chon loc diidc giii tdi 
th cac ban tre, cac thay co giao yeu toan tren moi mien cua to quoc, d do bao gom cac bai toan 
bat dang thiic mdi sang tao, cac bai toan bat dang thiic kho, cac bai toan bat dang thiic hay va 
thu vi ma cac ban tre muon chia se vdi moi ngudi. Dieu do tao nen sii hap dan, tinh cap nhat va 
thdi dai cua cuon sach nay. 

Ban doc hay nham nhi vdi nhiing ldi giai hay, nhiing y tiidng doc dao, nhitng sang kien la ki trong 
each giai tiing bai toan de tii do rut kinh nghiem hoc tap cho minh, giup cho ban them yeu, them 
tin vao viec giai nhieu bai toan bat dang thiic. 

Vdi tinh than lam viec nghiem tuc, ham hoc hoi nhom bien tap xin diidc giii ldi cam dn sau 
sac tdi tat ca cac ban da tham gia giii bai va giai bai, dong thdi cung xin bay to sii cam 
dn va kinh trong tdi thay giao Chau Ngoc Hung - THPT Ninh Hai - Ninh Thuan da nhiet 
tinh co van ki thuat latex. Nhom bien tap cung xin giii ldi cam dn tdi ban quan tri diin dan 
http://forum.mathscope.org/index.php da co vu, dong vien anh em trong qua trinh lam viec de 
ngay horn nay chung ta co mot cuon sach hay, co gia tri cao ve kien thiic chuyen mon ma lai hoan 
toan mien phi ve tai chinh. 

"TUYEN TAP BAT DANG THTJ’C" chinh thiic diidc phat hanh tren edng ddng mang nhiing 
ngiidi yeu toan, de tii do thoi mot luong gio mdi dem lai nhieu dieu mdi la cho hoc sinh, la tai 
lieu tham khao hiiu ich cho giao vien trong viec giang day va hoc tap bat dang thiic. 

Do thdi gian gap rut va trinh do co han, dii rat co gang song nhiing sai sot la kho tranh khoi rat 
mong nhan dude sii thong cam, chia se, gop y cua cac ban de nhom bien tap hoan thien cuon sach 
tot hdn. Moi y kien ddng gop xin giii ve dia chi hoangquan9@gmail. 


Thay mat nhom bien soan, tdi xin chan thanh cam dn! 
Ha Noi, ngay 10 thang 8 nam 2011 


Dai dien nhom bien soan 
Chu bien 

Hoang Minh Quan-Batigoal 
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1 Cac bat dang thufc kinh dien 

1.1 Bat dang thufc gitfa trung binh cong va trung binh nhan (AM- 
GM). 


Neu ai, a 2 , •.., a n la cac so thrfc khong am, thi 

ai + a 2 + ■ ■ ■ + a n > ntfa\a 2 ... a r 
Dang thufc xay ra khi va chi khi a\ = a 2 = ... = a n . _ 


1.2 Bat dang thufc giiJa trung binh cong va trung binh dieu hoa (AM- 
HM). 

Neu ai, a 2 ,..., a n la cac so thrfc drfOng, thi 

ai + a 2 + . • • + a n n 

n ~^ + ^ + ... + dN 

a i a2 a„ 

Dang thrfc xay ra khi va chi khi a x = a 2 = ... = a n . _ 

Time chat day la mot he qua trite tiep cua bat dang thrfc Cauchy - Schwarz. Hai trrfdng hop thrfdng 
drfpc sit dung nhat cua bat dang thrfc nay la khi n = 3 hay n — A. 


Vdi n = 3, ta co 


Vdi n — 4, ta co 


a+b+c ^ 3 

5 “ FDD’ 

%i^|> 9 . 

a b c a+b+c 
a + b + c + d 4 

4 -FFH? 

1111 16 

-h y 1—: > r-; • 

a b c d a+b+c+d 


1.3 Bat dang thufc Cauchy - Schwarz. 

Dang so cap cua no drfpc phat bieu nhrf sau: 

Neu oq, a 2 ,... ,a n va bi, b 2 ,..., b n la cac so thrfc tuy y, thi 

(oi&i + a 2 b 2 + ... + a n b n ) 2 < ( a 2 + a 2 + ... + afy(b\ + b 2 + ... + b ^). 

Dang thrfc xay ra khi va chi khi (J + = (J _1 = ,,, = (J +^ trong do ta sii dung quy rfdc: neu mau 
0\ O 2 o n 

bang 0 thi tef cung bang 0. _ 

Trong danh gia tren, chon a, = ~^—,bi = vdi x t , y t 6 I; » > 0, ta thu drfOc bat dang thtic 

Vvi 

Cauchy - Schwarz dang phan thtic: 

Neu Xi, x 2 ,...,x n la cac so thrfc va yi, y 2 ,..., y n , la cac so thrfc drfOng, thi 
x l _l_ x 2 + x 2 > (X! + X 2 + . . . + X n ) 2 

Vl Vi " ’ Vn ~ yi + P2 + ■ ■ ■ + y n 
Dang thrfc xay ra khi va chi khi — = — = 

___ m _ m _1_ Un _ 
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1.4 Bat dang thufc Holder. 



1.6 Bat dang thufc Minkowski. 



Tnrdng hop r = 2 la trrtdng hop thrtdng dupe suf dung nhat cua bat dang thufc Minkowski. Khi do 
ta co ___ 


1.7 Bat dang thufc Schur. 

Cho cac so thifc khong am a, b, c. Khi do vdi moi so thifc dUOng r, ta co 

a r (a — b)(a — c) + b r (b — a)(b — c) + c r (c — a)(c — b) > 0. 

Dahg khi ya chi khi a, — b huf.it P? —b —kfcboac t no hudn \ijttfdfak_ltftg 

Hai trudng hop thndng dupe sut dung nhat cua bat dang thifc Schur la r = 1 va r = 2. 

Vdi r = 1, ta co bat dang thtic Schur bac ba 

a 3 + b 3 + c 3 + 3 abc > ab{a + b) + bc(b + c) + ca(c + a), 

(a + b + c) 3 + 9 abc >4 (a + b + c)(ab + be + ca ), 

(b — c) 2 (b + c — a) + (c — a) 2 (c + a — b) + (a — b) 2 (a + b — c) > 0, 










o,o o y aoc , . 

a 2 + b 2 + c 2 H- 7 -> 2(ab + be + ca), 

a+6+c“ v ' 


a 

b + c 


b + c + 4a6c 

c + a a + 6 (a + b)(b + c)(c + a) 


> 2 . 


Vdi r = 2, ta thu dude bat dang thtic Schur bac bon 


a 4 + b 4 + c 4 + abc(a + b + c) > ab(a 2 + b 2 ) + bc(b 2 + c 2 ) + ca(c 2 + a 2 ). 


1.8 Bat dang thufc Vornicu - Schur. 


Vdi moi so thitc a, b , c va x,y,z > 0, bat dang thtre 

x(a — b)(a — b) + y(b — c)(b — a) + z(c — a)(c — b) >0 
dung neu mot trong cac dieu kien sau ditOc thoa man 

1. a > b > c vh x > y; 

2. a > b > c vh z > y, 

3. a > b > c vh x + z > y, 

4. a > b > c > 0 vh ax > by; 

5. a > b > c > 0 va cz > by; 

6. a > b > c > 0 va ax + cz > by; 

7. x , y , 2 ; la do dai ba canh cua mot tarn giac; 

8. x, y , z la binh plnrong do dai ba canh cua mot tarn giac; 

9. ax, by, cz la do dai ba canh cua mot tarn giac; 

10. ax, by, cz la binh phudrig dp dai ba canh cua mdt tarn giac; 

11. Tdn tai mdt ham ldi t : I —>• R + , trdng d6 / la tap xac dinh cua a,b,c, sad chd x — 

t(a),y = t(b), z — t(c). _ 


1.9 Bat dang thrife Bernoulli. 


Neu a > 1 hdac a < 0 thi (1 + x) a > 1 + ax, Vx > — 1. 
Neu 0 < a < 1 thi (1 + x)“ < 1 + ax, Vx > —1. 
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1.10 Ba tieu chuan SOS thtfcfng gap. 

Gia sd a > b > c va co: S a (b — c)fll S b (c — a) 2 + S c (a — b) 2 > 0(5 a , S b , S c la cac ham chda 
bien a, b, c ). 

Khi do bat dang thde dung neu thoa man mot trong cac tieu chuan. 

1.5 6 > 0 ,S b + S c > 0, S b + S a > 0. 

2.Vdi a,b,c> 0 thoa man S b > 0, S c > 0, a 2 S b + b 2 S a > 0. 

3.5 6 > 0,5 C > 0, S a (b -c) + S b (a - c) > 0 


2 Mot so danh gia quen thuoc 

11 Vdi moi so thcfc a, 6, ta luon co 

_ 2(q 2 + b 2 ) > (a + b ) 2 _ 

Chtfrig minh. De y rang 

2(a 2 + b 2 ) — (a + b) 2 = (a — b) 2 > 0, 
do do ta co dieu phai chhng minh. 

Dang thijfc xay ra khi va chi khi a = b. □ 

2 | Vdi moi so there a,b,c, ta luon co 

_ a 2 + b 2 + c 2 > ab + be + ca _ 

Chtfrig minh. De y rang 

q 2 + b 2 + c 2 — (ab + bc+ ca) — ^[(q — b) 2 + (b — c) 2 + (c — q) 2 ] > 0, 
do vay ta co dieu phai chifrig minh. 

Dang thhc xay ra khi va chi khi a = b — c. □ 

Lifri y- Trf danh gia nay ta suy ra 

(a + b + c) 2 > 3(ab + bc + ca), 


va 

3(q 2 + b 2 + c 2 ) > ( a + b + c) 2 . 

3 | Vdi moi so three ditdng a, b, c, ta luon co 

1119 
-h 7 H-> - - - 

_ q b c q + o + c _ 

Chtfrig minh. Day la mot ket qua da drfdc de cap 6 tren. Ldi giai co the sd dung bat dang thde 
AM-HM hoac Cauchy - Schwarz. Dang thde xay ra khi va chi khi a = b = c. □ 
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3 Tuyen tap bat dang thute 

3.1 Bai 1.1 den bai 1.40 

1.11 Cho x, y, z la cac so thrfc drfdng thoa man x + y + z — 1. Chrfrig minh rang: 
_ 8 X + 8^ + 8 Z > 4 X+1 + 4 y+1 + 4 Z +* _ 

Lcfi giai. Dat a = 2 X , b = 2 y , c — 2 Z . Khi do dieu kien da cho drfdc viet lai thanh 

a,b,c> 0; abc = 2 x+y+z - 64, 

va ta can chilng minh 

a 3 + b 3 + c 3 > 4(a 2 + b 2 + c 2 ). 

De y rang ta co dang thhc 

a 3 + 32 — 6a 2 = (a — 4) 2 (a + 2), 

th do sh dung gia thiet a > 0 ta suy ra a 3 + 32 > 6a 2 . Thiet lap cac bat dang thhc trfdng tu cho 
b va c va cong ve theo ve cac bat dang thtfc thu drfpc, ta co 

a 3 + b 3 + c 3 + 96 > 6(a 2 + b 2 + c 2 ). 

Nhrf vay de ket thuc chtmg minh ta can chi ra rang 

6(a 2 + b 2 + c 2 ) > 4(a 2 + b 2 + c 2 ) + 96, 

hay 2(a 2 + b 2 + c 2 ) > 96. Tuy nhien bat dang thttc nay dung theo bat dang tlihc AM-GM cho ba 
so: 

2(a 2 + b 2 + c 2 ) > 2.3 \/a 2 b 2 c 2 — 6^4096 = 96. 

Nhrf vay phep cluing minh den day hoan tat.D 

1.2 | Cho a, 6, e la cac so thrfc thoa man a > 4, 6 > 5, c > 6 va a 2 + ti 2 + c 2 = 90. Tim gia tri 
nho nhat cua bieu thilc: 

_ P = a + b + c _ 

Led giai. Dat a = m + 4,6 = n + 5,c = p+6, khi do m, n,p > 0 va trf gia thiet a 2 + b 2 + c 2 — 90 
ta suy ra 

m 2 + n 2 + p 2 + 8 m + lOn + 12p = 13. 

De y rang ta co dang thrfc sau 

(m + n + p) 2 + 12 (m + n+p) — (m 2 + n 2 + p 2 + 8 m + 10 n + 12 p) + 2 (mn + np + pm + 2m + n ). 
Den day ta snf dung cac gia thiet da cho de co 

(m + n + p) 2 + 12 (m + n + p) > 13, 

trf do ta suy ra m + n + p > 1. Thay m = a — 4, n = b — 5 ,p = c — 6 ta suy ra a + b + c > 10 hay 
P > 16. 
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Cuoi cung, vPi a = 4, b = 5, c = 7 (thoa man cac dieu kien da cho) ta co P = 16 nen ta ket luan 
16 la gia tri nho nhat cua bieu thile P. 

Phep cluing minh hoan tat. □ 


1.3 | Cho x,y,z la cac so thuc thoa man xy + yz + 3 zx - 
thile: 

P = x 2 + y 2 + z 2 


Tim gia tri nho nhat cua bieu 


t*. ^ 9 + 3\/l7 _ _ Q. v t1 „, 2 13 + Zy/Yf < 

Ldi giai. Uat a = -—- va b — -—-, khi do a = 6b va a + 1 = Zb = c = -—-. Ap 

dung bat dang thilc AM-GM ta thu dupe cac bat dang thdc sau 

x 2 + b 2 y 2 > 2 bxy, 

by 2 + z 2 > 2 byz, 

a(z 2 + x 2 ) > 2 azx. 

Den day ta cong ve theo ve cac bat dang tliilc thu dupe de co 

(i a + l)(x 2 + z 2 ) + 2 b 2 y 2 > 2 b(xy + yz) + 2 azx, 

hay c(x 2 + y 2 + z 2 ) > 2 b(xy + yz + 3 zx). Tic do ta thay cac gia tri cua xy + yz + 3zx, b va c de 
dupe _ 

x/17-3 

2 ' 


P = x 2 + i / 2 + ^ 2 >- 


Cuoi cung, vPi x 
lX , ^ y/VJ — 3 


1 v /l3x/l7 — 51 . , , y/Vf — 3 

= 2 = — 7 = va i/ = Y-—- (thoa man gia thiet) thi P = ---nen ta 


y/Yf V 34 

la gia tri nho nhat cua bieu tlitfc P. 


Phep cluing minh hoan tat.D 


1.4 | Cho a, b, c la cac so thuc duong thoa man a + b + c— 1. Chilng minh rang: 

a 7 + b 7 b 7 + c 7 c 7 + a 7 > 1 

_ a 5 + b 5 + b 5 + c 5 + c 5 + a 5 ~ 3 _ 


LPi giai. TruPc het ta co dang thile sau 

2(a 7 + b 7 ) — (a 2 + b 2 )(a 5 + b 5 ) — (a — b) 2 (a + b)(a 4 + a 3 & + a 2 b 2 + ab 3 + 6 4 ), 


do vay tif gia thiet a, b > 0 ta suy ra 


a 7 + b 7 > a 2 + 6 2 
a 5 + 6 5 — 2 


N , 6 7 + c 7 b 2 + c 2 

Hoan toan tUdng tu ta cung co -z- x > —-— 1 

b b + c 5 2 

ve ba bat dang thile thu dupe de co 


. Den day ta cong ve theo 


a 7 + b 7 b 7 + c 7 c 7 + a 7 
a 5 +b 5 + b 5 + c 5 + c 5 + a 5 


>a 2 + b 2 + c 2 . 
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Nhrf vay de ket thuc cluing minh ta can chi ra rang 


a 2 + b 2 + c 2 >- 


Tuy nhien bat dang thrfc tren dung do 
a 2 + b‘ 


_ I = a 2 + & 2 + c 2 _ (■ a + b + c ) 2 = (a — b) 2 + (6 — c ) 2 + (c — a ) 2 > Q 


Nhrf vay phep chrfng minh den day hoan tat.D 


1.5 | Cho a, b, c la cac so thrfc drfdng. Chrfng minh rang: 

b 2 c c 2 a a 2 b 1 

_ q 3 (6 + c) 6 3 (c + a) c 3 (a + 6 ) ~ 2 ° ° 


Ldi giai. Ta ap dung AM-GM cho ba so nhrf sau: 
b 2 c 


- + 


+ > 3 


trf do ta suy ra 


a 3 (6 + c) 46c 2b 


b 2 c 


b 2 c (b + c) 1 _ 3 
a 3 (b + c ) 46c 26 2a’ 


3 3 1 

a 3 (6 + c) — 2a 46 4c’ 

Thiet lap hai bat dang thrfc trfdng trf va cong lai, ta suy ra 


6 2 c 


a 3 (6 — c) b 3 (c.->-a) c 3 (a — 6 ) 
Phep chrfng minh hoan tat.D 


- _ i _ l) ^ + b + C ) = + b + C ' ) ' 


1.6 | Cho a, 6 , c la cac so thrfc khong am. Clni’ng minh rang: 
_ (a + 6 + c ) 3 > 6-^(0 — 6)(6 — c)(c — a) 


Ldi giai. Bat dang thrfc ban dau mang tinh hoan vi giria cac bien nen khong mat tinh tong quat, 
ta gia sh a = max {a, 6, c}. 

Vdi a > 6 > c thi ve phai la bieu thrfc khong drfdng, trong khi ve trai la bieu tliri’c khong am nen 
bat dang thrfc can chrfng minh hien nhien dung. Do vay ta xet trrfdng hdp a > c > 6. Khi do brnh 
phrfdng hai ve ta thu drfdc bat dang tlirtc trfdng drfdng sau: 

(a + 6 + c) 6 > 108[(a — 6)(6 — c)(c — a)] 2 . 

De y rang cac bien khong am, va vdi viec sap thh trf nhrf tren thi 

[(a — 6)(6 — c)(c — a)] 2 = [(a — 6)(c — 6)(a — c)] 2 < (a — c) 2 a 2 c 2 . 

Den day ta ap dung bat dang thrfc AM-GM de co 


4(a — c) 2 a 2 c 2 — (a — c) 2 .2ac.2ac < 


[(a — c ) 2 + 2 ac + 2 ac ] 3 
27 


(a + c ) 6 
27 


trf do ta suy ra 


[(a — 6)(6 — c)(c — a )] 2 < 


(a + c ) 6 
108 ’ 
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va nhrf vay ta da cluing minh drfdc bat dang thilc ban dau vi 

(a + b + c) 6 > (a + c) 6 > 108[(a — b)(b — c)(c — a)] 2 . 
Phep chilng minh hoan tat.D 


1.7 | Cho a , b, c la cac so there drtdng thoa man a + b + c — - + -. Chilng minh rang: 


2(q + b + c) 1 


Lbi giai. De thay bat dang thilc can chilng minh tricing drfdng vdi moi bat dang thilc trong day 
sau 

(2a - Va 2 + 3) + (2b - Vb 2 + 3) + (2c - Vc 2 + 3) > 0, 
a 2 — 1 b 2 - 1 c 2 -l 

2a + Va2T3 2 b + ^/W+3 2c+.^/f + 3 ~ 


b 2 — 1 
b 


c 2 - 1 


2 + V 1 + ^ 2 + v 1 + ^ 2 + v 1 + l 

Cac bat dang thilc tren deu mang tinh doi xilng giha cac bien nen khong mat tinh tong quat ta 
hoan toan co the gia sil a > b > c. Khi do khong kho de ta suy ra 

a 2 —1 fr 2 -l c 2 -l 
a ~ b ~ c 


1 


= > 


1 


: > 


1 


2 + V 1 + ^ 2 +v 1 + ^ 2 + y 1 + i 

Nhrf vay theo bat dang thilc Chebyshev ta drfdc 


a 2 - 1 


b 2 — 1 
b 


9 _i_ /i 4 3 / 3~ / 3~ 3 

2 +V 1 + ^ 2+J1 + - 2+W1 + - 




Nhrfng theo gia thiet ta lai co 


S^- (a + 6 + C) “ (a + & + c) “° 


a 2 — l 


b 2 - 1 
b 


c 2 - 1 


nen ta suy ra - “ H- u . H- ^ > 0, va vi vay bat dang thilc da cho 

2 + V 1 + ^ 2+Jl + ^ 2+Jl+- 2 

V b 2 \ c 2 

cung dung. 

Phep chilng minh hoan tat.D 


1.8 | Cho a, 6, c la cac so there dudng thoa man a + b + c — 3. Chilng minh rang: 

ab be ca ^ 3 

_ a/c^T3 + Va 2 ~+3 + \Z6H3 ~ 2 _ 
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Ldi giai. Trrfdc het de y rang 


do do trf gia thiet ta suy ra ab + be + ca < 3. Nhrf vay 

ab < ab ab 

Vc 2 + 3 ~ \/c 2 + ab + be + ca yj{c + a)(b+ c ) 

Den day ta ap dung bat dang thilc AM-GM de co 

ab < 1 f ab ab \ 

Vc 2 + 3 2\c + a 6 + c/ 


Thiet lap hai bat dang thilc trfdng til va cong lai, ta suy ra day cac danh gia sau 



ab be ca ^ a + b + c 

Vc2T3 + Vo 2 ! 7 ^ + #+3 “ 2 : 

trf do vdi lrfu ya + 6 + c = 3ta suy ra bat dang thilc da cho la dung. 


Phep cluing minh hoan tat. 



LcJi giai 1. De thay rang bat dang thilc ban dau trfdng drfdng vdi moi bat dang thilc trong day 
sau 

[ab(a + b) + bc(b + c) + ca(c + a)] 2 > 4(a + b + c)(a 2 b 2 + b 2 c 2 + c 2 a 2 ) 
y: a 2 b 2 (a + b) 2 + 2 abc\^2 a ( a + b)(a + c)] > 4 jy^ a 3 b 3 + abc[^2 a K a + &)]} 

Tuy nhien de y rang 


a 2 b 2 (a + 6) 2 — 4(^ a 3 6 3 ) = y^ a 2 b 2 (a — b) 2 > 0 


2a6c[y^ a(a + 6) (a + c)] — 4 ja6c[y^ a6(a + 6)]| = 2abc[a 3 + b 3 + c 3 + 3a6c — y^ a6(a + b)] > 0, 

do do bat dang thilc ban dau la dung. Phep chilng minh den day hoan tat.D 

Ldi giai 2. Bat dang thilc ban dau mang tinh hoan vi girfa cac bien, nen khong mat tinh tong 
quat, ta gia sil b = max {a, b, c}. 

Ta ap dung bat dang thilc AM-GM nhrf sau 
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Nhu vay de ket thuc cluing minh, ta can chi ra rang 


( a b a\ fb c c\ , , , . 

— H-1— ) ( —\- — + — ) b> (ab + be + ca ) 

b a cj \c b a) 

Tuy nhien bang phep bien doi tricing dUdng ta dude 

(b — a){b — c) > Q 
ca 

la mot danh gia dung dd ta da gia s xtb = max {a,b,c}. 

Phep cluing minh den day hoan tat.D 



Ldi giai 3. Bat dang tlihc ban dau mang tinh doi xhng gifra cac bien nen khong mat tinh tong 
quat, ta gia sh b nam giha a va c. 


Ta ap dung bat dang thhc AM-GM nhu sau: 

4(„6 + 6c + c«)(i + i + i) < 


ab + bc + ca ( 1 1 1 

+ o>| - + p + ? 


Nhu vay de ket thuc chiing minh, ta can chi ra rang 
b + c c + a a + b ab + bc + c 


: i i i \ 

- ca ( - + p + - ) • 


Thuc hien phep bien doi tUdng dUdng ta dude bat dang tiirfc 

(a — b)(b — c) > Q 
b 2 ~ ’ 


tuy nhien day lai la mot danh gia dung do ta da gia sd b nam giUa a va c. 


Phep chiing minh den day hoan tat.D 

Nhan xet. Ldi giai dau tien khong mang nhieu y nghla lam, vi no ddn thuan chi la bien doi tUdng 
dUdng kem theo mot chut tinh y trong sii dung cac danh gia quen thuoc va cd ban. O day ta ban 
them ve hai ldi giai bang AM-GM. 

Ta nhan thay rang phat bieu cua bai toan co dang "Chiing minh rang A 2 > ABC" (b day 

biet, no giup ta lien tudng den mot danh gia quen thuoc sau bang AM-GM: 

(x + y) 2 > Axy \/x,y>0. 

Do vay, mot each tu nhien ta nghl ra hai hudng de giai quyet bai toan tren bang AM-GM: 


b + c c + a a + b\ ^ 1 1 1 AT1 , v , 

gj-- ) ,i5 = ao-|-oc-|-cavaG = — + — + —. Nhan xet nay kha dac 


1. Bieu dien A = X + Y , vdi X va Y la hai dai lUdng thich hdp, sau do ap dung bat dang thiic 
AM-GM de co A 2 > AXY, th do di chiing minh XY > BC ; hoac 


15 



2. Bieu dien BC - 


-■CD, vdi D la mot dai lupng thich hop, sau do ap dung bat dang thdc 


AM-GM de co 4 BC < + Cd\ , td do di chdng minh A > ^ + CD. 


O day ta hieu cum td "thich help " la nliU the nao? Luu y rang mot trong nhung dieu can de y 
trong moi chdng minh bat dang thtfc la can phai ddn gian hod bat dang thdc can chdng minh. Ta 
co the tim each giam bac, chuan hoa dieu kien, ..nhung tUu chung lai, ta luon muon bat dang 
tlihc can chtfng minh trd nen don gian nhat co the, de ttf do ap dung nhe nhang cac danh gia 
quen thuoc hoac bien doi tUOng duong. O day ta tim each thu gon danh gia sau cung theo kieu 
triet tieu mot litdng dang he cac phan trit chung, the la d danh gia XY > BC hoac A 
cac dai lupng X, Y, D dupe chon sao cho d hai ve cua bat dang thtfc co nhieu phan 
ta rut gon. Cu the: 


>§ + cD : 
td chung de 


Hu6ng 1. Trudc tien ta viet lai A va khai trien tich BC nhu sau: 

. b c c a a b 

A =- + - + - + - + - +- = X + Y, 

a a b b c c 

a c b a b c ca ab be 

BC = - + 7### + - + 7T + ^ + ^- 

c b a b c a b z c z a 1 

De y rang trong BC co phan td nen ta can co ^ va ^ d X va Y tUOng dng: 


Mat khac, trong BC co phan td -, ma d Y da co - nen ta can phan td - d trong X: 

b b c 

^ a a _ _ c 

X=- + - + ..., Y = - + ... 
be b 

- v , ab v a b , 

Tiep tuc, trong BC co phan tu —, nen ta can co - va - 0 X va Y tUOng dng: 


^ a a 

X = - + - + ■ 

b c 


y , - • 

b c 


Tiep tuc nhu vay ta se tim dupe hai dai lupng X, Y chang han nhu sau: 

& b a b ^ r 

* = - + - + -, 
bac 

va ta co dupe ldi giai thd hai. Can luu y rang day khong phai la each chon duy nhat. 


Hudng 2. Xet hieu sau 

. B b + d c4- a a + b ab — be — ca „ ( 1 1 1 \ 

A- - -CD = -+ —— +--- D I- + - + . 

D a b c D \a 2 b 2 c 2 J 

De y rang trong hieu tren thi he so cua bien b bang 

11 c + a 
c a D ’ 

nhu vay de tim each thu gon bat dang thde, tai sao ta khong cho he so cua bien b bang khong? 
Cu the, neu chon D = ca thi 
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. B ^ b + c c + a a + b ab + bc + ca ( 1 1 1 

a -d~ cd = — + — + - -s- C “b + P + ? 

(a — b)(b — c) 

= P ’ 

va nhu vay ta da co ldi giai thd ba. 


1.10 | Cho a, b, c la cac so thrrc duong thoa man a + b + c— 1. Tim gia tri ldn nhat cua bieu 
thhc: 

5 _ 

_ P = ab + be + ca + -[(a + b)Vab + (6 + c)Vbc + (c + a)y/ca\ _ 


Ldi giai. TrUde het ta ap dung bat dang thhc AM-GM nhu sau: 


2(a + bf + 2ab = (g + 6)2 + ( “ + t)2 + (a + 6)2 + (a + t)2 + 2«6 > 5^ a6( “ + 6)8 
2 2 2 2 V 8 


(a + 6) 3 > (2Va6) 3 = 8(Vab) 3 , 
tit do ket hpp hai bat dang thilc nay de co 

2 (a + b ) 2 + 2 ab > 5(a + b)Vab. 

Thiet lap hai bat dang there tUOng tit va cong lai, ta suy ra 

5[(a + b)Vab + (b + c)Vbc + (c + a)v / ca] < 4(a 2 + b 2 + c 2 ) + 6(a£> + be + ca) 

Den day ta cong them 2 (ab + be + ca) vao moi ve de co 

2 (ab + bc+ ca) + 5[(a + b)Vab + (b — c)Vbe + (c-b a)y/ca\ < 4(a + 6 -be) 2 , 
th do ta suy ra P < 2 (a + b + c) 2 — 2. 

Cuoi cung, vdi a = b — c = ^ (thoa man dieu kien) thi P = 2 nen ta suy ra 2 la gia tri ldn nhat 
cua bieu there P. 

Phep cluing minh hoan tat.D 


1.111 Cho a, b, c la cac so there duong thoa man - + - + - < 16(a + 6 + c). Chetng minh rang: 

- a b c 

1 1 18 

+ 7 - ; 7 - ,_... < 77 


(a + b + 2^a + c) 3 (b + c + 2\/b+~a) 3 (c + a + 2yc + b) 3 9 


Ldi giai. Trerdc het ta ap dung bat dang there AM-GM nher sau: 


tef do ta suy ra 




1 2 
(a + b + 2\Ja + c) 3 — 27(a + b) (a + c) 
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Cong ve theo ve bat dang thtic nay vdi hai bat dang thilc tUOng tit cho ta 

1 1 1 4(a — b + 'c) 

(i a + b + 2 y/a + c) 3 (b + c + 2 y/b + a) 3 (c + a + 2v / c~+&) 3 — 27(a + 6)(6 + c)(c + a) 

Hon riila, theo mot ket qua quen thuoc, ta lai co 

(a + b)(b + c)(c + a) > (a + b + c)(ab + bc+ ca ), 


(a + b + 2 yja + c) 3 (6 + c + 2\/b + a) 3 (c + a + 2\/c + &) 3 6(a6 + 6c + ca) ' 

Den day ta sit dung gia thiet va danh gia cO ban (ab + be + ca) 2 > 3 abc(a + b + c) de co 


16(a + b + c) ^ - 


1 1 ^ 3(a + b + c 
b c ~ ab + be + c 


th do suy ra ab + be + ca > —. Ket hop vdi (*) ta suy ra 


(a + b + 2 y/a + c) 3 (b + c+ 2 \Jb + a) 3 (c + a + 2\/c+ b ) 3 9 


Phep cluing minh den day hoan tat.C 


Co the thay danh gia ban dau a + b + 




J(a + b)(a 


mau chot de giai quyet bai toan. Thuc ra danh gia nay khong kho nghl tdi vi de bai da ngam 
gpi y cho chiing ta phai ap dung bat dang thiic AM-GM cho ba so. 


2. Sau khi danh gia bang AM-GM, ta co the sh dung luon gia thiet de dita ve bat dang thilc 

thuan nhat sau: , 

(a + b + c) < 3 (ab + bc+ ca) 

(a + b)(b + c) (c +a) ~ 8 abc(a + b + c ) ' 

Bat dang thilc nay co the dupe cluing minh bang nhieu each khac nhau. 


1.12 | Cho a, b, c la cac so thuc duong thoa man a + b + c - 
_ 5 (a + b + c) > 7 + 8 abc 


1 I 

- - # v + -• Chung minh rang: 
abc 


LcJi giai. TrUdc het tit gia thiet ta c 


th do suy ra a + b + c = 3. 


Ill 9 

-h 7 H-A -;- 

a b c a + b + c 


Cung th gia thiet ta co ab + bc + ca = abc(a + b + c ), th day ta suy ra bat dang thilc sau la tUOng 
dUOng vdi bat dang thilc can cluing minh 


5(a + b + c) 2 > 7(a + b + c) + 8 (ab + bc+ ca). 
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De y rang ta co danh gia cd ban sau: 

(a + b + c ) 2 > 3 (ab + bc + ca), 
do vay de co ket luan cho bai toan ta can chi ra rang 

5 (a + b + c) 2 >7(a + b + c) + 8 ( a+ ^ + c ) , 
hay a + b + c > 3, la mot danh gia dung do ta da chrfng minh d tren. 

Do vay bat dang thrfc ban dau drfOc chrfng minh xong. Bai toan ket thuc.l 


1.13 Cho a, b, c la cac so thrfc ditong thoa mar 


- < 16(a + 6 + c). Chdng minh rang: 


I_ 2 + a 2 2 + b 2 2 + c 2 - 

Lofi giai. Bat dang thrfc can chrfng minh trfOng drfdng vdi 


2 +a 2 2 + b 2 2 + c 2 ~ ' 

Ap dung bat dang thrfc Cauchy - Schwarz, ta co 

a 2 b 2 c 2 ^ (a + b + c) 2 

2 +a 2 + 2 + b 2 + 2 + c 2 - a 2 + b 2 + c 2 + 6' 

Nhrf vay de ket tliuc chrfng minh ta can chi ra rang 
(a + b + c) 2 
a 2 + b 2 + c 2 + 6 — 

Thrfc hien phep khai trien trfdng drfdng ta drfOc ab + bc + ca > 3. Tuy nhien bat dang thhc nay 

dung nhd vao gia thiet cua bai toan. Lrfu y rang trf gia thiet ta co 

ab + bc+ ca = abc(a — b + c). 

i i i i / , x (ab + bc + ca) 2 

va theo mot danh gra quen thuoc thr abc(a + b+ c) < ---, trf do ta suy ra 

, , (ab + bc + ca) 2 

ab + bc + ca < ---- 

hay ab + be + ca > 3. Phep chrfng minh den day hoan tat.D 

1.14 | Cho a, b, c, d la cac so thrfc drfdng thoa man a + b A d = 1. Tim gia tri nho nhat cua 
bieu thhc: 

1 1111 

h L - - - ----- _ a 2 + b 2 + c 2 + d 2 abc bed + eda dab _ - _ 

Lbi giai. Ki hieu ^ la tong hoan vi. Trrfdc het ta sii dung AM-GM va gia thiet de co cac danh 


ab + ac + ad+ bc + bd + cd < 


3 (a + b + c + d) 2 3 


Ket hop cac danh gia nay vdi bat dang thrfc Cauchy - Schwarz ta suy ra drfOc cac bat dang thrfc 
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2 + b 2 + c 2 + d 2 ^ 4ab'~ 


2 + b 2 + c 2 + d 2 + ^4ab 


(a + b + c + d) 2 + 2 ^ ' ab 1 

2 . — 

^4a6 ^4ab 4.| 

Mat khac ap dung bat dang thilc AM-GM cho bon so ta lai co 


— > 4 a / —=— > 4 yp=6. 
^ bed, V 4a5cd a 1 


Ket hpp ba bat dang thilc Vila chilng minh 6 tren, ta suy ra 


+ 2 'y —-—|- 'y -—- > 28 + 168 + 64 — 260. 

' ah ' bed 


a 2 + b 2 + c 2 + d? ' ab ' bed 


Hon nda, sil dung gia thiet a + 5 + c + d = lta suy ra 


1 Z ^ f2 + (a + b + e + d) (^ + ^ + ^ + ^) 


a 2 + b 2 + c 2 + d 2 v 1 \ah 

1 \ 1 \ a 

a 2 + b 2 + c 2 + d 2 + ^ ab ^ bed ’ 


Cuoi cung, vdia = 5 = c = d= - (thoa man dieu kien) thi P = 260 nen ta suy ra 260 la gia tri 
nho nhat cua bieu thilc P. 

Phep cluing minh hoan tat. □ 

1 1.15 | Cho x , y, z la cac so thuc dUOng thoa man xyz = 1. Chilng minh rang: 

18 f 3 + 3 t + 3 1 < (x + y + z) 3 

_ \x 3 + 1 y 3 + 1 z 3 -\-1J _ 

Lcfi giai. Sd dung gia thiet, de thay bat dang thilc can chilng minh tildng drfOng vdi moi bat dang 
thile trong day sau: 


18 (3 — —------ I < (x + y H- z )^, 

V x 3 + 1 y 3 + 1 z 3 + 1 / 


x 2 + yz y 2 + zx z 2 + xy 


- (x + y + z) 3 > 54. (*) 


Ap dung bat dang thilc Cauchy - Schwarz, ta c 


x 2 + y 2 + z 2 > _ (x + y + z) 2 _ 

2 + yz y 2 + zx z 2 + xy ~ x 2 + y 2 + z 2 + xy + yz + zx' 
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Nhu: vay neu ki hieu VT(*) la ve trai cua bat dang tlitfc (*) thi ta c6 


VT{*) > - 


18 (x + y + zf 


" x 2 + y 2 + z 2 + xy + yz + zx 
Den day ta ap dung bat dang tlitfc AM-GM de co 


+ (x + y + zf 


VT(*) > 2 


18 (x + y + z) 5 


/ x 2 + y 2 + z 2 + xy + yz + zx 
Nhu! vay de ket thuc cluing minh, ta can chi ra rang 


(x + y + z) 5 > -^(x 2 + y 2 + z 2 + xy + yz + zx). 

Tru’dc het ta ap dung bat dang tlnlc AM-GM nhir sau: 

{x + y + zf = [(x 2 + y 2 + z 2 ) + (xy + yz + zx) + (xy + yz + zx)] 3 > 27(x 2 + y 2 + z 2 )(xy + yz +zx) 2 . 
Hdn nda, theo mot ket qua quen thuoc ta co (xy + yz + zx) 2 > 3 xyz(x + y + z) , do do 
(x + y + z) 6 > 81 xyz(x 2 + y 2 + z 2 )(x + y + z), 
hay (x + y + z) 5 > 81(x 2 + y 2 + z 2 ) do xyz = 1. Nhrf vay ta can chi ra rang 
2(x 2 + y 2 + z 2 ) > x 2 + y 2 + z 2 + xy + yz + zx. 


Tuy nhien bang phep bien doi trfdng ditcing ta thu drfdc 

\[{a ~ b) 2 + (b- c) 2 + (c- a) 2 ] > 0, 

la mot bat dang tlitfc hien nhien dung. Do vay bat dang thilc ban dau da drfdc chtfng minh. 


Bai tdan ket thuc.D 

1.16 | Cho a, b, c la cac so thrfc drfdng thoa man a 4 + b 4 + c 4 = 3. Chilng minh rang: 

a 2 b 2 c 2 3 

- 1 - 1 -> - 

_ b + c c + a a + b 2 _ 

Lofi giai. Ta se di chtfng minh 

a 2 b 2 c 2 3 4 / a 4 + b 4 + c 4 

- + - + - ^ — \ I - 

b + c c + a a + b ~ 2 V 3 

trf do sut dung gia thiet de suy ra ket luan cho bai toan. That vay, ap dung bat dang tlitfc Holder, 
ta co 

^ j~c + ~^~a + a~+b ) + c ^ 2 + + + ° 2 ( a + ty 2 } - (° 2 + b 2 + c 2 ) 3 . 

Hdn riff a, thed mot ket qua quen thuoc, ta co 

2(a 2 + b 2 ) > (a + b) 2 , 


21 




trf day ta thiet lap hai danh gia trfdng trf de co 


(;A- + — + — u V[2„ 2 (& 2 + c 2 ) + 26 2 (c 2 + a 2 ) + 2cV + 6 2 )] > (a 2 + b 2 + c 2 ) 3 , 

y 0 + C C+O a + 0 J 

hay 

a 2 b 2 c 2 > 1 l ~[a 2 + b 2 + c 2 ) 3 ~ 

6 + c~^c + a + a + 6 — 2 y a 2 6 2 + 6 2 c 2 + c 2 a 2 ’ 

Nhrf vay de ket thuc chrfng minh ta can chi ra rang 

I ( a 2 + b 2 + c 2 ) 3 ^ Q 4 /a 4 + 6 4 + c 4 

\j a 2 b 2 + b 2 c 2 + c 2 a 2 ~ \ 3 

Thrfc hien phep bien doi trfdng drfdng ta thu drfdc 

(a 2 + b 2 + c 2 ) 6 > 27(a 4 + b 4 + c 4 )(a 2 & 2 + & 2 c 2 + c 2 a 2 ) 2 . 

Tuy nhien bat dang thrfc tren dung neu ta ap dung bat dang thrfc AM-GM nhrf sau: 

(a 2 + b 2 + c 2 ) 6 = [(a 4 + b 4 + c 4 ) + (a 2 b 2 + b 2 c 2 + cV) + ( a 2 b 2 + 6 2 c 2 + c 2 a 2 )] 3 
> 27(a 4 + b 4 + c A )(a 2 b 2 + & 2 c 2 + c 2 a 2 ) 2 


Phep chrfng minh den day hoan tat.D 

1.17 | Cho a, b, c la cac so thrfc drfdng thoa man a + 6 + c = 3. Cluing rnirih rang: 
a b C 

_ a. + b + 1 _ b + c + 1 _ c + Q + 1 _ 

Ldi giai. Sit dung gia thiet, ta thay rang cac bat dang thrfc sau la trfdng drfdng vdi bat dang thrfc 
can chrfng minh 

a b vi 

-1 - .-h -, < 1, 

4 — c 4 — a 4 — 0 

a(4 — a)(4 — b) + 6(4 — 6)(4 — c) + c(4 — c)(4 — a) < (4 — a)(4 — 6)(4 — c), 
a 2 b + b 2 c + c 2 a + abc < 4. 

Bat dang thrfc tren mang tinh hoan vi girfa cac bien nen khong mat tinh tong quat, ta gia sit c 
nam girfa a va b. Khi do 

a(a — c)(b — c) < 0. 

Thrfc hien phep khai trien ta drfdc a 2 b+c 2 a < a 2 c+abc. Trf day ta cdng them dai lrfdng (b 2 c+abc) 
vao hai ve de drfdc 


a 2 b + b 2 c + c 2 a + abc < a 2 c + b 2 c + 2 abc = c(a + b) 2 . 

Den day ta ap dung AM-GM nhrf sau: 

, 1 , ... (2c + a + b + a + 6) 3 

c(a + &) =-2c(a + 6)(a + 6) < -^-= 4, 

trf dd suy ra a 2 b + 6 2 c + c 2 a + abc < 4, the la bat dang thrfc ban dau da drfdc chrfng minh. 
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Bai toan hoan tat.D 


1.18 | Cho a , 6, c la cac so thrfc khong am thoa man a + b + c — 1. Chilng minh rang: 

— < (1 — 4 ab) 2 + (1 — 46c) 2 + (1 — 4ca) 2 < 3 

Lcfi giai. 

1. Chilng minh (1 - 4a6) 2 + (1 - 46c) 2 + (1 - 4ca) 2 < 3. 

Trrfdc het ta co 

l=a+6+c>a+6> 2 Vab, 

trf do suy ra 1 > 4a6. Den day ta srf dung gia thiet cac bien khong am de co 
0 < 1 - Aab < 1, 

td do ma (1 — 4 ab) 2 < 1. Thiet lap hai danh gia trfdng trf va cong lai ta co ngay dieu phai 
cliimg minh. 

25 

2. Chdng minh (1 - 4 ab) 2 + (1 - 46c) 2 + (1 - 4ca) 2 > —. 

De thay bat dang thilc tren trfdng drfdng vdi moi bat dang thrfc trong day sau: 

25 

3 — 8 (ab + bc + ca ) + 16(a 2 6 2 + b 2 c 2 + c 2 a 2 ) > —, 

7 

ab + bc+ ca — 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) < 

De y rang ta co dang thdc sau 

ab - 2 a 2 b 2 -l( ab ~l)-ri = - 2 

do do ta suy ra ab — 2 a 2 b 2 < ^ ^ 'ab — ^ Den day ta thiet lap hai danh gia trfdng trf 

va cdng lai de co 

5 / i 

ab + bc + ca — 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) < - lab + bc + ca — - 

Hdn rnla, theo mot ket qua quen thuoc ta co ab + bc + ca < ( a c ) = 1 v ^y ta suy 




7 

ab + bc + ca — 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) < —, 
the la bat dang thrfc ban dau da drfdc chdng minh. 

25 

Tom lai ta da chilng minh drfdc — < (1 — 4a6) 2 + (1 — 46c) 2 + (1 — 4ca) 2 < 3. Phep chilng minh 
hoan tat.D 

1.18 | Cho x,y,z la cac so thrfc drfdng thoa man xy + yz + zx = 1. Chilng minh rang: 

1 1 19 

_ 1 + xy + z 2 1 j %z + x 2 1 + zx + y 2 ~ 5 _ 


Lcfi giai. Dat x 



Khi do si! dung gia thiet xy + yz + zx = 1, ta thay rang 
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1 _ xy + yz + zx ^ ■: 

1 + xy + z 2 x 2 + xy + xz + 2 yz ^ + A + A + A 

a(a + b + c) 

2 a 2 + ab + be + ca ’ 

do do bat dang thtfc da cho trfdng drfdng vdi 

V"_-_ < _ 9 _. 

^2 a 2 + ab + bc + ca 5 (a + b + c) 

Nhan ca hai ve cua bat dang thtfc nay vdi ab + bc + ca va chit y rang 

a(ab + bc + ca) 2 a 3 

2 a 2 + ab + bc + ca 2 a 2 + ab + be + ca ’ 

ta drfdc 

E ct^ 9 {ab + be + ca) 

2 a 2 + ab+ bc +ca + b(a + b + c) — aJr c ‘ 

Ap dung bat dang thtfc Cauchy - Schwarz, ta co 


(£« 2 ) 2 


‘ 2a 2 + ab +be+ ca "i'lrr + ab + bc + ca) 

(£« 2 ) 2 

6a6c + a) (2 ^ a 2 — ^ a6) 


(1) 


Mat khac, trf bat dang thtfc cd ban (ab + bc + ca) 2 > 3 abc(a + b + c), ta lai cd 


3 abc < 


(ab + bc + ca) 2 
a + b + c 


( 2 ) 


Ket hdp (1) va (2), ta suy ra 


r _ (E« 2 ) 2 ( E») _ 

A 2a 2 + ab + be+ ca ~ 2(£ ab + be + ca) 2 + (£ a) 2 (2£ a 2 - £a&)’ 

(£« 2 )(£a) 

2£V + 3£at 


Cuoi cung ta eh! can chtfng minh 

2(a 2 + 6 2 + c 2 ) (a + b + c) 9 (ab + bc + ca) 

2(a 2 + b 2 + c 2 ) + 3(ab + be + ca) + 5 (a + b + c) ~ ° C ’ 

Sau khi khai trien va rut gen, ta drfdc bat dang thtfc hien nhien dung 

(ab + bc + ca) (a 2 + b 2 + c 2 — ab — be — ca) > 0. 

Bai tcan drfdc chtfng minh xong.D 
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1.19 | Cho a, b, c la cac so thitc ditong thoa man a + b + c = - + ^ Chdng minh rang: 
_ (b + c — a) (c + a — b) (a + b — c) < 1 _ 

Ldi giai 1. Bat dang thdc can chdng minh mang tinh doi xdng giita cac bien, do do khong mat 
tmh tong quat, ta gia sd a > b > c. Khi do a + b — c>0vac + a — b > 0. 


Neu b + c — a < 0 thi bat dang thdc hien nhien dung do (b + c — a)(c + a — b)(a + b — c) < 0 < 1. Do 
do ta chi can giai quyet bai toan trong tntdng hop b + c — a > 0. Luc nay ta dat x — b + c — a, y = 
c d- a — b, z = a + b — c. Khi do ta viet lai dieu kien nhu sau 


x,y,z > 0; 


x + y + z 


2 2 2 
x — y y + z z~x' 


va ta can chdng minh 


xyz < 1. 

Ta se giai quyet bai toan bang phitdng phap phan chilng. That vay, gia sd rang xyz > 1. Khi do 
sd dung bat dang thdc AM-GM, ta suy ra 


2 2 2 1 1 1 

x -\- y -\- z — -1-1-< — -— H —-= -fc rfi,— , 

x + y y + z z + x sjxy ^Jyz y/zx 

hay y/x + y/y + yfz > y/xyz(x + y + z). Hon nda, ta cung co xyz > 1 nen 

\fx + yfy + yfz > x + y + z. 

9 % -|- 

Tuy nhien theo bat dang thdc AM-GM, ta lai co yfx < —-—. Ta thiet lap them hai danh gia 


trfdng tit nda de co 


x+y+z +3 


> \fx -\-y/y + \/z>x + y + z , 


hay x + y + z < 3. Nhitng day la mot danh gia sai vi theo mot ket qua quen thuoc, ta co 

9 


2 2 2 
X + y + z = -;-(-;-h - 


x + y y + z z + x x + y + z 
dan tdi x + y + z > 3. Mau thuan nay chdng to dieu gia sd ban dau la sai, do vay xyz < 1. 


Phep chdng minh hoan tat.D 

Lbi giai 2. Bat dang thdc can chdng minh mang tinh doi xdng gida cac bien, do do khong mat 
tinh tong quat, ta gia sd a > b > c. Khi do a + b — c>0vac + a — b > 0. 


Neu b + c — a < 0 thi bat dang thdc hien nhien dung do (b + c — a){c+a — b)(a + b — c) < 0 < 1. Do 
do ta chi can giai quyet bai toan trong tritdng hop b + c — a > 0. Luc nay ta dat x = b + c — a, y = 
c + a — b, z = a + b — c. Khi do ta viet lai dieu kien nhit sau 


x,y,z > 0; 


x + y + z 


2 2 2 
x + y y + z z + x ’ 


va ta can chdng minh 


xyz < 1. 
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Ta se giai quyet bai toan bang phctdng phap phan chrtng. That vay, gia sii rang xyz > 1. Khi do, 
trf gia thiet, ta suy ra 

(x + y + z) 2 (xy + yz + zx) — 2{x + y + z) 2 + 2 (xy + yz + zx) + xyz(x + y + z). (*) 

Tuy nhien, theo bat dang thtfc AM-GM va theo dieu gia sii b tren, ta co cac danh gia 
xy + yz + zx > 3 y/x 2 y 2 z 2 > 3, 
x + y + z> 3 ^/xyz > 3, 


do vay ta suy ra 


2(x + y + z) 2 (xy + yz + zx) 


> 2 (x + y + z) 2 , 


2(x + y + z) 2 (xy + yz + zx) 
9 

(x + y + z) 2 (xy + yz + zx) 


> 2(xy + yz + zx), 

> xyz(x + y + z). 


Cong ve theo ve cac danh gia tren lai, ta drfdc 

(x + y + z) 2 (xy + yz + zx) > 2(x + y + z) 2 -b 2{xy + yz + zx) + xyz(x + y + z), 
trai vdi (*). Mau thuan nay chtmg td dieu gia sir ban dau la sai, do vay xyz < 1. 

Phep cluing minh hoan tat.D 


1.20 | Cho a, b, c la cac so three ditdng thoa man a + b + c — 3 . Chefng minh rang: 

1 1 13 

- 5a 2 + a6 + 6c 5 IP + bc + ca 5c 2 + ea + a6 ~ f. - -- 


Lcfi giai. Ap dung bat dang thhe Cauchy - Schwarz, ta co 


1 

5 a 2 -+- ab — be 


1 _,_ 1 = \ ^_ (b + c) 2 _ 

5 b 2 + bc + ca 5 c 2 + ca + ab ^ (b + c) 2 (5a 2 + ab + be) 

4 (a + b + c) 2 

y^(6 + c) 2 (5a 2 + ab + be) 

eye 


Theo do, ta can chirng minh rang 

4 (a + b + c) 2 > 3 

J2(b + c) 2 (5a 2 + ab + bc) ? 

eye 

Suf dung gia thiet a + b + c — 3, ta thay rang bat dang thrfc tren trfdng ditdng vdi 
28(a + b + c) 4 A 27[ ^ ' (b + c) 2 (5o 2 + ab + 6c)]. 

eye 

Sau khi khai trien va rut gqn, ta drfdc 

28 a 4 + 58 a 3 b + 85 y^ ab 3 > 156 y^ a 2 b 2 + 15a6c(a + b + c). 

eye eye 
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De chilng minh bat dang thilc nay, trifdc het ta chu y den cac danh gia cd ban sau (thu dufdc bang 
bat dang thilc AM-GM): 

a 3 b + ^ ab 3 > 2 ^ a 2 b 2 , 

eye eye 

y: a 4 + a& 3 > a 3 b + £ a5 3 > 2 £ a 2 b 2 , 

eye eye eye 

y a 4 > y] a 2 b 2 > a5c(a + b + c). 

Tif do ta suy ra 

58 £ a 3 & + 58 y^ a5 3 > 116 y^ a 2 b 2 , 

eye eye 

27 £ a 4 + 27 £ a& 3 > 54 y^ a 2 b 2 , 

eye 

y a 4 + 14 £ a 2 5 2 > 15a5c(a + b + c). 

Cong ve theo ve cac danh gia tren, ta thu ditOc bat dang thilc can chilng minh. 

Bai toan ket thilc. □ 

1.211 Cho a, b, c la cac so thitc ditOng thay doi bat ki. Chilng minh rang: 

b+c c+a a+b 6 

_ 2a 2 + be 25 2 + ca 2c 2 + ab ~ a + b + c _ 

L6i giai. Nhan ca hai ve cua bat dang thilc cho 4(a + b + c), ta ditOc 



E bc 

2 a 2 + be 


(X » 2 

y: 6c(2a 2 + 5c) 
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Bay gid ta se chdng minh bat dang thde thd hai. Day la bat dang thde doi xdng nen khong mat 
•? b c 

tmh tong quat, ta gia sd c = min{a, 6, c}. Dat 6 = —-—, ta se chdng minh 

(a + 26 + 2c) 2 (b + 2c + 2a) 2 2(36 + 2c) 2 . . 

2a 2 + be 2 b 2 + ca ~ 2t 2 + tc 

Sd dung bat dang thde Cauchy - Schwarz, ta co 

(a + 26 + 2c) 2 (6 + 2c + 2a) 2 ^ 

2a 2 + 6c 26 2 + ca — 


Vi tc < ab < t 2 nen 

2a 2 6 2 — 3abtc — (26 4 — 3 t 3 c) — — (6 2 — ab)(2t 2 + 2ab — 3 tc) < 0, 


[6(a + 26 + 2c) + a(6 + 2c + 2a)] 2 
6 2 (2a 2 + 6c) + a 2 (2b 2 + ca) 
2(46 2 — a6 + 26c) 2 
2a 2 6 2 — 3abtc + 4 6 3 c’ 


td do dan den 

(a+ 26 +2c) 2 (6 + 2c + 2a) 2 > 2(46 2 — a6 + 26c) 2 > 2(36 2 + 26c) 2 

2 a 2 + 6c 26 2 + ca — 2a 2 6 2 — 3a66c + 46 3 c — 26 4 — 3 6 3 c + 46 3 c 

_ 2(3t + 2c) 2 
26 2 + tc 


Mat khac, ta lai co 

(c + 2c + 26) 2 > (46 + c) 2 
2c 2 + ab ~ t 2 + 2c 2 ’ 

Ket hop hai danh gia (*) va (**), ta dita bai toan ve viec chdng minh 

2(36 +2c) 2 , (46+ c) 2 ^ oc 
26 2 + 6c + 6 2 + 2c 2 - 

Sau khi thu gon, ta drfdc bat dang thde hien nhien dung 

c(316 + 16c) (6 — c) 2 
6(26 + c)(6 2 + 2c 2 ) — 


Bai toan drfdc chdng minh xong.D 

1.22 | Cho q, 6, c, d la cac so there khong am thoa man a 2 + 6 2 + c 2 + d 2 = 1. Chdng minh rang: 
abed A(ay/a + by/b + cyfc + dy/d) 2 

_ 6 2 + 1 + c 2 + 1 + d 2 + 1 + a 2 + 1 ~ 5 _ 


Ldi giai. Ap dung bat dang thde Cauchy - Schwarz, ta co 

a [ b t c t d _ a 3 t 6 3 : c 3 : d 3 

PTi + ^Ti + + ^Ti = ^T^ 2 + 6VT6 2 + a^T^ 2 + d^Td 2 

^ (ay/a + by/b + Cyfc + dy/d) 2 

~ a 2 + 6 2 + c 2 + d 2 + a 2 b 2 + 6 2 c 2 + c 2 d 2 + a 2 d 2 ' 
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Nhu vay, de ket thuc cluing minh, ta can chi ra rang 


hay (a 2 + c 2 )(b 2 + d 2 ) < Tuy nhien day lai la danh gia dung vi theo bat dang thilc AM-GM: 


(a 2 + c 2 )(b 2 + d 2 ) < 


(a 2 + c 2 + b 2 + d 2 ) 


do vay bat dang thilc ban dau dude chilng minh xong. 

Bai toan ket thuc.D 

1.23 | Cho x,y,z la cac so three thuoc doan [0,1], Chilng minh rang: 

x i y | * ^ 3 

_ {/I + y 3 yC + ,z 3 y/j + x 3 yC + xyz 

LcJi giai. Do x,y,z e [0,1] nen ta co 


\/I+F v^TTz 3 “ y/l + y* v'TTa?' 

De y rang theo bat dang thilc Holder, ta dude danh gia sau vdi moi so tinge dUdng a, b, c: 


(n + b + c) 3 < 9(a 3 + 6 3 + c 3 ), 

r (a + b + c ) < y/9(a 3 + b 3 + c 3 ). Sil dung danh gia nay, ta co 


y/l + y 3 v^l + - 3 \/l- 


1 + y 3 1 + x 3 1 + z 3 


Nhu vay, de ket thuc chilng minh, ta can chi ra rang 


1 + y 3 1 + a: 3 1 + z 3 1 + xyz 

De y rang vdi hai so thuc a, b thay doi trong doan [0,11 ta luon c 


1 2 _ (ab — l)(a — b) 2 

1 +b 2 ~ 1 + ab = (1 + a 2 )(l + b 2 )(l + ab) 


Sil dung danh gia nay, ta dude 


1111 


1+x 3 1 + y 3 1 + z 3 1 + xyz ~ 1 + y/x 3 y 3 1 + y/z A xy _ 1 + xyz 

Do vay danh gia (*) dude chilng minh, dan den bat dang thilc ban dau dung. 

Phep chilng minh hoan tat.D 


1.24 | Cho a, b, c la cac so thuc dUdng thay doi bat ki. Chilng minh rang: 

+ JL + AL > ?L±k±£ 

_ b + c a + c a + b _2_ 
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Ldi giai 1. Ap dung bat dang thitc Cauchy-Schwartz, ta c6 


2 c 2 > (a+ b + c) 2 _a + b + c 

- <+ a + b ~ 2(a + b + c) 2 


Phep chitng minh hoan tat. 


Ldi giai 2. Ap dung bat dang thitc AM-GM cho hai so dudng, ta co 

a 2 b + c 

t~\ -1-— A a. 

b + c 1 

Cong ve theo ve danh gia nay vdi hai danh gia titdng tit khac, ta ditdc: 


b + c a + c a + b 2 

tit do ta thu ditdc bat dang thii’c can chitng minh. 


Bai toan ket thuc.l 


Ldi giai 3. Bat dang thitc ban dau mang tinh doi xitng giita cac bien, do do khong mat tinh tong 
quat, ta gia sit a > b > c. Khi do ta co 


Nhu vay, theo bat dang thitc Chebyshev, ta co 

a 2 b 2 c 2 1 . 2 l2 2 \ / 1 1 Is 

7-1-1- 7 ^ o-(® + b + C ).(-7 + 7-1-). 

b + c a + c a + b 3 a + b b + c a + c 

(x ~\~ y z)^ 111 9 

Den day ta ap dung hai danh gia cd ban x 2 + y 2 + z 2 > - va —I-1— > - 

3 x y z x + y + z 

de c6 

a 2 b 2 c 2 > 1 (a + b + c) 2 9 a + b + c 

b + c + a + c + a + b ~ 3‘ 3 '2(a + b + c) 2 

Phep chitng minh hoan tat.D 

1.25 | Cho a, b, c la cac so thitc dUdng thay doi bat ki. Chitng minh rang: 

\/3 + a 4 + \/3 + b 4 + \/3 + c 4 + ^/l08(o + b + c) 

Ldi giai. Ap dung bat dang thii’c Holder, ta co 

(1 + 3)(1 + 3)(1 + 3)(a 4 + 3) > (a + 3) 4 , 

tit do suy ra \/3 + a 4 > . Thiet lap cac danh gia tUdng tit va cong lai, ta ditdc 

V64 

^+? + ^+M + ^+?> 9 + a 4 t- t + c . 

^64 

Hdn nha, theo bat dang thitc AM-GM, ta co 


9 + a + b + c — 3 + 3 + 3+(a+ 6 +c) ^4-y/27(ci + b + c), 
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nhtf vay 


4</27< ^ i,+c) = yi08(a+6+,:) - 


Phep cluing minh hoan tat.D 


1.26 | Cho a, b la cac so thrfc drfdng thoa man ab > 1. Chilng minh rang: 

1 1 2 

_ 1 + a 2 + 1 + b 2 ~ 1 + ab _ 


Lbi giai. Tlnfc hien phep bien doi trfdng drfdng, ta thu drtdc day cac danh gia sau: 

2 + a 2 + b 2 > 2 

a 2 b 2 + a 2 + b 2 + 1 — 1 + ab' 

2 + 2 ab + a 3 b + b 3 a + a 2 + b 2 — 2 a 2 b 2 — 2 a 2 — 2 b 2 — 2 > 0, 

(ab — l)(a — b) 2 > 0. 

Danh gia cuoi cimg dung do ab > 1, do vay bat dang thhc ban dau dope chhng minh. 
Bai toan ket thuc.D 


1.27 | Cho a, b, c la cac so thitc ditOng thoa man a + b + c — 1. Chhng minh rang: 

c + ab a + bc b + ac > ^ 

_ a+ b b + c a + c ~ _ 


Ldi giai. De y rang ta co 


c + ab — c(a + b + c) + ab = (c + a)(c + b), 
do vay bat dang thdc can chhng minh tUOng ditOng vdi 

(c + a)(c + b) + (b + a)(b + c) + (a + b)(a + c) > ^ 
a + b a — c b + c 

Ap dung danh gia cd ban x 2 + y 2 + z 2 > xy + yz + zx, ta thay danh gia tren dung do 
(c + a)(c + b) (b + a)(b + c ) (a + b)(a + c) . 


a + b a — e 

Phep chiUig minh hoan tat.D 


b + c 


- > b + c + a + b + c + a — 2. 


1.28 | Cho x , y, z la cac so thrfc drfOng thoa man 2.r — 3/y — z 1. Tim gia tri nho nhat cua 
bieu thhc: 

_ P = x 3 + y 3 + z 3 _ 


L6i giai. Ap dung bat dang thhc Holder, ta co 


P( 2V2 + 3^ + l) 2 = (x 3 + y 3 + z 3 )( 2 V 2 + 3a/ 3 + l)(2v^ + 3 a/3 + 1) 
> (2x + 3 y + z) 3 - 1. 
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Nhit vay P > 


Cuoi cung, vdi x 
kien) thi P = 


(2 x /2 + 3V'3+l) 2 ' 

V2 


V5 


" 2V2 + 3\/3 + 1 2^2 + 3a/3 + 1 

- nen ta ket luan 


thilc P. 


{2V2 + 3VS + 1) 2 


( 2^2 + 3 ^ 3 + 1) 2 


——-—- (thoa man dieu 

2V2 + 3V3+1 

la gia tri nho nhat cua bieu 


Bai toan ket thuc.D 

1.29 | Cho a, b , c la cac so tliitc thoa man a 2 + a 6 %| 2 — 3. Tim gia tri nho nhat va gia tri ldn 
nhat cua bieu tlitfc 

_ P = a 2 -ab- 3 b 2 _ 

Ldi giai. Vdi b = 0 thi th gia thiet ta suy ra a 2 = 3, th do bieu thhc P co gia tri la 3. 

Vdi b 7 ^ 0, xet bieu tlihc 

P a 2 — ab —3b 2 x 2 — x — 3 
3 a 2 + ab + b 2 x 2 + x + 1 ’ 

trong do x = Th day ta suy ra 

b 

( Q — l)x 2 + (Q + l)x + Q + 3 = 0 . 

Coi do la mot phuong trinh theo an x. Xet biet tliilc cua phudng trinh tren, ta thay rang de 
phudng trinh tren ce nghiem thi 

(Q + i) 2 -4(g-i)(g + 3) > 0 , 

th day ta suy ra ^ ^ < Q < ^ ^ . Hdn nha, dd P = 3Q nen ta c 6 

-3 - 4a/3 < P < -3 + 4\/3. 

Cu 6 i cung, vdi a = —\/2 — \/3 va b = y/2 + \/3 thi P = —3 — 4\/3; vdi a = \/2 + y/3 va 
b = —\/2 — \/3 thi P = —3 + 4-\/3 nen ta ket luan —3 — 4-\/3 va —3 + 4-\/3 lan lrfdt la gia tri nho 
nhat va gia tri ldn nhat cua bieu thilc P. 


Bai toan ket thuc.D 

1.30 | Cho a,b,c la cac so thuc thoa man a 2 +^ 2 = 3c 2 . Clihrig minh rang: 

12 3 

_ + > _ 

_ a b _ c _ 

Ldi giai. Th gia thiet, ta suy ra (3c ) 2 = (a 2 + 26 2 )(1 + 2). Tit day ta ap dung bat dang thtfc 
Cauchy - Schwarz de co 

(3c ) 2 > (a + 2b) 2 , 

tit dd suy ra 3c > a + 2b. (*) 


Hdn rnla, cung then bat dang thitc Cauchy - Schwarz, ta cd 


111 9 

- H-h - > -. 

a b b a + 2b 


(**) 
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Ket hdp hai danh gia (*) va (**), ta thu dtfdc bat dang thiic can chiing minh. 
Bai toan ket thuc.D 


1.311 Cho x, y, z la cac so thrfc khong am thoa man x 2 +::y 2 + z 2 = 3. Tim gia tri ldn nhat 
cua bieu thiic: 

P = xy + yz + zx + 


x + y + z 


LcJi giai. De y rang 


p (x + y + z) 2 — x 2 — y 2 — z 2 5 


(x + y + z) 2 5 3 

2 ' x + y + z 2 x + y + z 2’ 

td do dat t = x + y + z, ta drfa bai toan ve viec tim gia tri ldn nhat cua bieu tlitfc 

e = * 2 + 

De y rang tif danh gia x 2 + y 2 + z 2 < (x + y + z) 2 < 3 (x 2 + y 2 + z 2 ), ta suy ra \/3 < t < 3, do vay 
10 37 _ (t-3)(3t 2 + 9t- 10) 


3 1 


- < 0 . 


37 Q 3 

Nhrf vay Q < — ,vaviP=-nen 

3 2 2 

p< 37_3 = 14 
“ 6 2 3 ' 

14 , 14 

Cuoi cung, vdi x = y — z = 1 (thoa man dieu kien) thi P = — nen ta ket luan — la gia tri ldn 
nhat cua bieu thiic P. 

Bai toan ket thuc.D 


1.32 | Cho x, y la cac so thifc drCOng thoa man 2 y > x. Chiing minh rang: 

~ -t + x 2 + y 2 > 3 

_ x 6 (2y — x) _ 


LcJi giai. Ta thay rang 
1 


1 


x 3 (2y — x) x 2 (2xy — x 2 ) 

va vi x 2 + y 2 > 2xy theo bat dang thiic AM-GM nen 


+ +X 2 +(y 2 + X 2 - X 2 ), 


1 +x 2 + y 2 > —TA + + ( 2x V ~ x 2 ) 


x 3 (2y — x) x 2 (2 xy — x 2 

Den day ta ap dung bat dang thiic AM-GM mot lan rnla de co 
1 


x 3 (2y — x) 
Phep chiing minh hoan tat.D 


+ x +y > 3 


1 


x 2 (2 xy — x 2 ) 


x 2 .(2 xy — x 2 ) — 3. 
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1.33 | Cho a, 6 , c la cac so thitc dildng thoa man ab + be + ca = 2abc. Chttng minh rang: 

1 , 1 , 1 ^ 1 

_ q( 2 a - l ) 2 + 6(26 - l ) 2 + c(2c - l ) 2 ~ 2 _ 


Led giai. Dat m — n = \',p = Khi do dieu kien da cho trfdng ditdng vdi m +n + p = 2 (de 
—Z- a 6 c 

y rang tit day ta co m, n,p < 2 ), va bat dang thhc da cho drfdc viet lai thanh 

m 3 n 3 p 3 ^ 1 

(2 - m) 2 + (2 - n) 2 + (2-p) 2 ~ 2' 

Ap dung bat dang thhc AM-GM, ta c 6 


m 3 2 — m 2 — m 3 m 

(2 — m) 2 + 8 + 8 “ ~T’ 


tit do suy ra 


7 -— > m -. Thiet lap hai danh gia trfdng tit chd n va p va edng lai, ta drfdc 

(2 - m) 2 2 


m 3 n 3 p 3 3 1 

(2^)5 + (2^)5 + (2^)5 - ” + " + P “ 2 = 2' 


Phep cluing minh hdan tat.D 


1.34 | Cho q, 6 , c la cac s 6 thrfc khong am thda man a + 2b + 3c = 4. Chttng minh rang: 
_ ( a 2 b + 6 2 c + c 2 a + abc)(ab 2 + be 2 + ca 2 + abc) < 8 _ 


Led giai. Ap dung bat dang thiic AM-GM, ta co 


8 (q 2 6 + b 2 c + c 2 q + abc)(ab 2 + be 2 + ca 2 + abc ) = 4(q 2 6 + b 2 c + c 2 q + abc).2(ab 2 + be 2 + ca 2 + abc) 

< (q 2 6 + 6 2 c + c 2 q + 2 ab 2 + 26c 2 + 2 cq 2 + 3 abc) 2 . 

Hdn nha, ta cung co 

(q + 2b) (6 + 2c) (c + 2q) = 9 abc + 2 a 2 b + 2 ac 2 + 4 q 2 c + 26 2 c + 46 2 q + 4c 2 6 
> 2 (a 2 b + b 2 c + c 2 a + 2ab 2 + 26c 2 + 2cq 2 + 3q6c), 

do vay 8 (q 2 6 + 6 2 c + c 2 a + abc)(ab 2 + be 2 + cq 2 + q 6 c) < ( a + ^)+ ^ c )( c + ^ a ) j _ Mat khac, 
theo bat dang thrfc AM-GM, ta co 

4(q + 26) (6 + 2c) (c + 2q) — (q + 26) (46 + 8 c) (c + 2q) < ^ ^ C j = (q + 26 + 3c ) 3 = 64. 

Nhrf vay, ta suy ra 

T 641 2 

8 (q 2 6 + 6 2 c + c 2 q + abc )(q 6 2 + 6 c 2 + cq 2 + q 6 c) < — = 64, 


hay (q 2 6 + 6 2 c + c 2 q + abc) (ab 2 + be 2 + cq 2 + abc ) < 8 . 
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Phep chUng minh hoan tat.D 


1.35 | Cho a, 6 , c la cac so thuc dudng thay doi bat ki. ChUng minh rang: 

ab be ac < a + 6 + c 

- _ dfe- 4+L - 


9 111 

Led giai. StjC dung danh gia cd ban -< —I-ta co 

- ' x + y + z x y z 


a, + 3 b + 2c (a + c) + (6 + c) + 2 b 

9 ab 


1 1 

b + c 2b' 


. HH ab ab a 

Tu do ta suy ra--- <-h - 1 —. Hoan toan tUdng tu, ta cung co 

y a + 3b + 2c~a + c b + c 2 6 ° 6 


9 be be be 

b + 3c+2a~b + a c+ a 


#•4 3a + 2b b 

Cong ve theo ve cac danh gia tren, ta thu dupe 


2 + b 


9 ab 


~ + 7 


9 be 


- + - 


9ca 


< 


a + 36 + 2c b + 3c + 2 a c + 3a + 26 6 + c 

3(a + 6 + c) 

“ 2 


ca + ab + ab + bc + bc + ca + a + b + c 


6 + a 


tU day ta dupe bat dang thUc can chUng minh. 

Bai toan ket thuc.D 

1.36 | Cho a, 6, c la cac so thuc duong thoa man abc = 1. ChUng minh rang: 

1111 
- 1 - 1 -< - 

_ a + 6 + 4 6 + c + 4 c + a + 4 2 _ 

LcJi giai 1 . Dat x = y/a, y = Vb, z = yfc. Khi do ta phai chUng minh 

1 1 11 

x 2 + y 2 + 4 + y 2 + z 2 + 4 + z 2 + x 2 + 4 “ 2 


vPi x, y, z > 0 va xyz — 1 . 

1 x 2 + y 2 (x + y ) 2 + (x-y) 2 

Do 7 ---- = 1------ = 1- 777 --- 77 — nen bat dang thUc nay co the dude 

x 2 + y 2 + 4 x 2 + y 2 + 4 2{x 2 + y 2 + 4) 6 3 

viet lai thanh 

y- {x + y ) 2 , y- (+ ~ y ) 2 > 2 

^ x 2 + ?/ 2 + 4 ^ x 2 + y 2 + 4 — 

KhPng mat tinh tdng quat, ta gia sU x > y > z. SU dung bat dang thUc Cauchy - Schwarz, ta c 6 
y- (x + yf > [(x + y) + {y + z) + {z + x)} 2 
^ x % + y 2 + 4 _ ^(x 2 + V 2 + 4 ) 


va 


^ x 2 + y 2 + 4 — 


[x — y + £/ — z + x — z ] 2 

J2(x 2 + y 2 + 4 ) 
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Tit day ta dua bai toan ve chilng minh 

2(x + y + z ) 2 + 2{x - z ) 2 > 2(x 2 + y 2 + z 2 ) + 12, 

hay 2{x — z) 2 + 4 (xy + yz + zx — 3) >0. Tuy nhien day lai la danh gia dung do (x — z) 2 > 0 va 
theo bat dang thilc AM-GM thi 

xy + yz + zx > 3 \Jx 2 y 2 z 2 = 3, 
do vay bat dang thhc ban dau ditOc chilng minh xong. 

Bai toan ket thuc.D 


Lcfi giai 2. Dat x ~ -^a, y = \/b, z — tyc. Khi do x,y,z > 0; xyz = 1 va ta can chilng minh 

1 1 11 

x 3 + y 3 + A + y 3 + z 3 + 4 + z 3 + x 3 + 4 ~ 2 

Vdi chu y ta co danh gia x 3 + y 3 > xy(x + y), dong thdi lai co 4 = 4 xyz, ta dita bai toan ve viec 
cluing minh 


xy(x + y + 4z) yz(y + z + 4x) zx(z + x + 4y) 2’ 


hay 


x + y 


y + z 


z + x 


x + y + 4z y + z + 4x z + x + 4y 
Ap dung bat dang thilc Cauchy-Schwartz, ta co 


x + y + y + z + z + x > 4 (x + y + z) 2 

x + y + 4z y + z + 4x z + x + 4y ~ + y)(x + y + 4z) 

_ 4 (x + y + z) 2 

2(x 2 +y 2 + z 2 ) + 10 (xy + yz + zx) ’ 


nhu vay, de ket thuc chilng minh, ta can chi ra rang 

4(x + y + z) 2 > 2(x 2 + y 2 + z 2 ) + 10 {xy + yz + zx ), 

hay x 2 + y 2 + z 2 > xy + yz + zx. Tuy nhien day lai la mot danh gia dung, do vay bat dang thilc 
ban dau dupe chilng minh xong. 


Bai toan ket thuc.D 

1.37 | Cho a, b, c la cac so there dUOng thoa man ab + bc + ca = 1. Chilng minh rang: 
\ —h 66 + \ j + 6c + \ —h 6a < —— 

_Y _a _ V 6 _y_c_ abc _ 

LPi giai. Ap dung bat dang thilc Holder ta co 


( 


\ - + 66 + 
V a 



s (a + ®A + 6 c n +ea ) (yr 3 ) (pr 3 ) 

= 9(- + 7 + - + 6a + 66 + 6c ] . (*) 

\a b c J 
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(x —|— 7 / —I— z) 2 

Hdn ntra, sil dung danh gia cd ban xy + yz + zx < ----, ta co 

abc ( y + - + 6 a + 66 + 6 c ) = ab +be + ca + 6 abcia + b +.c) 

\a b c ) 

< ab + bc + ca + 2(ab + bc + ca ) 2 = 3, 

111 3 

do vay —h - d-b 6 a + 66 + 6 c < ——. Ket hop vdi danh gia (*) d tren, ta dude 

abc abc 


\l + 6b+ \1 + 6C+ \ll + 6a ) ~ 


th do ta lay can bac ba hai ve de thu dupe bat dang thUc can chilng minh. 

Bai toan ket thuc.D 

1.38 | Cho a, b, c la cac so thuc duong thoa man abc = 1. Chilng minh rang: 

111 
-* +-- #-< 1 

_ 1 ~t Q. ~t 1 -\- b -\- c 1 1 o. 1 c _ 

LcJi giai. Dat x = y'a, y = Vb, z — yjc. Khi do ta phai chilng minh 


x 2 + y 2 + 1 y 2 + z 2 + 1 z 2 + x 2 + 1 


vdi x, y, z > 0 va xyz = 1. 

1 x 1 + y 2 (x + y) 2 + (x -y) 2 

Do T - ;—2“TT = 1 -o i—m = 1 - 0 / 2 i — 2 ~T~T \— ngn thlJc c6 th ® dlft ? c 

x 2 + y 2 + 1 x 2 + y 2 + 1 2{x 2 + y 2 + 1 ) 

viet lai thanh 

s-' ( x + y) 2 y" >i 

X 2 + y 2 + 1 X 2 J r y2 +1 — 

Khong mat tinh tong quat, ta gia sil x > y > z. Sil dung bat dang thUc Cauchy - Schwarz, ta co 


(x + y) 2 > [(a; + y) + {y + z) + (z + a 

2 + y 2 + 1 - + y 2 + !) 


(x - yf [x - y+ y - z + x - z] 2 
^ x 2 + y 2 + 1 ' ^2(x 2 + y 2 + 1 ) 

Tif day ta dua bai toan ve chUng minh 

(x + y + z) 2 + {x - z) 2 > 2(x 2 + y 2 + z 2 ) + 3. 

Mat khac, theo bat dang tliUc AM-GM, ta lai co 

3 = 3 yfx 2 y 2 z 2 < xy + yz + zx, 
do vay ta chi con phai cluing minh 

(x + y + z) 2 + (x- z) 2 > 2(x 2 + y 2 + z 2 ) +xy + yz + zx. 
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Sau khi thu gon, ta dtfdc bat dang thdc hien nhien dung 
(x-y)(y-z) > 0. 

Bai toan do do ditOc chdng minh xong. □ 

1.39 | Cho a, b , c la cac so thitc difdng thoa man abc = 1. Chdng minh rang: 

a 3 b 3 c 3 > 

_ b(c + 2) c(a + 2) a(b + 2) ~ _ 

Ldi giai. Ap dung bat dang thdc AM-GM, ta co 

a 3 b c + 2 
K?T2) + 3 + “9“ - 

Lap hai bat dang thdc titdng tit va cong lai, ta ditpc 

a 3 b 3 c 3 a + b + c a + b + c + 6 

6(X^2) + + X(6^2) + 3 + 9 -“ +l + C ’ 

hay 

a 3 b 3 c 3 ^5 (a + b + c) 2 

b{c + 2) + c(a + 2) + a(b + 2) “ 9 3' 

Mat khac cung theo bat dang thdc AM-GM thi a + b -f- c > 3\/abc — 3, do vay 

a 3 b 3 c 3 > 5 2 

6 (c + 2) c(ci + 2) a(b + 2) 3 3 

Phep chdrig minh hoan tat.D 

1.40 | Cho a, b , c la cac so thitc khong am thay doi bat ki. Chdrig minh rang: 

_ a 3 + b 3 + c 3 + 3 abc > ab(a + b) + bc(b + c) + ca(c + a) _ 

Ldi giai. Bat dang thdc ban dau mang tinh doi xdng gida cac bien, nen khong mat tinh tong 
quat, ta gia sd a = max {a : b;c}. Khi do thpc hien bien doi titcing ditcing, ta thu ditpc day bat 
dang thdc titcing dudng vdi bat dang thdc can chdng minh 

a(a — b)(a — c) + b(b — a)(b — c) + c(c — a)(c — b) > 0, 

(a — b)(a 2 — ac — b 2 + be) + c(a — c)(b — c) > 0, 

(a — b) 2 (a + b — c) + c(a — c)(b — c) > 0. 

Danh gia cudi cung dung dd a = max {a ; 6; c}, dd vay bat dang thdc ban dau ditdc chdng minh 
xdng. 

Bai tdan ket thuc.n 
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3.2 Bai 2.1 den bai 2.40 


2.1 1 Cho a, b, c la cac so time ditong thay doi bat ki. Cluing minh rang: 

a b c 9 

_ ( b + c ) 2 (a + c ) 2 (a + b ) 2 ~ 4(a + b + c) 


LcJi giai. Bat dang thiic ban dau tricing drfdng vdi 


. , . [ a b c 19 

( a + b + c) —— —— + - —■—^ + 7 — r~r~v? — 7 - 
_{b + c) 2 (a + c) 2 (a + 6) 2 J 4 


Dat k = - - 1 - 1 -Ta thay rang 

b + c a + c a + b 


{a+b+c) 


7 + 7 


7 + 7 


b 2 


7 + 1-+ - 


- + - 


[ (b + c) 2 (a + c) 2 {a + b) 2 \ ( b + c ) 2 (a + c ) 2 {a + b) 2 b + c a + c a + b ’ 

va theo mot danh gia quen thuoc thi - 


b 2 

7 + 7 - 77 + 7 


> do vay 


{b + c) 2 {a + c) 2 {a + b) 2 ~ 3 

<a + i,+c) [(6T+ + (^yy + (^T6y] ^j + k 


Ta lai co chu y rang k > - theo bat dang thiic Nesbitt, do do 

, . . [ a b c 1 9 3 9 

( a + b + c) [jb^cy- + j^cf + -(^w\^U + 2 = l- 

Phep chihig minh hoan tat.D 


2.2 | Cho a, b , c la cac so thiic dnong thay doi bat ki. Cluing minh rang: 

a b c ^ i 

_ Va 2 + 8 be \/b 2 + 8ac y/c 2 + 8ab~ _ 


Ldi giai. Ap dung bat dang thiic Cauchy-Schwartz ta co 

a ^ b ^ c ^ {a + b + c) 2 

y/a 2 + 8 be y/b 2 + 8 ac y/c 2 + 8 ab ~ ay/a 2 + 8bc + by/b 2 + 8ac + cy/c 2 + 8 ab 

Mat khac, cung theo bat dang thiic Cauchy - Schwarz, ta co 

ay/a 2 + 8 be + b\/b 2 + 8 ac fNgVc 2 + 8 ab = y/ay/a 3 + 8 abc + y/by/b 3 + 8 abc + yfcyj c 3 + 8 abc 
< y/{a + b + c) {a 3 + b 3 + c 3 + 24a6c), 


do vay 


a ^ b ^ c ^ {a + b + c) 2 

y/a 2 + 8 be yfb 2 +-&ac y/c 2 + Sab y/{a + b + c){a 3 + + 24a6c) 

(a + b+ c ) 3 
a 3 + b 3 + c 3 + 24 abc ’ 
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Nhrf vay, de ket thuc cluing minh, ta can chi ra rang 


(a + b + c) 3 > a 3 + b 3 + c 3 + 24 abc, 

hay (a + b) (b + c ) (c + a) > 8 abc. Tuy nhien day la mot danh gia dung vi theo bat dang thiic 
AM-GM, ta co 

(a + b)(b + c)(c + a) > 2yfab.2Vbc.2y/ca — 8abc, 
do vay bat dang thiic ban dau drfdc cluing minh xong. 

Bai toan ket thuc.D 

2.3 | Cho a, 6, c la cac so there ditdng thoa man dong thdi c > a va 3a 2 + 4 b 2 + 5c 2 = 12. Chhng 
minh rang: 


Ldi giai. Tif gia thiet, ta co 

4a 2 + 4 b 2 + 4c 2 = 12 + a 2 - c 2 < 12, 


nhrf vay a 2 + b 2 + c 2 < 3. Tif day ta cung co 

a + b + c< V3(a 2 + b 2 + c 2 ) < 3, 

va vi vay ta cluing minh drfdc bat dang thiic ban dau vi 

111 9 9 

- H- 1 - - > -> _ 3. 

a b c a + b + c 3 


Bai toan ket thuc.D 


2.4 | Cho a, b, c la cac so thifc defdng thay doi bat ki. Cluing minh rang: 

a b c a + c b + a c + b 
— H 1— A -1-1- t 

_ b c a b + c c + a a + b _ 


LcJi giai 1. Dat 



Sil dung bat dang thiic Holder, ta thu drfdc 




i + f 
2 


1 + 


3 ('**)('*3 



= 8 , 


tif do ta suy ra XYZ > 1. 


Bay gib ta thrtc hien bien doi bat dang thiic da cho nhrf sau 

/a a + c\ 6 + a\ fc 

\b b + c) \c c + a) \a a + b)~ 

c(a~b ) | a(b-c ) | b(c-a ) >Q 
b(b + c) c(c + a) a(a + b ) — 
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> o. 


2X-1-1 X -1 


do vay bat dang thde cuoi co the viet lai thanh 


X-l Y-l Z -1 . 
Y + Z + X : 


X Y Z 111 

- 1 - 1 ->-(- 1 -. 

YZX ~ XYZ 


Sd dung bat dang thde AM-GM, ta co 


(X X Z 

3 £y = £ v + y + Y 


Nhu vay bat dang thde ban dau dude chdng minh xong. 
Bai toan ket thuc.D 


Y ^Y 


L6i giai 2. Thitc hien bien doi tUdng tit nhu each 1, ta can chimg minh 

c(a-b ) a(b-c) b(c-a ) > Q 

b(b-r c) c(c + a ) a(a + b ) — 

Khong mat tmh tong quat, ta gia sd b la so nam gida a va c. Khi do ( b — a)(b — c) < 0. De y rang 
b(c — a) = —c(a — b) — a(b — c), 
vi vay bat dang thde tren co the viet lai thanh 


[b(b + c) a(a + b)\ 


c(c + a ) a(a + b)\ 


?[(a — b) 2 (a + b) + b(a — b) (a — c)] [(b — c)(a — c)(a + c) + a(b - 

ab(a + b)(b + c) c(c + a)(a + b) 


Bat dang thde cuoi nay dung do 


(a — b)(a — c) = (a — b) 2 — (b — a)(b — c) > 0 , 


(b — c)(a — c) = (b — c ) 2 — (b — a)(b — c) > 0 , 


do vay bat dang thde ban dau dude chdng minh xong. 
Bai toan ket thuc.D 
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1. Lrfu y rang bat dang thile sau dung vdi a, b,cvh k la cac so thrfc drfdng: 

a + b + c > ka + c + kb + c + kc + b 

b c a ~ kb + c kc+ a ka + b 

Vdi k = 1, ta thu drfdc bai toan tren. 

2. Rieng vdi trrfbng hop k = 1, ta co the cluing minh bai toan drfa tren bat dang thrfc sau (day 
la mot bai trong Belarusian Mathematical Olympiad 1998): Cho a , b , c la cac so thuc dttctng. 
Chting minh rang 

a b c. a — b b -be 

t H-1— ^ t-1-7 + 1. 

b c a o + c a + b 

Viec cluing minh cung nhrf ap dung xin de danh cho ban doc. 


2.5 | Cho a,b,c la cac so thrfc drfdng thoa man a + b + c — 3. Chilng minh rang: 
_ \fa + \fb + yjc > ab + be + ca _ 

Ldi giai. Bat dang thrfc da cho trfdng drfOng vdi 

a 2 + b 2 + c 2 + 2 \[a + 2"\ fb + 2 \[c > a~ + b 2 + c 2 + 2 (ct6 + be + co) = 9. 

Ap dung bat dang thile AM-GM, ta co 


o 2 + 2 \/o > 3a. 

Lap cac bat dang thile trfdng tit va cong lai, ta drfdc 

a 2 + b 2 + c 2 + 2 \fa -f- c l\lb + 2 yfc. > 3(a + b -f- c) = 9. 
Phep chilng minh hoan tat. □ 


2.6 | Cho a, 6, c la cac so thrfc drfdng thoa man ab + be + ca = 1. Chilng minh rang: 

1 4 9^3 

_ abc (a + b)(b+c)(c +a) ~ 2 _ 


Led giai. Ap dung bat dang thile AM-GM, ta co 


1 4 1 1 4 

abc (a + b)(b + c)(c +a) 2 abc 2 abc (a + b)(b + c)(c +a) 


> 3 


/ a 2 6 2 c 2 (a + 6) (6 + c) (c + a) y abc(ab + ac) (be + ba)(ca + cb ) ’ 

Mat khac, cung theo bat dang thile AM-GM, ta cb hai danh gia: 

2^2 2 < ( a b + be + ca) 3 
° ~ 27 ’ 


(ab + be) (be + ca)(ca + ab) < 


8 (ab + bc + ca) 3 
27 
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til do sil dung gia thiet ta suy ra abc < —-= va (ab + be) (be + ca)(ca + ab) < —. Do vay 
3v3 27 


J_ 4 > J 27.3V3 = W3 

abc (a + b)(b + c)(c + a) ~ y 8 2 

Phep cluing minh hoan tat.D 

2.7 | Cho x, y, z la cac so there thoa man x + y + z = 0, trong do co hai so cung dau. Chdng 
minh rang: 

{x 2 + y 2 + z 2)S^ 

_ (*3 + #-^ 3 ) 2 - _ 


Ldi giai. Khong mat tinh tong quat, gia sh x, y la hai so cung dau, the la xy > 0. Vdi dieu kien 
z — —x — y , ta co 

(xi + yz + z^ 8 (xz + yi + xyf 
(x 3 + y 3 + z 3 ) 2 9x 2 y 2 (x + y) 2 

Nhu vay, neu ta dat x 2 + y 2 = m va xy = n (de y rang m > 2 n) thi ta can cluing minh 

8 (m + n) 3 >6 

9 n 2 (m + 2 n) ~ ’ 


hay 

4m 3 + 4n 3 + 12m 2 n + 12n 2 m > 27 n 2 m + 54n 3 . 

Bat dang thile tren mang tinh thuan nhat giila cac bien, do do ta cho n — 1, luc nay m > 2 va ta 
can chilng minh 

4m 3 + 12m 2 — 15m — 50 > 0. 

Tuy nhien bang bien doi trfdng drfOng, ta drfdc (m — 2) ^m — ^ >0. Day la mot danh gia dung 
do m > 2 , do vay bat dang thile ban dau drfpc chilng minh xong. 


Bai toan ket thuc.D 

2.8 | Cho a, b, c la cac so thuc duong thay doi trong doan [0,1], Chilng minh rang: 
_ \fabc + y/(l — a)(l — b)( 1 —~cj < 1 _ 

Lcfi giai. Ap dung bat dang thile Cauchy - Schwarz ta co 

Vabc + a /(1 — a)(l — 6)(1 — c) < y/(a + l — a)[bc + (1 — b)(l — c)] = \/ 2 be — b — c+1. 

Nhrf vay, de ket thuc chilng minh, ta can chi ra rang 


2 be < b-h c. 

Tuy nhien day la mot danh gia dung vi theo gia thiet va bat dang thile AM-GM thi 

2 be < 2 Vbc <b + c, 

do do bat dang thile ban dau drfpc chilng minh xong. 
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Bai toan ket thuc.D 


2.9 | Cho a, b , c la cac so thitc khong am thay doi bat ki. Cluing minh rang: 
_ 2y/(ab + bc+ ca ) < \/3.y/{a + b)(b + c)(c 4- a) _ 

Ldi giai. De y rang ta co dang thitc 

(a + b) (b + c) (c + a) = (a + b + c) (ab + bc+ ca) — abc. 

Mat khac, theo cac danh gia quen thuoc, ta co 

a+b+c> (ab + bc + ca), 


va 


do vay 


/ (ab + bc + ca) 3 


(a + b)(b+ c) (c + a) > (ab + bc + ca) \J?>(ab + be + ca) — ^ C °^ 

8y/ (ab + be + ca) 3 

371 ' 

Tit day, lay can bac ba hai ve, ta thu ditdc bat dang thitc can chitng minh. 

Bai toan ket thiic.D 

2.10 | Cho a, b, c la cac so thitc doi mot phan biet. Cluing minh rang: 

a 2 + b 2 a 2 + c 2 b 2 + c 2 5 

_ a 2 — 2 ab + b 2 a 2 — 2 ac + c 2 b 2 — 2 be + c 2 ~ 2 _ 


Ldi giai. Day bat dang thitc sau titdng ditdng vdi bat dang thitc can chitng minh 
(a + b) 2 + (a - b) 2 (b + c) 2 + (b - c) 2 (c + a) 2 + (c - a) 2 


(a-b) 2 


^ a + b b + c 

x = —^y = 


a + b\ 


(b - c)■ 
b 


(c-a) 2 


a-b) + + - 2 ‘ 


. de y rang ta c 6 dang thitc 


(a + b)(b + c) (b + c)(c + a) (o.-h a)(a - b) 

xy + yz + zx — - —— -r + —- — -- + - — -— 

(a — b)(b — c) (b — c)(c— a) (c — a)(a — b) 

(a + b)(b + c) (c— a) + (b + c) (c + a) (a — b) + (c + a) (a + b)(b — c) 
(a — b) (b — c)(c — a) 

Hdn ntra, ta cung c 6 (x + y + z) 2 > 0, dd vay 

x 2 + y 2 + z 2 > —2 (xy + yz + zx) = 2 . 

Tit day ta thu ditdc bat dang thitc can chitng minh. 
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Bai toan ket thuc.D 


2.111 Cho a, b la cac so thrfc khong am thoa man a + b < Cluing minh rang: 

jl — a jl — b < jl — a — b 

_ V 1 -|-a V 1 + 6 _ V 1 + a + b _ 


Ldi giai. Day bat dang thilc sau la trfdng drfdng vdi bat dang thilc can chilng minh 


1 ~a 1 « (l — a)(l — b) 1-a-b j l-a-b 

1+al+b y (l + o)(l + &) “ 1 + a + b Vl + a + 6’ 


2(1 — ab) jl + ab — a — b < 2 ^ jl — a — b 

1 + ab + a + b V 1 + ab + a + b 1 + o + 6 Vl + o + 6 

Dat u = ab; v = a + b. Khi do o, v > 0 va ta can chilng minh 


2(1 ~ u ) , o A + 

1 + rt + n V 1 + m + ii 



Thrfc hien bien doi trfdng drfdng, ta drfdc day bat dang thilc sau 


1+u — v l — v< u( 2 + v) 

1 + u + v 1 + v ~ (1 + v)(l + v + u) 



2 uv < u (2 + i>) / ll + u — v ll — v \ 

(1 + u + v)(l + n) — (1 + n)(l + v + o) IV l + M + n~^Vl + v)' 

Neu u = 0 tin bat dang thilc tren hien nhien dung. Neu u > 0, bat dang thilc tren trfdng drfdng 
vdi 

2 v < ll + u — v jl — v . . 

2 + v ~ V 1 + u + v V 1 + v ' 

De y rang vdi u > 0, ta cd danh gia 

1 + u — v 1 — v 
1+u + v ~ 1 + u ’ 


dd vay 


; ll —v ll — v l~ 2 
—h A / - + 2 a / - = 2a/ — 1 + -. 

; V 1 + v V 1 + ^ V 1 + v 


Hdn nrfa, ta lai cd v < - theo gia thiet nen 
5 




1 + u — v 
1 + u + v 


+ 



2 

3' 



2v _ 2 2 

2 + v ~ f+ 1 < 3’ 

dd vay danh gia (*) dung, cung cd nghla bat dang thilc ban dau drfdc chilng minh. 
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Bai toan hoan tat.C 


2.12 | Cho a, b, c 


so thrfc dildng thay doi bat ki. Chilng minh rang: 

a 2 b 2 c 2 , 6 (a 2 + b 2 + c 2 ) 

- + - + -+a + b + c> — ---- 

b c a _ a + b + c _ 


Ldi giai. Bat dang thilc can chilng minh mang tmh hoan vi giila cac bien, do do khong mat tmh 
tong quat, ta gia sil b la so hang nam giila a va c. Khi do ta bien doi bat dang thilc nhrf sau 


£ >- 2 “ 


6 (a 2 + b 2 + c 
a + b + c 


v (a - b) 2 6 (a 2 + b 2 + c 2 ) 


— 2 (a + b + c) 


Ap dung bat dang thilc Cauchy - Schwarz, ta co 


(a - b) 2 > [(a - b) + (b - c) + (a - c )] 2 _ 4(a - 
^ b ~ b + c + a a + l 


Do do ta chi can chilng minh drfOc 


2 (a — c ) 2 > 3(a 2 + b 2 + c 2 ) — (a + b + c) 2 . 


Sau khi thu gon, ta drfOc bat dang thilc hien nhien dung do b nam giila a va i 


2 (b — c)(b — a) < 0 . 


Bai toan hoan tat.t 


2.13 | Cho x, y, z la cac so thitc thoa man x 2 + y 2 + z 2 — 1. Chilng minh rang: 
_ -1 <x 3 + y 3 + z 3 - 3xyz < 1 _ 


Ldi giai 1. Chii y rang ta co dang thilc 


(. x 3 + y 3 + z 3 — 3xyz) 2 = (x + y + z) 2 (x 2 + y 2 + z 2 — xy — yz — zx) 2 — (1 + 2t)(l — t)(l — t ), 


trong do t = xy + yz + zx. Den day ta ap dung bat dang thilc AM-GM de c 


(x 3 + y 3 + z 3 — 3xyz) 2 < 


[(1 + 2t) + (1 — t) + (1 — t)] 3 


do vay — 1 < x 3 + y 3 + z 3 — 3 xyz < 1. 


Phep chilng minh hoan tat.C 


Lbi giai 2. Ap dung bat dang thilc Cauchy - Schwarz, ta > 


( x 3 + y 3 + z 3 — 3 xyz) 2 = [x(x 2 — yz) + y(y 2 — zx) + z(z 2 — xy)] 2 

< (x 2 +y 2 + ^ 2 )[(x 2 - yz) 2 + (; y 2 - zx) 2 + (z 2 - xy) 2 ]. 
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Hdn riff a, ta lai co 

(x 2 - yzf + ( y 2 - zx) 2 + (z 2 - xyf = {x 2 + y 2 + * 2 ) 2 - [xy + yz + zx) 2 < (x 2 + y 2 + z 2 ) 2 , 
do vay 

(. x 3 + y 3 + z 3 — 3 xyz) 2 < (x 2 + y 2 + z 2 ) 3 = 1 . 

Td do ta suy ra — 1 < x 3 + y 3 + z 3 — 3 xyz < 1 . 

Phep cluing minh hoan tat.D 

2.14 | Cho x,y, z la cac so thitc difdng thay doi bat ki. Chilng minh rang: 

_ xyz _ 1 

_ (1 + 3x){z + 6)(x + 8y)(y + 9z) ~ 7 4 _ 


Ldi giai. Ap dung bat dang thilc AM-GM, ta co cac danh gia sau: 


z + 6 = z -I 


L > 7\fz, 


X X X X X X „ 7/ X 

l + 3x — l + - + - + - + - + - + -> 7y 

. Q 7 / 4 6 

I+8j = I+ iA + i + i + 3 + i- 7 V y -¥’ 

3z 3 z 3.' 


Nhan cac bat dang thilc tren vdi nhau, ta drfOc 


(z + 6)(1 + 3x)(x + 8y)(y + 9z) > 7 4 \/ z.—.xy^. — .yz^.— = 7 4 xyz, 


. 4 6 3 6 


th do suy ra 

_ xyz _ < 1 

(1 + 3x){z + 6 )(x + 8y)(y + 9z) ~ 7 4 ‘ 


Phep chilng minh hoan tat.O 


2.15 | Cho a, b, c la cac so thitc difOng thay doi bat ki. Chilng minh rang: 

a + b b + c a + c > 1 1 1 

_ ab + c 2 ^ bc + a 2 ^ ac + b 2 ~ a b^ c _ 


LcJi giai. Ap dung bat dang thilc Cauchy - Schwarz, ta co 

a 2 b 2 (a + b) 2 (a + b) 2 

b(a 2 + c 2 ) a(b 2 + c 2 ) — b(a 2 + c 2 ) + a(b 2 + c 2 ) (a + b)(ab + c 2 ) ’ 

til day ta suy ra ^ ^ ^ —— H— ttJ- —tw. Thiet lap hai bat dang thilc titdng tit roi cong 

ab + c 2 b(a 2 + c 2 ) a(b 2 + c 2 ) 

lai, ta ditpc 


a + b b + c a + c 

ab + c 2 bc + a 2 ac + b 2 

^ a 2 b 2 b 2 c 2 a 2 c 2 

“ b(a 2 + c 2 ) + a(b 2 + c 2 ) + c(b 2 + a 2 ) + b(a 2 + c 2 ) + c(a 2 + b 2 ) + a(b 2 + c 2 ) 


1 1 1 

a b c 
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Phep chrfng minh hoan tat. □ 


2.16 | Cho a, b, c la cac so thitc khong am thoa man khong co bat ki hai so nao dong thdi 
bang 0. Chrfng minh rang: 

a(b + c) b(a + c) c(a + b ) > 

_ b 2 + be + c 2 a 2 + ac + c 2 a 2 + ab + fr 2 ~ _ 


LcJi giai. Ap dung bat dang thrfc Cauchy - Schwarz, ta co 


a(b + c ) 
b 2 + be + c 2 + 


6(a + c) c(a + 6) 

a 2 + ac + c 2 a 2 + a6 + b 2 


> 


a(6 + c) — 


aftc + 6(a + c) - ^ + c(a + 6) 
b + c 

(a + b + c) 2 


2 (aft + be + ca) — 


a6c a6c a6c 
6 + c c + a a + 6 


a+fe 


Nhit vay, de ket thuc chrfng minh, ta can chi ra rang 


hay 


(a + b + c) 2 > 4 (ab + bc+ ca) — 2 abc.i— 1 -1--—), 

a — b b -\- £ a — c 


a 2 + b 2 + c 2 + 2 abc.i —-1--—) > 2 (ab + bc + ca). 

y a + b b + c a + c' ~ v 


Ap dung danh gia cd ban —I-1— > - 


, ta co 


x y z x+y+z 

a 2 + b 2 + c 2 + 2 abc.(—^—r + —- -1- —) >a 2 + b 2 + c 2 -\ - 9a&<? 

y a + b b + c a + c ~ a + b + ( 


Cong viec cuoi cung chi can chrfng minh 


a 2 + b 2 + c 2 + 


a + b + c 


> 2 (ab + bc + ca), 


hay a 3 + b 3 + c 3 + 3 abc > ab(a + b) + bc(b + c) + ca(c + a). Tuy nhien danh gia nay dung theo bat 
dang thrfc Schur bac ba nen bat dang thiic ban dau drfOc chtfrig minh xong. 


Bai toan ket thuc.D 


2.17 | Cho a,b,c la cac so thrfc drfdng thoa man a 2 + b 2 + c 2 — 1. Chefng minh rang: 

a b c 3a/3 

_ b 2 + c 2 + a 2 + c 2 + a 2 + b 2 ~ 2 _ 


Ldi giai. Sh dung gia thiet, ta co 

a b c _ a b c 

b 2 + c 2 + a 2 + c 2 + a 2 + b 2 = l-a 2 + 1-b 2 + 1 —c 2 ' 

De y rang ta co danh gia 


a 3^3 2 _ a(a v / 3 + 2)(a v / 3-l) 2 ^ n 
1 - ( / 2 “ 2 “ _ 2(1-a 2 ) 
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do vay ^ ° 2 > ^-^a 2 . Thiet lap hai danh gia trfdng trf va cong lai, ta drfdc 
" ; >^( a ^ + b 2 + c 2)_ 


l-a 2 1 -b 2 1-c 2 - 2 


do vay 

Phep cluing minh hoan tat.P 


a b c 3a/3 

b 2 + c 2 + a 2 + c 2 + a 2 + b 2 “ 2 ' 


2.18 | Cho x, y, z la cac so there drfdng thay doi bat ki. Chilng minh rang: 

._ ( Jx Jy yfz \ 3 a /3 

_ v _ \y + z x + z x + y J 2 _ 


Ldi giai. Bat dang thilc can chilng minh mang tmh thuan nhat, do do ta chuan hoa x + y + z = 1. 
Dong thdi, ta dat a — y/x, b = y/y, c — yfz. Nhrf vay ta can chilng minh 

a b c 3a/3 

l-a 2 + l-b 2 + 1-c 2 ~ 

Tuy nhien day la mot ket qua da drfdc chilng minh d bai [27 


2.19 | Cho a, b, c la cac so thrfc khong am thoa man khong co bat ki hai so nao dong thdi 
bang 0. Chilng minh rang: 

a 3 b 3 c 3 1 


( 2 a 2 + b 2 ) ( 2 a 2 + c 2 ) (2b 2 + a 2 ) (2b 2 + c 2 ) ( 2 c 2 + a 2 ) ( 2 c 2 + b 2 ) a + b + c 


Led giai. Ap dung bat dang thilc Cauchy-Schwartz, ta co 

( 2 a 2 + 6 2 )( 2 a 2 + c 2 ) = (a 2 + a 2 + b 2 )(a 2 + c 2 + a 2 ) > (a 2 + ab + ac ) 2 = a 2 (a + b + c) 2 . 


Nhrf vay 


( 2 a 2 + b 2 ) ( 2 a 2 + c 2 ) (a + b + c) s 
b 3 


. Thiet lap hai danh gia trfdng tit roi cong lai, ta drfdc 


c 3 ^ a + b + c 1 

( 2 a 2 + b 2 )(2a 2 + c 2 ) + (2b 2 + a 2 )(26 2 + c 2 ) + ( 2 c 2 + a 2 )( 2 c 2 + b 2 ) ~ (, a + b + c ) 2 = a + b + c 
Phep chilng minh hoan tat.D 


2.20 | Cho a,b,c la cac so thrfc khong am thay doi bat ki. Chilng minh rang: 

a 2 + b 2 + b 2 + c 2 + c 2 + a 2 < 3(a 2 + b 2 + c 2 ) 

— . - .. .. - . - . - ‘ — - 


Lbi giai. Day bat dang thilc sau trfdng drfdng vdi bat dang thilc can chilng minh 

2(a 2 + b 2 + <*) + + < 3(o * + 6 2 + c’) 

a + b '• ■ '■ '■ " 


b + c 


c[(a + b) 2 — 2 ab] ^ a[(b + c ) 2 — 2 be] + b[(c + a ) 2 — 2 ca]) < 2 ^2 2 


a + b 


b + c 


2 ab + 2 be + 2ca < a 2 + b 2 + c 2 + 2 abc ( —^—r + —^-1-— 

Va + o 6 + c a — e 
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Danh gia cuoi cung la mot ket qua da dupe cluing minh d bai | 2.16 | , do vay ta ket thuc cluing 
minh.D 


2.211 Cho x, y , z la cac so thuc dUdng thoa man x + y + z = 1. Cluing minh rang: 

xy yz xz < 1 

_ 1 + z 1 + x 1 + y ~ 4 _ 


Ldi giai. Chu y rang 

~ xy 

1 ~h Z 

va theo mot danh gia quen thuoc thi 


xy 

{x + z) + (y + z) ’ 


4 1 1 

7-\-7-7 —-1-j 

[x + z) + (y + z) x + z y + z 


do vay -- < - (- 1 -]. Thiet lap hai danh gia titdng tit roi cong lai, ta ditOc 

l + z 4 \x + z y + z) 

xy ^ yz ^ xz < 1 f xy + yz + yz + zx + zx + xy\ _ x + y + z 

1 + z 1 + x 1 + y — 4\ x + z x + y y + z ) 4 

til day ta thu dupe bat dang thile can cluing minh. 


Bai toan ket thuc.D 


2.22 | Cho a, b, c la cac so thuc duong thay ddi bat ki. Chilng minh rang: 

(t + ~ + ~)(a + b + c ) > 3a/ 3(a 2 +&+€ 2 ) 
_ b c a ___ 


Ldi giai. Ap dung bat dang thile Cauchy-Schwartz, ta c 6 

a b c (a + b + c ) 2 

- H- 1 — > - 

b c a ab + bc + ca 

i / a b c., (a + b + c ) 3 x* > i * . 9 

do vay (-H-b-Ha + o + c) > —- - -. Nhu vay, de ket thuc chUng nnnh, ta can chi ra rang 

b c a ab + bc + ca 

(o + b + c)^ ^ 3 (ab + be + ca) (o 2 + b^ + c 2 ), 


hay (a + b + c) 6 > 27(a 2 + b 2 + c 2 )(ab + bc + ca) 2 . Tuy nhien day la mot danh gia dung vi theo bat 
dang thile AM-GM, ta co 


(a + b + c) 6 = [(a 2 + b 2 + c 2 ) + (ab + bc + ca) + (ab + bc + ca )] 3 > 27(a 2 + b 2 + c 2 )(ab + be + ca) 2 , 
do vay bat dang thile ban dau dude chilng minh xong. 


Bai tdan ket thuc.D 


2.23 | Cho q, b , c la cac s 6 there dUdng thay ddi bat ki. Chilng minh rang: 

——I- 1 —-—b a + 6 + c > 2-\/3(a 2 + b 2 + c 2 ) 

_ h _c___ a _____ 


Ldi giai. Ap dung bat dang thile AM-GM ta dupe 


a l + b l + l +a+b + c > 2 J+ + b l + C l)(a + b + c). 
b c a V b c a 
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Nhu vay, de ket thuc cluing minh, ta can chi ra rang 

(y + h ~c + a^)(° + b + C ) - 3 (° 2 + 1)2 + ° 2 )- 

That vay, ap dung bat dang thilc Cauchy-Schwartz, ta co 

a 2 (a 2 + b 2 + c 2 ) 2 

b c a ~ a 2 b + b 2 c + c 2 a' 

Cong viec cuoi cung chi can chilng minh 

(a + b + c)(a 2 + b 2 + c 2 ) > 3 (a 2 b + b 2 c + c 2 a), 

hay (a 3 + ab 2 ) + ( b 3 + be 2 ) + (c 3 + ca 2 ) > 2(a 2 6 + b 2 c + c 2 a). Tuy nhien day la mot danh gia dung 
theo bat dang thilc AM-GM, do vay bat dang thilc ban dau dupe chilng minh. 


Bai toan ket thuc. □ 


2.24 | Cho a,b,c la cac so thuc duong thuoc khoang (0,1) thoa man ab + bc + ca = 1. Chilng 
minh rang: 


a 2 + b 2 + b 2 + c 2 + c z + a' 




(1 - a 2 )(l - b 2 ) (1 - b 2 )( 1 - c 2 ) (1 - a 2 )(l - c 2 ) ~ 2 


LPi giai. Bat dang thilc ban dau tUOng dUOng vdi moi bat dang thilc trong day sau 
y^ [~ a 2 + b 2 ll 

^ |_(1 — a 2 )(l — b 2 ) 2j - ’ 

(1 + a 2 )(l + b 2 ) 

^ (1 - o 2 )(l - b 2 ) ~ ' 

De y rang ta co 

(1 — a 2 )(l — b 2 ) — (1 — ab) 2 = —(a — b) 2 , 

do vay (1 — a 2 )(l — b 2 ) < (1 — ab) 2 . Mat khac, theo bat dang thilc Cauchy - Schwarz, ta co 
(1 + a 2 )(l + b 2 ) > (1 + ab) 2 , 


do vay ta suy ra 

(1 + a 2 )(l + b 2 ) ^ (1 + ab) 2 
(l-a 2 )(l-b 2 ) ~ (1 — ab) 2 ' 

Den day ta thiet lap hai danh gia tUdng tu va cong lai de co 

v (l + a 2 )(l + 6 2 ) ^ ^(1 + ab) 2 
^ (1 - a 2 )(l - b 2 ) ~ 2s (1 - ab) 2 ' 

Ta ap dung tiep bat dang thilc AM-GM de suy ra 

y^ (1 + a 2 )( 1 + b 2 ) ^ Q 3 /r(1 + a6)(1 + 6c)(1 + ca) 1 2 

^ (1 - a 2 )(l - b 2 ) - y [{1 - ab)( 1 - 6c)(1 - ca)J ' 

Do vay, de ket thuc chilng minh, ta can chi ra rang 


(1 + ab)( 1 + bc)( 1 + ca) > 8(1 — ab)( 1 — bc)( 1 — ca). 
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Dat x — ab,y — bc,z = ca. Khi do x, y, z > 0; x + y + z = 1 va ta can chilng minh 


(1 + x){l +y)(l + z)> 8(1 - x){\ -y)(l- z), 


tufting dufefng 


9 xyz > 7(xy + yz + zx) — 2. 

Theo mot ket qua da dufdc chilng minh d bai | 2.35 | , ta co 

x 2 + y 2 + z 2 -\ -—^— > 2 (xy + yz + zx), 

x + y + z 

tuf do sil dung gia thiet x + y + z — lde suy ra 9 xyz > 4 (xy + yz + zx) — 1. Cong viec cuoi cumg 
la cluing minh 


4 (xy + yz + zx) — 1 > 7(xy + yz + zx) - 2, 


hay xy + yz + zx < Tuy nhien day la mot danh gia dung vi 


xy + yz + zx < 


(x + y + zf 


do vay bat dang thilc ban dau ditOc chilng minh xong. 


Bai toan ket thuc.D 

2.25 | Cho a, b, c la cac so thitc ditdrig thay doi bat ki. Chilng minh rang: 

_ \/l + a 3 + b 3 + y / T+ b 3 + c 3 + \/l + a 3 + c 3 > yj27 + 2(a + b + c) 3 _ 

Lbi giai. Ap dung bat dang thilc Holder, ta co 

(1 + a 3 + b 3 )[27 + (a + b + c)P~% (a + b + c) 3 ] 2 > [9 + a(a + b + c) 2 + b(a + b + c) 2 ] 3 , 


til do ta suy ra 

S/l + a 3 + b 3 . \/[27 + 2 (a + b + c) 3 ] 2 > 9 + (a + b)(a + b + c) 2 . 

Thiet lap hai bat dang thilc tufting tuf va cong lai, ta dufdc 

^[27 + 2(a + b + c) 3 ] 2 (v / l + a 3 + b 3 + b ?J + c 3 + v^l + a 3 + c 3 ) > 27 + 2(a + b + c) 3 , 
tuf do ta thu dufdc bat dang thilc can chilng minh. 


Bai toan ket thilc. □ 


Nhan xet. Bat dang thilc tren la he qua trufc tiep cua bat dang th/tlc Minkowsky rrid rdng : 

y/a 3 + 6 3 + c 3 + f/d 3 + e 3 + / 3 + ^ 3 + h 3 + A: 3 > {/(a + d + g) 3 + (b + e + h) 3 + (c + / + A;) 3 . 

Cach chilng minh tufdng tit nhuf ldi giai cua bai toan tren. 

2.26 | Cho a, b, c la cac so thufc khong am thay doi bat ki. Chilng minh rang: 

be ca ab > 2 (a 2 + b 2 + c 2 ) + ab + be + ca 

_ (a + b)(a + c) (b + c)(b + a) (c + q)(c + b) ~ 2(a 2 + b 2 + c 2 ) + 2(a6 + be + ca) _ 
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Ldi giai. Bat dang thile can chilng minh trfdng drfdng vdi 

be ca ab ^ ^ 2 (a 2 + b 2 + c 2 ) + ab + bc +ca 

(a + 6)(a + c) (b + c)(b + a ) (c + a)(c + b)~ 2(a 2 + b 2 + c 2 ) + 2(ab + be + ca)' 

Mat khac, de y rang ta co cac dang thile sau: 

1 be ca ab _ 2 abc 

(a + b)(a + c) ( b + c)(b + a ) (c — a)(c -r b) (a + b)(b + c)(c + a)’ 

2(a 2 + b 2 + c 2 ) + ab + be + ca ab + bc + ca 

2 (a 2 + 6 2 + c 2 ) + 2(ab + bc+ ca) (a + b) 2 + (b + c) 2 + (c + a) 2 ’ 
do do ta can cluing minh 

2 abc < ab + be + ca 

(a + b)(b + c)(c + a) ~ (a + b) 2 + (6 + c) 2 + (c + a) 2 ’ 

hay 

2(a + 6) 2(6 + c) 2(c + a) < 1 1 1 

(c + a)(c + 6) (a + b)(a + c ) (6 + c)(6 + a) — a b c 

De y rang 

1 2(a + 6) (c — a)(c — 6) 

c (c + a)(c + 6) c(c + a)(c + 6)’ 

do do bat dang thile can chilng minh trfdng drfdng vdi 

(a — b)(a — c) (b — a)(b — c) ( c-a)(c-b ) > Q 

a(a + 6)(a + c) 6(6 + a)(6 + c) c(c + a)(c + 6) — 

Tuy nhien danh gia nay dung theo bat dang thile Vornicu - Schur, do vay bat dang thile ban dau 
drfdc chilng minh xong. 


Bai toan ket thile. □ 



va ab + be + ca = x + y + z. Theo do, bat dang thile can chilng minh trb thanh 


hay 


J lyz + x 2 jx + y + z) / J_ 11 



(x + y + z) 4 
3 
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Ap dung bat dang thilc Holder, ta co 


3(2 yz + x 2 + 2 zx + y 2 + 2 xy + z 2 




Nhn vay, de ket thuc chilng minh, ta can chi ra rang 


3(2 yz + x 2 + 2zx + y 2 + 2 xy + z 2 ) < 


(x + y + z) 4 


hay x + y + z >3. Tuy nhien day la mot danh gia dung vi theo bat dang thilc AM-GM 


do vay bat dang thilc ban dau drfdc cluing minh xong. 


Bai toan ket thuc.D 

2.28 | Cho a, 6, c la cac so thrfc khong am doi mot phan biet. Cluing minh rang: 


Lbi giai. Bat dang thilc ban dau mang tinh doi xilng giila cac bien, do do khong mat tinh tong 
quat, ta gia si! a > b > c > 0. Khi do ta dat a — b — x: b — c — y. Til day ta suy ra x, y > 0 va 

ab + bc + ca> ab = (c + y)(c + x + y) > y(x + y). 

Dong thdi, cung til phep dat tren, ta co 


(a - b) 2 (b - 


x 2 y 2 (x + y ) 2 ‘ 


Nhrf vay, ta dita bai toan ve viec chilng minh 


J [x 2 y 2 (x + y) 2 \ 

hay 

y(% + V) x y > 3 

x 2 y x + y ~ 

Dat t = —. Khi do t > 0 va ta can chilng minh 

y 

t + 1 1 

-l^ + t + TT-+ 3 ' 

Sau khi bien doi tuong dudng, ta thu drfdc mot danh gia hien nhien dung 
(t 2 -t - l) 2 > 0, 

do vay bat dang thilc ban dau drfdc chilng minh xdng. 


Bai tdan ket thuc. I 
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2.29 | Cho a, b, c la cac so thifc difdng thoa man abc = 1. Chilng minh rang: 
a b c 

-— |- — K —b 3 ab + be + ca + a + b -b c 
_ h _c_ a ___ 


LcJi giai. Do abc = 1 nen ton tai cac so thifc difdng x, y, z sao cho 

x y z 

a = -, b = -, c = 
y z x 

Khi do bat dang thile can cluing minh trd thanh 


^- + ^ + ^ + 3 >- + - + - + - + - + 

y 2 z 2 x 2 z x y y z x 


tufting difting 


x 3 y 3 + y 3 z 3 + z 3 x 3 + 3x 2 y 2 z 2 > xyz[xy(x + y) + yz{y + z) + zx(z + x)]. 
Tuy nhien day la mot he qua trite tiep cua bat dang thifc Schur bac 3: 

m 3 + n 3 + p 3 + 3 mnp > mn(m + n) + np(n + p) + pm(p + m ), 

6 day m = xy,n = yz va p — zx. Do vay bat dang thitc ban dau drfdc chifng minh xong. 


Bai toan ket thuc.D 


2.30 | Cho a,b,c > 0. 


Cluing minh rang: 

_a-\ L b_ 
^ ab + c 2 


<E 


i 

a 


Ldi giai. 


Bat dang thile da cho trfdng drfdng vdi: 

V 1 _V a ~ b (a-c)(b-c) (b — a)(c— a) ( a-b)(c-b ) 

^ a ^ ab + c 2 abc + c 3 abc + a 3 abc + b 3 ~ 

1 1 1 

Dat —-- = x, — -— = y, — -- = z. 

abc + a 6 abc + ¥ abc + c 3 

Bat dang thile drfdc drfa ve dang Vornicu Schur: 

x(a — c)(b — c) — y(b — a)(c — a) + z(a — b){c — b) > 0(*) 

Gia sil a > b > c, the thi abc + c 3 < abc + b 3 . 

Suy ra —-- > —-— 

abc + c 3 abc + b 3 
hay z > y 

Mac khac, theo dieu gia si! thi b > c, do do a — b < a — c. 

Ket hdp vdi z > y > 0, suy ra z(a — c) > y(a — b). 

Viet lai bat dang thile (*) nhrf sau: 

x(a — b)(b — c) + (b — c)[z(a — c) — y(a — 6)] > 0 
Bat dang thile nay dung theo cac dieu gia sil. 

Phep chilng minh hoan tat. Dau bang xay ra khi a = b — c.D 


2.311 Cho x,y,z la cac so thifc thoa man x 2 + y 2 + z 2 = 1. Tim max cua bieu thile: 

_ P — x 3 + y 3 + z 3 — 3xyz _ 

L6i giai. Ta co: P = x 3 + y 3 + z 3 — 3xyz = (x + y + z)(x 2 + y 2 + z 2 — xy — yz — zx). 
Suy ra P 2 = (x + y + z) 2 (x 2 + y 2 + z 2 — xy — yz — zx) 2 
Ap dung bat dang thile AM-GM cho 3 so khong am: 
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P 2 — (x + y + z) 2 (x 2 + y 2 + z 2 - xy - yz - zx) 2 
= (x + y + z) 2 (x 2 + y 2 + z 2 - xy - yz - zx)(x 2 + y 2 + z 2 - xy - yz - zx) 

(x + y + z) 2 + ( x 2 + y 2 + z 2 - xy - yz - zx) + ( x 2 + y 2 + z 2 - xy - yz - zx) 1 


= ( x 2 + y 2 + z 2 ) 3 — 1 (theo gia thiet) 

Suy ra P < 1. 

Vay maxP = 1 ■$+ (x + y + z) 2 — x 2 + y 2 + z 2 — xy — yz — zx ■$+ x — 1, y = z = 0 va cac hoan vi.D 


2.32 | Cho oX c > 0. Chrfng minh rang: 

a 2 + b 2 + c 2 > ° 2 _|_ _|_ ° 2 

_ b + c a + c a + b ~ a + b b + c c + a 

Ldi giai. 

Cach 1 


Ta co: 

2 a 2 a 2 + b 2 

Suy ra S = E ~^rg~ 

Khi do ta can chrfng minh: 

Bat dang thiic nay trfdng drfdng vdi: 
hay 
hay 


a 2 — b 2 

V -— = a — b + b — c + c — a = 0 

^ a+b 


2c 2 a 2 + b 2 

^ a + b ~ ^ a + b 

>;( _ °+ + + _ + ] > 0 

\a+b a+b b+c b+c 


(c-a) 2 (c + a) , 

-7 -TTTi-> 0 (dung) 

(a + b) (b + c) 

Phep chrfng minh hoan tat. Dang thrfc xay ra khi va chi khi a = b = c 
Cach 2 

Bat dang thrfc da cho trfdng drfdng vdi: 

'1 1 V 


hay 

hay 


E« 2 (r^-— ) >0 

\b + c a + c J 


(a 2 (a 2 - c 2 ) + b 2 (b 2 - a 2 ) + c 2 (c 2 - b 2 ) > 0 


[(a 2 - b 2 ) 2 + (b 2 - c 2 ) 2 + (c 2 - a 2 ) 2 ] > 0 (dung; 


Phep chrfng minh hdan tat. Dang thrfc xay ra khi va chi khi a = b — c.O 


2.34 | Cho x,y,z > 0. Chrfng minh rang: 

a 2 + bc b 2 + ac c 2 + ab 2 3 

_ (b + c) 2 (a + c) 2 (a + b ~2 


Ldi giai. 

Bat dang thrfc da cho trfdng drfdng vdi: 


hay 


r^±6c _ii 
^[(b + cY 2\ ~ 
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Gia sh a > b > c. 

Khi do ta co hai day cung chieu: 


2a 2 - b 2 - c 2 
^ (b + c) 2 


> 0 


2a 2 -b 2 -c 2 > 2 b 2 - a 2 - c 2 >2c 2 - a 
1 > 1 > 1 
(b + c) 2 ~ (a + c ) 2 - (a + b ) 2 
Ap dung bat dang thtfc Chebychep cho hai day tren: 

E [(2a 2 -6 2 -c 2 ).- 1 1 ^ ™ ° ° N1 ^ 1 


■(b + cf 


>[E(2a 2 -6 2 -c 2 )]. E 


' (6 + c ) 5 


= 0. E 


' (6 + c) 2 . 


Phep chtfng minh hoan tat. Dang thtfc xay ra khi va chi khi a = b — c.U 


2.35 | Cho a, b > 0. Chhng minh rang: 
_ ( a 2 + b 2 )(a + bf + job + l) 2 > 2 (a + b) 2 

L6i giai. 

De y rang a 2 + b 2 = (a + b) 2 — 2 ab. 

Dat a 2 + b 2 — x,ab = y 

Bat dang tilde can chtfng minh trfdng difdng vdi: 

x(x + 2 y) + (y + l) 2 > 2(x + 2y) 

Khai trien va rut gon, ta drfdc: 

x 2 + y 2 + 1 — 2x — 2y + 2xy > 0 


hay 


(x + y — l) 2 > 0 (dung) 

Phep chtfng minh hoan tat. Dang thtfc xay ra khi va chi khi a 2 + b 2 + ab = 1 (chang han 



2.36 | Cho a, 6, c £ R. Chtfng minh rang: 

a 3 -b 3 b 3 - c 3 c 3 - a 3 ^ 9 

_ (q-6) 3 + ( b-cY + (c-a) 3 ~ 4 _ 

Ldi giai. 

Bat dang thtfc can chtfng minh trfdng dudng vdi: 

a 2 + b 2 + ab ^ 9 
^ (q — b) 2 ~ 4 

Nhan thay rang: 

a 2 + qfc + fc 2 + |(« ~ 6 > 2 |( a ~ 6 ) 2 3 

(q — b) 2 (a — b) 2 ~ (a — b) 2 4 

Thuc hien tUdng trf cho hai bat dang thtfc con lai. 

Phep chtfng minh hoan tat. Dang thtfc xay ra khi va chi khi a + b + c = 0.D 


2.37 | Cho q, b > 0. Chtfng minh rang: 

11 4 ^ 32(q 2 + b 2 ) 

_ d + b 2 + q 2 + b 2 ~ (a + b) 4 


LcJi giai. 


Sh dung bat dang thtfc AM-GM cho hai so drfdng: 

1 1 4 _ a 2 + b 2 4 ^ o /a 2 + b 2 4 _ 4 

d + V + a 2 + b 2 ~ a 2 b 2 + a 2 + b 2 ~ 2 \ a 2 b 2 ' a 2 + b 2 ~ d) 
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Ta se cluing minh : 


4 32 (a 2 + b 2 ) 

ab ~ (a + b) 4 

hay 


8 ab(a 2 + 5 2 ) < (a + b) 4 
Ap dung bat dang thiic 4 xy < (x + y) 2 : 

8 ab(a 2 + b 2 ) = 4.2 ab.a 2 + b 2 ) < (a 2 + b 2 + 2 ab) 2 — (a + b) 4 
Phep cluing minh hoan tat. Dang thiic xay ra khi va chi khi a = b.O 


2.38 | Cho a, b > 0 thoa man a 2 + b 2 + c 2 + abc = 4. Chtfrig minh rang: 
_ a + b + c < 3 _ 

Ldi giai. 

Cac/i A 

Theo nguyen li Dirichlet, trong ba so a, b , c at se co hai so cung phia vdi 1 tren true so. Gia sii hai 
so do la a va b. The thi: 


(a — 1)(6 — 1) > 0 

hay 

ab > a + b — 1 

Mat khac, theo gia thiet va bat dang thiic AM-GM cho hai so diidng: 

4 — c 2 = a 2 + b 2 + abc > 2 ab + abc = ab( 2 + c) 

hay 

(2 — c)(2 + c) > ab( 2 + c) 

hay 

2 — c>ab 

Ket hop vdi bat dang thiic ab > a + b — 1 (cluing minh tren), suy ra: 

2 — c>ab>a + b— 1 

hay 

a + b + c < 3 

Phep chiing minh hoan tat. Dang thiic xay ra khi va chi khi a = b — c = 1 
Cach 2: 

^ 2x 1 2 y 2 z 

Dat a = , b = . c = 

y/(x + y)(x + z) V(y + z )(y + x ) V( z + y)( z + x ) 

Suy ra: 

j, _ E 2 V?/ + * 

a + b + c — — 

v ( x + y)(y + z ) (* + 

Vi the bat dang thiic a + 6 + c < 3 se tiidng diidng vdi: 

E < 3- v /(x + j/)(j/ + 2 )(,z + a;) 

Day chinh la bat dang thiic Schur vdi cac bien yjy + z, yjy + x, yjz + x. 

Phep cluing minh hoan tat. Dang thiic xay ra khi va chi khi a = b = c = l.D 
Cac/i 5: 

Gia si! ton tai mot so (cho so do la a) trong ba so a, b , c ldn hdn 2. Khi do, vi a, b, c dudng nen: 
a 2 + b 2 + c 2 + abc = 4>4 + 6 2 + c 2 + abc > 4 (vo If!) 

Do do a,b,ce (0; 2] 

Th gia thiet suy ra: 

h A 2 C 2 

a 2 + abc + = 4 + —^- b 2 — c 2 

4 4 
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bc\ 2 _ (4 — 5 2 )(4 — c 2 ) 


a+b+c —y 
A p dung bat dang thde AM-GM, ta co: 


/ (4~& 2 ) (4- 


) be 

2 +b+C 


be 

■-+b + c< 


- (4 - b 2 + 4 - 


Phep eh brig minh hoan tat. Dang tilde xay ra khi va chi khi a = b — c = l.D 
Nhan xet: 

, v 3 9 

Bat dang thde a + b + c< 3 cung dung vdi dieu kien a 2 + b 2 + c 2 + -a&c = -. 

2.39 | Cho x,y,z > 0. Chdng minh rang: 

111 _36_ 

_ x + y + z ~ 9 + x 2 y 2 + y 2 z 2 + z 2 x 2 _ 

LcJi giai. 

Dat xy = a,yz — b , xz — c, bat dang thde trd thanh: 

(a + b + c) ( a 2 + b 2 + c 2 + 9) > 36 Vabc 
Ap dung bat dang thde AM-GM: 

a + b + c> 3 tyabc — 3 ^/{abc) 4 

a 2 + b 2 + c 2 + 9 > 3y/(abc) 2 + 9 = 3-^ (abc) 2 + 3 + 3 + 3 > A^3^/Jabc) 2 .3.3.3 
Nhan ve theo ve hai bat dang thde tren: 

(a + b + c)(a 2 + b 2 + c 2 + 9) > 3\/abc.l2 y/(abc) 2 = 36 .Vabc 
Phep chdng minh hoan tat. Dang thde xay ra khi va chi khi a = b — c = !.□ 


2.40 | Cho a, b, c > 0 thoa man a 2 + b 2 + c 2 = 3. Chdng minh rang: 

_ (»4y + 1 ) (yv^ + 1 ) Gd^ + 1 ) - 3(n+i,+c)Z 

LcJi giai. 

Ap dung bat dang thde Holder: 

+&2 + X ) + 0 +1 )~ {]/(a 2 + b 2 )(b 2 + c 2 )(c 2 - 

Ap dung bat dang thde AM-GM va bat dang thde 3 (x 2 + y 2 + z 2 ) > (x + y + z 

\)j ( a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) + 0 “ [2(a 2 + b 2 + c 2 ) + *] = 2 7 = 9(a 2 + 6 2 d 
Phep chdng minh hoan tat. Dang thde xay ra khi va chi khi a = b — c = \j—- C 


3.3 Bai 3.1 den bai 3.40 


3.11 Cho a, b, c,x,y, z > 0 thoa man x + y + z = 1 . Chdng minh rang: 

ax + by + cz + 2 yj{xy + yz + zx) (ab + bc + ca) < a + b + c 

LcJi giai. 
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Ap dung bat dang thhc Cauchy-Schwarz: 

ax + by + cz + 2 y/(xy + yz + zx)(ab + bc + ca) < -^/E c^-E® 2 + y/^J2 x V^J2 ab 

< V(E a 2 + 2 E (E + 2 E®j/) 

=• a + 6 + c (do x + y + z = 1 ) 

Phep chutng minh hoan tat. Dang thrifc xay ra khi va chi khi - = - = - = 


a + b + c hay a+b+c— 1 . 


a + b + c 

x y z a+b+c x+y+z 


3.2 | Cho a, b, c > 0 thoa man a 3 + b 3 + c 3 — 3. Tim gia tri ldn nhat cua: 
_ P = a*b A + b*c 4 + c 4 a 4 _ 

Ldi giai. 

Ta chifng minh gia tri ldn nhat cua bieu thirc la 3. 

Dat a 3 — x, b 3 = y, c 3 = z, suy ra x + y + z — 3. 

Ap dung AM-GM 

3a 4 6 4 < a 3 b 3 (a 3 + b 3 + 1) 

Khi do, ta chi can chrfng minh: 

xy{x + y + 1 ) + yz(y + z + 1 ) + zx{z + x + 1) <9 
Dua ve dang dong bac, ta can clntrig minh 

3 E x u( x - y) -r (.T — y — z)(xy + yz + zx) < (x + y + z) 3 
Sau khi khai trien, bat dang thirc trd thanh: 

x 3 + y 3 + z 3 + 3 xyz > E x v( x + V) 

Dung theo bat dang thilc Schur. 

Phep chitng minh hoan tat. Dang thitc xay ra khi va chi khi a = 6 = c = 1 .□ 


3.3 | Cho a,b,c> 0 thoa man a 2 + b 2 + c 2 = 1. Tim gia tri nho nhat cua: 

a 2 b 2 c 2 

P = - 1 - 1 - 

_ b + c c + a a + b _ 


Ldi giai. 

Cach 1: 

Gia sii a > b > c. 

Ta se co hai day cung chieu: 

\ 2 >b 2 >c 2 

J_> J_ 

b + c a + c a + b 

Ap dung lan lrfdt bat cac bat dang thitc Chebychep, gia thiet a 2 + b 2 + c 2 — 1 va bat dang thijfc 

E- > taco: 

X l^x 

3 


a 2 b 2 c 2 1 , 2 2 2 \ ( 1 1 1 \ 

P = - 1 - 1 - 7 > - {a 2 + b 2 + c 2 ) ( -- 1 - 1 - 7 ) > 

b + c c + a a + b 3 \b + c c + a a + b) 

Lai theo bat dang tlitfc: 

3 = 3( a 2 + b 2 + c 2 ) > (a + b + c) 2 

Suy ra: 

a + b + c + \/3 

Do do: 

P > 


2 (a + b + c) 


a/3 1 

Vay minP = — <+ a = b = c = —=. 

2 V3 


_3_ > V3 

2 (o + b + c) 2 
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Cach 2: 

Ap dung bat dang thtfc Cauchy-Schwarz va gia thiet: 

(a 2 + 6 2 + c 2 ) 2 


;=E~ 


b + c a 2 (b + c) a 2 (b + c) + b 2 (c +a) +c 2 (a +b) a(b 2 + c 2 ) + b(c 2 + a 2 ) + c(a 2 + b 2 ) 
Mat khac, theo bat dang thtfc AM-GM: 


Suy ra: 


E a(P + c 2 ) = E + *) < 3 \[l ( ^- + Y + 2c2 ) 2 = ^g 


\fd> 1 

Vay minP = — a = b = c — —p. □ 
2 v 3 


3.4 | Cho q, 6, c > 0. Chtfaig minh rang: 

111 
+ 77-TV + 


,(6 + q) b(c ~~r~ 1) c(c + a) -y/q6c.(l + \/abc) 


L6i giai. 

Cach 1: 

Nhan ve trai vdi abc + 1, ta co: 

1 1 1 


>:!/■' • 1 


a(b + a) + b(c + 1) + c(c + q) ^ |_1 + b + q(l + 6) J ^ |_ 1 + 6 + q(l + 6) 


["6(1 + c) 1 + a 


= + = p 


' q(l + 6) 


Ap dung bat dang thtfc AM-GM: 


p> 3 3 / q6c(1 + q)(l + 6)(1 + c) + g 3 / (1 + q)(l + 6)(1 + c) _ g 


(1 + q)(l + 6)(1 + c) 
= 3- 


q6c(l + q)(l + 6)(1 + c) 


\/ abc yfabc{\fabc + 1) 

Phep chtfng minh hoan tat. Dang thtfc xay ra khi va chi khi a = 6 = c.D 
Cac/i jg: 


Theo bat dang thtfc Holder thi: 

(1 + q)(l + 6)(1 + c) > (1 + \fabcY 

Ap dung bat dang thtfc (x + y + z) 2 > 3 (xy + yz + zx ) va bat dang thtfc tren: 

U 1 1 > q (y' 1 \ _ 3(a + 6 + c + q6 + 6c + ca) 

l q(6 + l)J — \ q6(l + 6)(1 + c) J abc(l + 6)(1 + c)(l + q) 

3 3(q6c+l) > 3 3(q6c+l) 

abc abc(l + q)(l + 6)(1 + c) abc q6c(l -$* 4/abc) 3 

^3v // q6c(l + \fabc) 9 

q6c(l + v / q6c) 3 \/a 2 b 2 c 2 (l + abc) 2 

Khai can hai ve, suy ra: 

1 1 1 > 3 

q(6 + q) 6(c + 1) c(c + a) ~ ^q6c.(l + \fabc) 

Phep chtfng minh hoan tat. Dang thtfc xay ra khi va chi khi a = 6 = (;.□ 

Cach 3: k k k 

Dat abc = k. The thi luon ton tai x, y, z > 0 sao cho a = —,6 = —, c = —. 

x y z 

Khi do bat dang thtfc can chtfng minh trfdng drfdng vdi: 
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ky f kz\ „ kz (kx\ _ kx (ky\ 

J ( -1 — — +1 — — +1 


k(k + 1) 

x \y j T A 2/ V W ^ " L 

hay 

——-1---1-—— > —-— 

y + kz z + kx x + ky k + 1 

Theo bat dang thtfc Cauchy-Schwarz va bat dang thtfc (x + y + z) 2 > 3 (xy + yz + zx): 

x + y + z > _ (.x + y + zf _ = (x + y + z) 2 > 3 

y + kz z + kx x + ky ~ x(y + kz) + y(z + kx) + z(x + ky) (k + 1) (xy + yz + zx) ~ k + 1 
Phep chtfng minh hoan tat. Dang thtfc xay ra khi va chi khi a = b — c.O 


3.5 | Cho a A c > 0 thoa man a + b + c — 3. Chtfng minh rang: 

1 , 1 , 1 ^ 3 

_ 2 + a 2 + b 2 + 2 + b 2 + c 2 + 2 + c 2 + a 2 ~ 4 

Ldi giai. 

Gia stf a > b > c. 

Trifdng hdp 1: a 2 + b 2 < 6 

Bat dang thtfc can chtfng minh trfdng drfdng vdi: 

„ a 2 + b 2 ^3 
^ a 2 + b 2 + 2 ^ 2 

(a + b) 2 ^ 3 

2 (a + b) 2 ~ 2 


(a + b) 2 W 


Theo bat dang thtfc Cauchy-Schwarz : 

_ (° + 


a 2 + b 2 


4 (a + b + c) 2 


(o + ^'+crvir Ua + W + Z 2 -^^- 


Nhrf vay ta chi can chtfng minh: 


a 2 + b 2 


a 2 + b 2 


Ta lai co: 


2 2 2 2 (a + b) 2 2 (b + c) 2 2 (c + a) 2 

(a + b) +(b + c) +(c + a) + o2 + 62 + 62 + c2 + c2 + (j2 <24 

12 - E(« + f>) 2 = l (« + f + c) 2 - 5> + i-) 2 = ^ E(« - f-) 2 


2(a + 6£ = 2(a-6f 

^ a 2 + 6 2 ^ 


Nen bat dang thtfc trfdng drfdng vdi: 


a 2 + 6 2 


Trrfdng hdp 2: a 2 + b 2 > 6. 
Khi dd ta cd: 


E( a _ 6 ) 2 ( q2 + & 2 - ^ 0 ( dli ng) 


a 2 + c 2 + 2 b 2 + c 2 + 2 “ a 2 + 2 6 2 + 2 


a 2 + 6 2 + 2 “ 8 

< + To ~.—X < TT-^TX + J + 1 ( Vi 0 < b 2 < 6) 


- b 2 b 2 + 2 - 8 2 


V_-_< 5 

ct 2 + b 2 + 2 4 

Phep chtfng minh hoan tat. Dang thtfc xay ra khi va chi khi a = b = c.D 


3.6 | Cho a, b, c > 0 thoa man ab + bc + ca = 3. Chtfng minh rang: 

1 1 1 3 

_ a 2 + 1 + fr 2 + 1 + c 2 + 1 ~ 2 

Ldi giai. 
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Gia sh a > b > c. 
Suy ra: 


Suy ra: 
hay 

Vay ta can chhng minh: 

Bat dang thhc nay trfdng drfdng vdi: 
hay 


ab > 1 

(a — b) 2 {ab — 1) > 0 

1 1 > 2 
1 + a 2 1 + b 2 ~ 1+ab 

2 1 3 

1 + afr + l + c 2- 2 

3 — ab 2 c 2 

ab+1 ~ c 2 + 1 


hay 
hay 

Dieu nay dung vi: 


c 2 + 3 — ab > 3 abc 2 
c 2 + ca +be > 3 abc 2 
a + b + c> 3 abc 

(a + b + c) 2 > 3 (ab + bc+ ca) = 9 


hay a + 6 + c>3> 3 abc 


^ab + bc + ca> 3^/ (abc) 2 
Phep chhng minh hoan tat. Dang thhc xay ra khi va chi khi a = b = c = l.P 


3.7 | Cho a, b, c > 0 thoa man ab + bc + ca = 3. Chhng minh rang: 

1 1 1 ^o+6+c 

___ 2 ab c + ab 2 2 abc + be 2 2abc + ca 2 ~ 3 _ngi 

L6i giai. 

Nhan abc cho 2 ve cua bat dang thiic, ta can chhng minh: 

ca ab be abcia + b + c) 

- 1 - 1 -> -- - 

2 ca + ba 2 ab + cb 2 be + ac 3 

Dat be = x,ca = y , ab — z, suy ra x + y + z — 3, bat dang thhc trd thanh: 

y z x > xy + y z + zx 

2y + z Jt 2z + x Jl ~2x + y~ 3 

Dat x 2 + y 2 + z 2 = m, xy + yz + zx = n , suy ra m + 2n = 9. 

Ap dung bat dang thhc Cauchy-Schwarz: 

V ^ z x > (x + y + zf 

2y + z 2z + x 2x + y ~ 2m + n 

Vi vay ta can chhng minh: 

(■x + y + z f > n 
2m + n ~ 3 

hay 

(m + 2 n) 2 > 3n(2m + n) (do m + 2n = 9) 

Hay the la 

m 2 + n 2 > 2mn (dung theo AM-GM) 

Phep chhng minh hoan tat. Dang thhc xay ra khi va chi khi a = 6 = c = 1.□ 
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3.8 | Cho g, ft, c 6 R. Chting minh rang: 

_ 2(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) > (a — b) 2 (b — c) 2 (c — a) 2 _ 

Ldi giai. 

Ta co hang dang thttc sau: 

(. x 2 + y 2 )(m 2 + n 2 ) — (xm + ?/n) 2 + (xn — ym ) 2 

Ap dung hang dang thttc tren, ta co: 

2(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) = [(a + 6) 2 + (a — 6) 2 ] |^(c 2 + a&) + c 2 (a — 6) 2 j 

= [(a + b ) (c 2 + aft) + c(a — b ) 2 ] 2 + [c(a — b) (a + 6) — (c 2 + a&) (a — b )] 2 
= [(a + b)(c 2 + ab) + c(a — b) 2 ] 2 + (a — b) 2 {b — c) 2 (c — a) 2 
> (a — 6) 2 (6 — c) 2 (c — a) 2 

Phep chiing minh hoan tat. Dang thttc xay ra khi va chi khi (a + b)(c 2 + ab) = —c(a — b) 2 .0 


3.9 | Cho a,b,c> 0. Chtmg minh rang: 

a 3 b b 3 c c 3 a abc(a + b + c ) 

_ 1 + ab 2 + 1 + be 2 + 1 + ca 2 ~ 1 + abc 

Ldi giai. 


Ap dung bat dang thhc Cauchy-Schwarz: 

„ a 3 b ^ 1 + ab 2 ^ 

^■T,—T~>{a + b + c ) 2 


hay 

hay 


J l + ab 2 ' 

„ a 3 b (abc+l\. , . . , , 9 

(fl + fi + c) > (a + 6 + c) 2 


a 3 b 


b 3 c 


+ c 3 a ^ abc(a + b + c) 


1 + ab 2 1 + bc 2 1 + ca 2 1 + abc 

Phep chitng minh hoan tat. Dang thifc xay ra khi va chi khi a = b — c.O 


3.10 | Cho a,b,ce [0; 2] thoa man a + b + c = 3. Chttng minh rang: 

A = a 3 + b 3 + c 3 < 9 


Ldi giai. 


Cach 1 

Ta co dang thhc sau: 

A = a 3 + b 3 + c 3 — (a + b + c) 3 — 3 (a + b)(b+ c)(c + a) 
= 27 - 3(3 - a)(3 - b)(3 - c) 


= 27 — 9 (ab + bc + ca) + 3 abc 

Mat khac, do a,b,ce [0; 2] nen (2 — a) (2 — b) (2 — c) > 0, hay: 

8 — 4 (a + b + c) + 2 (ab + bc + ca) — abc > 0 


Suy ra: 


2 (ab + bc+ ca) — abc > 4(a + b + c) — 8 = 4 


Suy ra: 

Do do: 


-9 (ab + bc + ca) < —abc — 18 


9 3 

A <27 — -abc — 18 + 3 abc = 9 — -abc < 9 (do a,b,c> 0) 

Phep chttng minh hoan tat. Dang thttc xay ra khi va chi khi a = 2, b = 1, c = 0 va cac hoan vi. 
Cach 2 

Gia si! a = max {a; 6; c} 
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Suy ra 3 = a A b A c < 3a, hay a e [1; 2], hay (a — 1) (a — 2) < 0 
Ta co: 

A = a 3 A b 3 A c 3 


<a 3 + 3 bc(b + c) + b 3 + c 3 
= a, 3 A (b A c) 3 
= a 3 A (3 - a) 3 


= (a — l)(a — 2): + 9 < 9 

Phep chilng minh hoan tat. Dang thilc xay ra khi va chi khi a = 2, b = 1, c = 0 va cac hoan vi.D 


3.111 Cho day so drfdng a n . Chittig minh rang: 

1 2 n 

+ ...+ 


q i ai + ci 2 


---< 4 (— + .... + — 

Cll A Cl2 A ■■■ A Cin _ \ Q 1 _ Qj n 


LcJi giai. 

Theo bat dang thtic Cauchy-Schwarz: 

l 2 , 2 2 | ^ | i 2 ^ (l + 2 + ... + i) 2 

Oi 0,2 Q>i + 0,2 A ••• + Oj 

The lan lrfdt i = 1, 2, 3, n roi cong ve theo ve: 

i l 2 2 2 z 2 

a < EU-rmr, — -A- + - + ••• + -)1 = E”=i (*«•-) = t 


Trong do: 


(l + 2 + ... + z) 2 ai a 2 
i i — 1 


(l + 2 + ...+i) 2 [1 + 2 + ... + (i + l)] 2 

i A 1 


-d 

= 4. 

= 4 


\i(iAl)] 2 

1 


T + ... + 


[(z + l)(i + 2)] 2 

1 1 


[n(n 


(l + 2 + ... + n) 2 

tf} 


i(i A l) 2 

— -— 

iAl\i z+1 


n(n A 1) 2 J 


nA 1 V n n A 1 


= 4 (1-C) 


<7 = 


Do 
Suy ra: 

Suy ra: 

Suy ra: 

Phep chrfng minh hoan tat.D 


-(- —) - 

it iAV 


11 _ 1 _ 1 

n n nA 1 (ra + l) 2 


Bi.\ 

bA 


A <T < 4(— + .... + —) 


3.12 | Cho a, 6, c la do dai ba canh tam giac. Cluing minh rang: 
_ a 3 + b 3 A c 3 — 3abc < \ab(a A b) A bc(b A c) A ca(c A q)] 

LcJi giai. 

Bat dang thtrc da cho trfdng drfdng vdi: 
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hay 


hay 


a 3 + b 3 + c 3 — 3 abc < 2 [ab(a + b) + bc(b + c) + ca(c + a) — 6 abc] 

(i a + b + c ) [(a — b ) 2 + (b — c) 2 + (c — a) 2 ] < 4 [c(a — 6) 2 + a(b — c) 2 + b(c — a) 2 ] 


(3a — b — c)(b — c) 2 + (36 — c — a)(c — a) 2 + (3c — a — b) (a — 6) 2 >0 (1) 
Khong mat tmh tong quat, gia sit a > b > c. 

Xet hai treking hop: 


* Tracing hop 1: c < 


a + b 


Bat dang there (1) co the bien ddi thanh: 

(c -r a — b)(b — c) 2 + (b + c — a)(c — a) 2 + (a + b — 3c)(6 — c)(a — c) >0 

Bat dang thhc nay dung theo dieu gia sd. 

• Tradng hpp 2: c > — 7 ^— 

„ , a + b a + c 

buy ra b > -> - 

3 _ 3 

Bien doi bat dang there (1) thanh: 

(b + c — a)(a — b) 2 + (a + b — c)(b — c) 2 + (3 b — c — a)(a — b)(b — c) >0 
Bat dang thde nay cung dung theo dieu gia sd. 

Phep eh brig minh hoan tat. Dang thde xay ra khi va chi khi a + b = 3c hoac a + c = 3 b.O 


3.13 | Cho a,b,c g R. Chdng minh rang: 

5^ a ; + (^±^) 2 + ... + ( ai + a2 + - + a " )% 4(»; + a j 


Ldi giai. 

Dat a k = Vk — sjh — 1 

Theo bat dang there Cauchy-Schwarz: 

fa fa 2 al\ 

— + — + ... H-(aq + a 2 + ... + a k ) > (ai + a 2 + ■ 

\ai «2 Oik) 

Suy ra: 

^ai + a2 + ... + 

Suy ra: 


-a k ) 2 


. (aq + aq + •• + oik) f a i . a 2 
k 2 \aq aq 


y-^n-k a i + a 2 + •• + oi k+i 
vOi c k = ^ i=0 


Suy ra: 

Ta lai co: 


(.k + i ) 2 

Vk Vk + 1 
: F“ + (k + 1) 2 ' 


Vn 


' kVk (k + l)Vk~+l 


nVn 


Suy ra: 


j{k-\)\k+ l -)<k 
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Suy ra: 


Suy ra: 

Suy ra: 

Phep cluing minh hoan tat.D 



3.14 | (VMQ 2002) Cho a, b, c la cac so thuc thoa man a 2 + b 2 + c 2 = 9. Chilng minh rang: 

_ 2 (a + b + c) — abc < 10 _ 

Ldi giai. 

Cach 1: 

Theo gia thiet: 

f \a\, \b\, |c| < 3 
\ \a + b + c| ^ 3 a/3 
I \abc\ < 3a/3 

Ta co the gia si! a, b, c ^ 0 va a < b < c. Xet cac trrfdng hpp sau: 

• c < 0: The thi 

2(a + b + c) — abc < —abc < 3a/3 < 10 

• a<b<0<c. Suy ra abc > 0. Suy ra 

2(a + b + c) < 2c < 6 < 10 + abc 

hay 

2(a + b + c) — abc < 10 

•a<0<b<c 

Theo bat dang thutc Cauchy-Schwarz: 

(2b + 2c - a) 2 < (b 2 + c 2 + a 2 )[2 2 + 2 2 + (-1) 2 ] = 9.9 = 81 

Suy ra: 

2b + 2c — a < 9 

Do do: 

2(a + b + c) = 2b + 2c — a + 3o ^ 9 + 3 a 

Ta can chilng minh: 

9 + 3a < abc + 10 

hay 

3a — 1 < abc 

9 b 2 + c 2 9 — a 2 

Theo bat dang thdc AM-GM thi be < —-— = —-— 

The ta phai chdng minh: 
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9 -a 2 
3a-l< — 

Bat dang thilc nay trfdng drfdng vdi: 

(a + l) 2 (a — 2) < 0 (dung do a < 0) 

• 0 < a <b < c 

Sil dung bat dang thilc Cauchy-Schwarz trfdng tit nhrf tren, ta co: 2b + 2c + a <9 
Ta cung suy ra drfdc: 

2(a + b + c) < 9 + a 

Vay ta can chilng minh: 

9 + a < 10 + abc 

hay 

a < 1 + abc 

Vdi a < 1 thi bat dang thilc hien nhien dung. 

Vdi a > 1 thi c > 6 > 1. Khi do bat dang thilc cung dung. 

Phep chilng minh hoan tat. Dang thilc xay ra khi va chi khi b = c — 2,a = — lva cac hoan vi. 
Cach 2: 

Dat P = 2(a + b + c) — abc. 

Suy ra P 2 = [2(a + b + c) — abc] 2 — [2(a + b) + z(2 — ab)] 2 
Sii dung bat dang thilc Cauchy-Schwarz: 

P 2 < [(a + b) 2 + c 2 )[4 + (2 - ab) 2 ] = 72- 20 ab + (ab) 2 + 2 (ab) 3 
Dat t = ab. Ta se chilng minh: 

100 > 72 - 20 1 + t 2 + 21 3 

hay 

(t + 2) 2 (t — 3.5) < 0 (*) 

Khong mat tinh tong quat, gia sil |a| < |6| < |c|. 

Suy ra: 

3|c| > 9 

Suy ra: 

Theo bat dang thilc AM-GM thi: 
hay 


a 2 + b 2 < 6 
6 > a 2 + b 2 > 2 ab 
ab <3 < 3.5 


Suy ra (*) dung. 

Phep chilng minh hoan tat. Dang thilc xay ra khi va chi khi b = c = 2, a = -1 va cac hoan vi.D 


3.15 | Cho a, 6, c > 0 va khong co hai so nao trong chung dong thdi bang 0. Chilng minh rang: 


, / a 2 + be 3 / b 2 + ca 3 / c 2 + ab 9 \fabc 

' b 2 + c 2 V c 2 + a 2 + V a 2 + b 2 ~ a + b + c 


Ldi giai. 

Ap dung bat dang thilc AM-GM: 

a(b 2 + c 2 ) _ a(b 2 + c 2 ) 


Suy ra: 


a 2 + be 


a 2 + be 


+ b + c 


> 3 ^ 


abc(b 2 + c 2 )»' 
a 2 + be 
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Trtdng tit vdi 


b 2 + ca „ 3 lc 2 + ab 

?7^ TO V?T&*’ tac 


3 \fabc(a 2 + 6 c) 

E a ( &2 + c 2 ) 


3 / a 2 + be 3 / b 2 + ca 3 I c 2 + ab 3 \/abc(a 2 + b 2 + c 2 + ab + be + ca) 

\ b 2 + c 2 + \ c 2 + a 2 + \ a 2 + b 2 ~ E a (b 2 + c2 ) 

Vay ta chi can chdng minh: 

3(a 2 + b 2 + c? + ab + bc + ca) > 9 

E a(6 2 + c 2 ) — a + b + c 

hay 

(a + b + c) [(a 2 + b 2 + c 2 + ab +be + ca)] > 3[E a(6 2 + c 2 )] 

Gia sd a > b > c. Bien doi bat dang thde tren thanh: 

a(a — b) 2 + c(b — c) 2 + (a + c — b)(a — b)(b — c) >0 (dung theo dieu gia sd) 
Phep chdng minh hoan tat. Dang thde xay ra khi va chi khi a = b = c.O 


3.16 | Cho a, 6 , c £ R thoa man ab + bc + ca = 3. Chdng minh rang: 

a 2 + b 2 + c 2 + -a 2 b 2 c 2 > — 

___4_4_ 

L5i giai. 

3 _ j, c 

Td de bai suy ra 6 + c^0vaa = --. 

, 6 + c 

Khong mat tinh tong quat, gia sd: 


be > ca > ab 
ditdng vdi: 

Dat b + c = S va be = P. 

Ta ditpc: 

(3 - P) 2 (4 + 9P 2 ) + 4 S 2 (S 2 - 2 P) > 21 S 2 


~ 4 


Bat dang thde can chdng minh tircing 
3 — bc\ 
b + c ) 


hay 


9P 4 - 54P 3 + 85P 2 - 24P + 36 + 4 S 4 - 8 S 2 P - 21 S 2 > 0 


hay 

(9P 4 - 54P 3 + 117P 2 - 108P + 36) + (4P 4 - 8 S 2 P - 32P 2 - 21P 2 + 84P) > 0 


hay 


9(P 2 - 3P + 2 ) 2 + {S 2 - 4P)(4P 2 + 8 P - 21) > 0 
Bat dang thde nay dung vi 4S' 2 + 8 P > 16P + 8P-21>24-21>0. 

Phep chdng minh hoan tat. Dang thde xay ra khi va chi khi a = b — c — 1 hoac a = 
c = V 2 .D 


1 

2V2 


■b = 


3.17 | Cho a, b, c £ [0; 1). Chdng minh rang: 

_ a 2 + fr 2 + c 2 < 1 + a 2 b + b 2 c + c 2 a _ 

Lefi giai. 

Bat dang thde da cho trfdng drfdng vdi: 

(1 — a 2 )(l — 6 2 )(1 — c 2 ) + a 2 b 2 c 2 + a 2 b( 1 — b) + b 2 c{ 1 — c) + c 2 b( 1 — b) > 0 
Bat dang thde nay dung thed gia thiet. 

Phep chdng minh hoan tat. Dang thde xay ra khi va chi khi a = OJj — c — 1 va cac hoan vi. □ 
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Cho a,b,c> 0 thoa man a + b + c < Chrfng minh rang: 

1 1 1 108 
_ a — a 2 + b — b 2 ^ c — c 2 ~ 5 

Ldi giai. 

Cach 1: 

Trt gia thiet suy ra 0 < a, 6, c < - 
Xet hieu sau: 


1 36 144(6a — 1) _ (6a- 1)(6a-5) 144(6a - 1) 

a — a 2 5 25 5(a — a 2 ) 25 

_ (6a - 1) / 6a-5 144 \ 

5 \a — a 2 5 / 

_ (6a - 1) I" —144a 2 + 174a - 25] 
5 |_ 5(a — a 2 ) J 

_ (6a - 1) 2 (25 - 24a) . 


Suy ra: 

Mot each trfdng tif: 




25(a - 

-a 2 ) 

1 

36 

144(6a - 


a — a 2 ~ 

5 " 

25 


1 

36 

144(66 - 

-J) 

6 — 6 2 “ 

y " 

25 


1 

36 

144(6c - 

-J) 

c — c 2 — 

y " 

25 



- > 0 


108 144 /6a + 65 + 6c — 3 

: T~ ~ ~25~ V 25 


Cong ve theo ve: 

1 1 1 
a — a 2 + b — b 2 + c — c 
Phep cluing minh hoan tat. Dang thile xay ra khi va chi khi a = b — c — 

6 

Cach 2: 

Theo bat dang tlnlc Cauchy-Schwarz: 

E 1 >--- 

a — a? a + b + c — a 2 — b 2 — c 2 
1 x 2 

Dat a + b + c — x. The thi x < - va a 2 + b 2 + c 2 > —. 

Do do ta chi can cluing minh: 

9 108 

* 2 


108 . , 1. 
> (do a + b + c< -) 


Bat dang tlnlc nay tricing drfdng vdi: 

(2x — l)(2x — 5) > 0 (dung do x < 

Phep cluing minh hoan tat. Dang tlnlc xay ra khi va chi khi a = b — c — 


3.19 | Cho q, 6, c, d > 0 thoa a + b + c + d = 3. Chilng minh rang: 

ab be cd da 1 

- 1 - 1 -)-< - 

_ 36 + c + d + 3 3c 4- d a 3 3d a b 3 3a b c 3 3 


Ldi giai. 

Vdi a + 6 + c + d = 3, bat dang thrfc drfdc viet thanh: 

ab be cd 

~ iN- n , - n - T + ~ 


da 


4 b + 2c + 2d + a 4c + 2d + 2a + b Ad + 2a + 26 -j- c 4a + 26 + 2c + d 
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Ap dung bat dang thtfc Cauchy-Schwarz: 

ab < 1 / 2ab ab \ 

4 b + 2c + 2d + a 9 y 26 + d 2c + a y 

be 1 / 26c 6c \ 

4c + 2d + 2a + 6 9 y 2c + a 2d + 6 y 

cd < 1 / 2cd cd \ 

4d + 2a + 26 4- c 9 y 2d + 6 2a + cy 

da < 1 / 2da da \ 

4a + 26 + 2c + d 9 y 2a + c 26 + d y 

Cong ve theo ve, ta co bat dang thtfc can chtfng minh. 

3 

Phep chtmg minh hoan tat. Dang thtfc xay ra khi va chi khi a = 6 = c = d = □ 


3.20 | Cho a~ 6, c > 0, Chtfng minh rang: 


c 2 6 

6(c + a) + c(a + 6) + 6 + c ~ Q 2 


Ldi giai. 

Ap dung bat dang thtfc AM-GM: 


b c + a 3a 
6(c + a) + 2 + 4 “ ~2~ 

6 3 c : a + 6 ^ 36 
c(a + 6) + 2 + 4 “ 2~ 

c 2 6 + c 

--+ —r" > c 

6 + c 4 

a 3 6 3 c 2 a 3 a 36 

6(c + a) c(a + 6) 6 + c 2 C — 2 2 

a 3 6 3 c 2 6 

6(c + a) c(a + 6) 6 + c — ° 2 

Phep chtmg minh hoan tat. Dang thifc xay ra khi va chi khi a = 6 — c.D 


Cong ve theo ve: 
hay 


3.211 Cho x, y, z > 0 thoa man x 2 + y 2 + z 2 = 3. Tim gia tri nho nhat cua: 

p= 1 | 1 | 1 | 3 (x + y + z) 

x y z _2_ 

LcJi giai. 

Ttf gia thiet suy ra 0 < a, 6, c < y/3 


Ta editing minh bat dang thtfc sau: 


1 3 a 2 + 9 

“ + 2 ° - ^ 


That vay, bat dang thtfc tren tUdng dudng vdi: 

(a — l) 2 (4 — a) > 0 (dung) 

Trfdng tri vdi 6 va c, roi edng ve thed ve, ta cd: 

„ 1 1 1 3 (x + y + z) a 2 + 6 2 + c 2 + 27 15 

xyz 2 ~ 4 2 

Phep chtmg minh hoan tat. Dang thtfc xay ra khi va chi khi a = b = c = !.□ 


3.22 | (Iran 1996) Cho a, 6, c > 0. Chtfaig minh rang: 
_ (n6+i,e+<:a) 


Lcfi giai. 
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Dat a + b — x:b + c — y,c + a — z. Bat dang thilc can chilng minh ttfdng drfdng vdi: 

(2 xy + 2yz + 2 zx - x 2 - y 2 - z 2 ) ^ + \^j > 9 

hay 

xy 


hay 

Gia sh x > y > z. The thi: 
hay 

Lai c6: 

Suy ra; 

Mat khac: 

Suy ra: 

1 


2 y -V-h2V — - 12 > 0 

Z—tsym y Z-^sym y2 Z^/sym ^2 — 

^-4>o 

yz x 2 

(x-y) 2 (— - > 0 

\yz x 2 J 


(y - z)(y + z- x) > 0 


x-z > V 
x-y ~ z 


zx y 2 z(z + y ) y 2 ' 


--- 2 )+( x - v ?(--\)>( x - y ) 2 (^--- 2 + --- 2 

\zx y 2 J \xy z 2 J \z 6 x z 2 xy z 2 

Vay ta can cluing minh: 


z A x z 2 xy z 2 

hay 

y 3 + z 3 — xyz > 0 

hay 

(y + z)(y- z) 2 + yz(y + z-x)> 0 (dung) 

Phep cluing minh hoan tat. Dang thiic xay ra khi va chi khi a = b = c hoac a = 0, b = c va cac 
hoan vi.D 


3.23 | Cho a,b,c> 0. Chhng minh rang: 


LcJi giai. 


( •• Vi i 

d_Y + 1 


L • 2c J + ' 

yc + 2aj 1 

^ n + 2b J 3 


1, 


Ap dung bat dang thiic x 2 + y 2 + z 2 > ~(a + b + c ) 2 : 


- + - 


- + - 


A 


\b + 2c) + (c + 2a) (a + 26/ -3V& + 2c ' c + 2a ' a + 2bJ 
Lai thed bat dang thiic Cauchy-Schwarz va bat dang thiic (x + y + z) 2 > 3 (xy + yz + zx): 
a b c a 2 b 2 c 2 (a + b + c) 2 


b + 2c c + 2a a + 2b ab + 2 ac be + 2 ab ac + 2 be 3 (ab + bc + ca ) 

Suy ra: 

/a\ 2 /6\ 2 /c\ 2 >l/a b C V> 

\b + 2c) ~\c + 2a/ ~\a + 26/ — 3\6 + 2c”^c + 2a”^a + 26/ — 
Phep chhng minh hoan tat. Dan thiic xay ra khi va chi khi a = b = c.D 


> 1 
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3 a, b, c, d > 0 thoa man (a — b — c-*-d) ^ =20. Tim gia tri nho nhat 

J 4^ (a 2 + j ,2 + c 2 ) |'i_ + ^ + ^ + i_^ _ 


LcJi giai. 

Trt gia thiet suy ra: 


„ a + b + c 

E-3-= 16 


Ap dung hang dang thrtc: 

(a + b + c — d) 2 + (b + c + d — a) 2 + (c + d + a — b) 2 + (d + a + b — c) 2 = 4(a 2 + b 2 + c 2 + d 2 ) 
Theo bat dang thrtc Cauchy-Schwarz: 

(o 2 + 6 2 + c 2 + <( 2 ).(E + E + E + E) = J. [J> + 6 + c-<() 2 ] .(Ejs) 

^ 1 / a + b + c — d 


- 4' d 

> a + b + c 

" 4 ' ' 


= i(E 


3 ± -\/5 , 3 ± -\/5 , 

Vay mmA = 36 a = c =-.6 =- .d. 

2 2 

A/ian xet: 


Ta co hang dang thrtc dang chu y sau: 

(a + b + c — d) 2 + (b + c + d — a) 2 + (c + d + a — b) 2 + (d +a + b — c) 2 — 4 (a 2 + 6 2 + c 2 + d 2 ) 
Trt do neu co tam so there drtdng a, b, c, d, x, y, z, t thi ap dung bat dang thrtc Cauchy-Schwarz va 
hang dang thrtc tren: 


[(a + b + c + d)(x + y + z + t) - 2(at + bx + cy + dz)] 2 
— [a(x + y + z — t) + b(y + z + t — x) + c(z + t + x — y) + d(t + x + y — z)] 2 
< (a 2 + b 2 + c 2 + d 2 )[(x + y + z -t) 2 + (y + z+ t - x) 2 + (z+ t + x - y) 2 + (y + x+ y - z) 2 ] 
= 4 (a 2 + b 2 + c 2 + d 2 ){x 2 + y 2 + z 2 + t 2 ) 


hay 

(a + b + c + d)(x + y +■.$,+ t) — 2 (at + bx + cy + dz) < 2y/(a 2 + llllipf + dr)(x*^*+ z 2 + t 2 ) 

Bai toan tren la trudng hop rieng khi a = -:b = —;c= -:d = 

t x y z 

3.25 | Cho a,b,c > 0. Chrtng minh rang: 

_ 64a6c(a + b + c) 3 < 27[(a + b)(b + c)(c + a)] 2 _ 

LcJi giai. 

Ta chrtng minh bat dang thrtc sau: 

(a + b)(b + c)(c + a) > ^ (a + b + c)(ab + +bc + ca) 

That vay, sau khi khai trien, rut gon, ta drfdc bat dang thrtc tUdng dudng sau: 

c(a — b) 2 + b(a — c ) 2 + a(b — c) 2 > 0 (dung) 

Ap dung bat dang thrtc tren: 

64 

27[(a + b)(b + c)(c + a)] 2 > 27. — .(a + b + c) 2 .(ab + bc+ ca) 2 

hay 

64 

27[(a + b)(b + c)(c + a)] 2 > —(a + b d 4 . c) 2 {ab + be + ca) 2 
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Ap dung bat dang thde ( ab + be + ca) 2 > 3 abc(a + b + c): 

64 64 

—(a + b + c) 2 (ab + bc + ca) 2 > — .(a + b + c) 2 .3abc.(a + b + c) — 64a6c.(a + b + c) 3 


Suy ra: 


64a6c(a + b + c) 3 < 27[(a + b)(b + c)(c + a)] 2 
Phep chdng minh hoan tat. Dang tilde xay ra khi va chi khi a = b = c.D 


3.26 | Cho a, b, c > 0 thoa man a 3 + b 3 = c 3 . Chdng minh rang: 

_ a 2 + b 2 — c 2 > 6(c — q)(c — b) _ 

Ldi giai. 

Dat x — y — Theo gia thiet thi x 3 + y 3 = 1 va 0 < x, y < 1. 

'^c c 

Bat dang tilde can cluing minh tUdng duang vdi: 

x 2 + y 2 + 1 > 6(1 - x)(l - y) 

Tit gia thiet va bat dang thitc AM-GM chd ba s6 drfdng: 

x 3 y 3 = (1 - x)(l - y)(l + x + x 2 )(l + y + y 2 ) > (1 - x)(l - y).3x.3y — (1 - x)(l - y)9xy 
Suy ra: 

xy > 3y/{1 — x)(l — y 

Do d6: 

x 2 + y 2 - 1 = x 2 {\ - x) + y 2 { 1 -y)> 2xyy/(l - x)(l - y) > 6(1 - x)(l - y) 

Dang thiic khong xay ra. Phep chting minh hoan tat.D 

3.27 | Cho a,b,c> 0. Chiing minh rang: 

_ (a + b + c ) 4 > 16(a 2 6 2 + b 2 c 2 + c 2 a 2 ) _ 

Ldi giai. 

Khong mat tinh tong quat, gia sd a = max {a, b , c}. 

Ap dung bat dang thde AM-GM: 

(a + b + c) 4 > 16 a 2 (b + c) 2 = 16 (a 2 b 2 + a 2 c 2 + 2 a 2 bc) > 16 (a 2 b 2 + b 2 c 2 + a 2 c 2 ) 

Phep chdng mnh hoan tat, Dang thde xay ra khi va chi khi a = b, c = 0 va cac hoan vi.D 


3.28 | Cho a,b,c> 0. Chdng minh rang: 


a\/a 2 + 3 be + by/b 2 + 3 ac + c*f — 3ab 


b + c 


a + b 


> a + b + c 


LcJi giai. 


Theo bat dang thde AM-GM: 

a(b 2 + 3 be) ^ 2 a(b 2 + 3 be) 2 a(a 2 + 3 be) 

^ (b + c)y/W+Wc -■ L b 2 + 3bc+(b + c) 2 ^■ L a 2 + b 2 + c 2 + 5 be 

Xet hieu sau: 

T 2 a(a 2 + 3 be) 1 a(a 2 + be — b 2 — c 2 ) a(b + c)(a 2 + be — b 2 — c 2 ) 

^ [a 2 + b 2 + c 2 + 56c ~ a \ = ^ a 2 + b 2 + c 2 + 5hc = 2^ (6 + c )( a 2 + 62 + c 2 + 56c ) 
_ a 3 (b + c) - a(b 3 + c 3 ) 

(b + c)(a 2 + b 2 + c 2 + 5bc) 
ab(a 2 — b 2 ) + ac(a 2 — b 2 ) 

= ^(b + c)(a 2 + b 2 + c 2 + 5bc) 

abY^(a ^ ^ [(fe + c ) (q 2 + b 2 + c 2 + 5 be) (a + c)(a 2 + b 2 + c 2 + 5 ac )] 
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ab(a 2 — b 2 ){a — b) (a 2 + b 2 + c 2 + 5 ac + 5 be) > 

(a + c)(b + c) (a 2 + b 2 + c 2 + 5 be) (a 2 + b 2 + c 2 + 5ac) — 


aVa 2 + 36c 6i^f> 2 + 3ac cif& +• 3 ab , 

- 7 -1-1- 7 - >a + b + c 

b + c a + c a + b 

Phep cluing minh hoan tat. Dang thile xay ra khi va eh! khi a = b — c.D 


3.29 | Cho x, y, z > 0 thoan man xyz = 1. Chilng minh rang: 

(a 3 + b 3 ) ( b 3 + c 3 ) (c 3 + a 3 ) > 2^2(2 + £ x 3 y 3 x 3 ) 


LcJi giai. 

Dat x 3 = a,y 3 = b, z 3 =■ c. The thi abc = 1. 

Bat dang thile can chilng minh trfdng drfdng vdi: 


(a + b) (b + c) (c + a) >2 y/2(2 ab + a) 
(a + b) (b + c) (c + a) >2 \/2(a + 1) (6 + 1) (c + 1) 


hay 
hay 

[(a + b)(b + c)(c + a)] 2 > 8(a + 1)(6 + 1)(c + 1) 

Theo bat dang thile Holder thi: 

(a + 6) 2 ^ > (a + l) 4 

hay 

a 2 (a + 6) 2 (c + l) 2 > (a + l) 4 

Lap cac bat dang thile trfdng tit: 

b 2 (b + c) 2 (a + l) 2 > (b + l) 4 
c 2 (c + a)(6 + l) 2 > (c + l) 4 
Nhan ve thed ve ba bat dang thile tren: 

a 2 b 2 c 2 (a + &) 2 (5 + c) 2 (<|$a) 2 (a + 1 ) 2 (b + l) 2 (c+ l) 2 > (a + 1) 4 (6 + l) 4 (c+ l) 4 

hay 

[(a + b)(b + c)(c + a)] 2 > (a + 1) 2 (& + l) 2 (c + l) 2 
Lai theo bat dang thile AM-GM: 

(a + l) 2 (b + l) 2 (c + l) 2 = [(a + l)(b + l)(c + l)][(a + 1)(6 + l)(c + 1)] 

> 8 Vabc.[(a + 1 )(b + l)(c+ 1)] 

= 8(a + 1)(6 + l)(c + 1) 

Do do: 


[(a + b)(b + c)(c + a)] 2 > 8(a + 1)(6 + l)(c + 1) 

Phep chilng minh hoan tat. Dang thile xay ra khi va chi khi x = y — z = !.□ 

3.30 | Cho z,y,z > 0. Chilng minh rang: 

.. 1 1^1 

l) --9 > - 

(x + i) (y + 1) 1 + x v 

111 2 

ii) Cho xyz = 1. Chilng minh rang: -, H-H-, + -—-—- T > 1 

' _ fr + 1) 2 »+l) 2 C+jf (1 + aQ(l + y)(l + a) ~ 

LcJi giai. 

i) Tien hanh quy dong, thu gon, ta drfdc bat dang thile trfdng drfdng: 

x 3 y + xy 3 — 1 > x 2 y 2 + 2xy 
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hay 


xy(x - y ) 2 + (xy - l) 2 > 0 (dung) 


2a 2 b 2 c 2 


... ^ ab be ca 

11 ) Dat x = —, y = —, 2 = — 
c 2 a 2 6 2 

Bat dang thde da cho tUdng duong vdi: 

c 4 6 4 a 4 

(a6 + c 2 ) 2 (ac + 6 2 ) 2 (6c + a 2 ) 2 (a6 + c 2 )(6c + a 2 )(ca + 6 2 ) 

Theo bat dang thde Cauchy-Schwarz: 

(ab + c 2 ) 2 < (a 2 + c 2 ).(6 2 + c 2 ) 

(a6 + c 2 ) (6c + a 2 ) (ca + 6 2 ) < (a 2 + 6 2 ) (6 2 + c 2 ) (c 2 + a 2 ) 


Do do: 


2aW 


(a6 + c 2 ) 2 (ac + 6 2 ) 2 (6c + a 2 ) 2 (a6 + c 2 )(6c + a 2 )(ca + 6 2 ) 

c 4 (a 2 + 6 2 ) + 6 4 (a 2 + c 2 ) + a 4 (c 2 + 6 2 ) + 2a 2 6 2 c 2 
- (a 2 + 6 2 )(a 2 + c 2 )(c 2 + 6 2 ) " 

Phep chdng minh hoan tat. Dang thde xay ra khi va chi khi x — y — z — 1.0 


3.311 Cho a, 6, c > 0. Chdng minh rang: 

_ aVa 2 + be + 6 V6 2 + ac + cy^c 2 + ab > \/2(a + 6 + c) 

Ldi giai. 

Ta chdng minh bo de sau: 

Cho x,y,z> 0. Khi do: 

x 4 + xyz(x + y + z) >2Y2 x 2 y 2 

Sd dung bat dang thde AM-GM, ta co bat dang thde quen thuoc sau: 

xyz > (x + y — z)(y + z — x)(z + x — y) 


Suy ra: 


xyz(x + y + z ) > (x + y — z)(y + z — x)(z + x — y)(x + y + z) 

Khai trien va chuyen ve bat dang thde tren, ta co bo de can chdng minh. 

Trd lai bai toan: 

Binh phuong hai ve bat dang thde can chdng minh: 

X) a 4 + abc J2a + 2^2 a6y/ (a 2 + be) (6 2 + ca) >2^2 a 2 6 2 + 4 abc Y^ a 
Ap dung bat dang thde Cauchy-Schwarz: 

2 ^2 a ^V (° 2 + be) (6 2 + ca) >2*22 ab(ab + eVab ) = 2 ^ a 2 b 2 + 2abc Y^ Vab 

Ap dung bo de tren: 

Y^ ° 4 + «6c Y1 a > 2 Y2 a 2 6 2 
2 J2 a 2 6 2 + 2abc Y^, Vab > 4abc J2 a 

Cong ve theo ve hai bat dang thde tren, ta co bat dang thde can chdng minh. 

Phep chdng minh hoan tat. Dang thde xay ra khi va chi khi a = 6 = c.D 


3.32 | Cho a, 6, c > 0. Chdng minh rang: 

a (a + 6) (a + c) 6(6 + c) (6 + a) c(c + a) (c + 6) > (a + 6 + c) 4 
(6 — c) 3 (a-*- a) 3 + (a — 6) 3 ~ 6(ab + be + ca) 2 

LcJi giai. 

Chuan hoa ab + be + ca = 3. 

Ta can chdng minh: 
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hay 


a(a 2 + 3) ^ (a + b + c) 4 
E (b + c) 3 - 54 


v Q 3 o V » ^ (a + b + c) 4 

^(6 + c) 3 ^(6 + c) 3 - 54 

Ap dung bat dang thdc Holder: 

[E ° (6 + c)] 3 E ( 6 T ^- (Eav/ “ )4 

[Ea(6 + c)]3E (6T^- (a + 6 + c)4 

(i + 1 + !) (E °a /«) 2 > (E «) 3 > a/E ab (E a ) 2 =► (E a \/a ) 4 > (E a ) 4 

Ket hdp cac bat dang thdc tren, ta co bat dang thdc can chdng minh. 

Phep chdng minh hoan tat. Dang thdc xay ra khi va chi khi a = b = c.D 


3.33 | Cho a,b,c> 0. Chdng minh rang: 
1 1 


(b + c ) (b 2 + bc + c 2 ) (a + b) ( a 2 + ab + b 2 ) (a + c) (a 2 + ac + c 2 ) (a + b) (b + c ) (c + a) 


L6i giai. 

Sd dung bat dang thdc AM-GM: 


ab + bc + ac 


4 (ab + bc + ac) 

(b + c) (b 2 + bc + c 2 ) (6 + c) (6 2 + 6c + c 2 ) (a& + be + ac) ~ (b + c) 3 (a + b + c) 2 

Tudng td vdi cac phan thdc cbn lai, td do ta can chdng minh: 

, (a + b)(a + c) (a + b + c ) 2 


E- 


(i b + c ) 2 ab + bc + ac 

Theo bat dang thdc Cauchy-Schwarz: 

2 a 2 b 2c (a + b + c) 2 

- + — + —r > - 


Do do ta can chdng minh: 
hay 


b + c a + c a + b ab + bc + ac 
(a + b)(a + c) ^ 2a(6 + c) 

^ (h I „\2 — 


(b + c) 2 


(b + c) 2 


^ (a — b)(a — c) > Q 


(b + c) 2 

Bat dang thdc tren dung theo bat dang thdc Vonicur-Schur. 

Phep chdng minh hoan tat. Dang thdc xay ra khi va chi khi a = b — c.O 


3.34 | Cho a,b,c> 0. Chdng minh rang: 

a(b + c — a) b(c + a — b) c(a + b — c)> 

_ . . - . ^ ~ - 

Lcfi giai. 

Gia sd a > b > c. 

• TrUdng hdp 1: a <b + c. 

Bat dang thdc hien nhien dung. 

• Trudng hdp 2 : a> b + c. 

Suy ra: 

b a (a — b)(ab — ac — be) 

b 2 + ac a 2 + bc (b 2 + ac)(a 2 + 2bc) ~ 

Suy ra: 

b(a + c—b) a(b + c — a) 2 ac 

b 2 + 2 ac a 2 + 2 be ~ a 2 + be ~ 

Td do suy ra bat dang thdc can chdng minh. 
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Phep chitng minh hoan tat. □ 


3.35 | Cho a, b, c > 0 thoa a + b + c — 3. Chitng minh rang: 

_ ay/ab + by/bc + cyfca < 3 


ay/ab — y/a 4 b < 


2 ay/ab + a 


by/bc < 
cy/ca < 


2 by/bc + b 

3 

2 cyfca + c 


Ldi giai. 

Theo bat dang thitc AM-GM: 

Tudng tit: 

Do do ta chi can chitng minh: 
hay 

ay/ab + by/bc + Cy/ca < (a + b + c) 2 
Bien doi bat dang thitc tren thanh bat dang thitc titdng difOng: 

E(° — b — y/ab — ^Jca + 2 y/bc) 2 > 0 (dung) 

Phep chitng minh hoan tat. Dang thitc xay ra khi va chi khi a = b = c = !.□ 


ay/ab + by/bc + c->/ca < 3 


3.36 | Cho a, b, c la ba canh cua tarn giac. Chitng minh rang: 

b + c (a + b — c)(b + c — a)(c + a — b) 
_ ^ ~ + abc _ 


: > 4 


Ldi giai. 

Bat dang thitc da cho titong drfdng vdi: 

bc(b + c) 2^2 ab(a + b) — J/a 3 — 2 abc „ 
abc abc 

hay 

2 ab{a + b) > E ° 3 + 9 abc 

Day chinh la bat dang thitc Schur theo cac bien a + b — c,b + c — a, c + a — b. 
Phep chitng minh hoan tat. Dang thitc xay ra khi va chi khi a = b = c.O 


3.37 | Cho a/b, c > 0. Chitng minh rang: 


b 2 + (c + a) 2 ~ ^/5 

Ldi giai. 

Bat dang thitc can chitng minh titdng ditdng vdi: 

V / q2 < 3 
5 (b 2 + (c + a) 2 ) - 5 

Sit dung bat dang thitc Cauchy-Schwarz: 

[(b 2 + (c+ a) 2 ] = (14 4 )[b 2 + (c+ a) 2 ] > [b + 2(c + a)] 2 

Suy ra: 


E 


< y - 

i — ^ h 


I 5 (b 2 + (c + a) 2 ) b + 2(c + a) 
Ta can chitng minh bat dang thitc sau: 


hay 


b c 3 

b + 2 (c + a) c + 2 (a + b) a + 2 (b + c) 5 
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6 + 2c c + 2a a + 2b > 9 

b + 2 (c + o) c T 2(a + 6) a + 2(6 + c) 5 

That vay: 

ri a 1-V ^ + 2c (6 +2c) 2 > 9(a + 6 + c) 2 

[_2 6 + 2(c -i- a) J 6 + 2(c + a) (6 + 2c)(6 + 2c + 2a) ^)(6 + 2c)(6 + 2c + 2a) 

Phep chtfng minh hoan tat. Dang thtfc xay ra khi va chi khi a = b ~ c.O 


9 

5 


3.38 | Cho a, 6, c > 0. Chrfng minh rang: 

4(a 3 + 6 3 + c 3 ) 9 (a + 6)(6 + c)(c + a) 


a 2 + b 2 + c 2 


(a + b + c) 2 


> 4(a + b + c) 


Lcfi giai. 


Sh dung bat dang thtfc Cauchy-Schwarz: 

(a 3 + 6 3 + c 3 )(a + b + c) > (a 2 + 6 2 + c 2 ) 2 

Suy ra: 


Lai co: 


4(a 3 + 6 3 + c 3 ) > 4(a 2 + b 2 + c 2 ) 
a 2 + b 2 + c 2 ~ a + b + c 


8(a + b + t)(ab + bc + ca) = 8(a + b )(6 + c)(c + a) + 8 abc < 9(a — 6) (6 +' c )(c + a) 


Nen 


4(a 3 + 6 3 + c 3 ) 9(a + 6)(6 + c)(c + a) 4(a 2 + 6 2 + c 2 ) 8(a6 + 6c + ca) 

a 2 + 6 2 + c 2 + (a + 6 + c) 2 — a + 6 + c a + 6 + c a++c 

Phep chrfng minh hoan tat. Dang thtfc xay ra khi va chi khi a = 6 = c.D 


3.39 | Cho a, 6, c > 0. Chrfng minh rang: 

a 3 6 6 3 c 

f&!| 


+ - 


af-4-6 4 -4 b 2 (? + c A c 4 + c 2 a 2 -+ q 4 


r < 1 


L6i giai. 

Theo bat dang thtfc AM-GM; 

E- 


a 3 6 


— (fb — = 

1 ^ 0„3h _l_ M ^ 0 


Ta can chtfng minh: 
hay 


: + a 2 b 2 + 6 4 2a 3 6 + 6 4 2a 3 + 6 3 


V-< 1 

^ 2a 3 + 6 3 “ 


^ a 3 + 2c 3 : 

That vay. Theo bat dang thtfc Cauchy-Schwarz: 


E- 


E« £ 


" a 3 + 2c 3 - a 6 + 2 E a 3 6 3 
Phep chrfng minh hoan tat. Dang thtfc xay ra khi va chi khi a = 6 = c.D 


3.40 | Cho a, 6, c > 0. Chtfng minh rang: 

(a + b + c) 3 ab + bc + ca 

_ abc _ a 2 + 6 2 + c 2 ~ 


Lcfi giai. 

Ta co bat dang thtfc sau: 


(a + b + c) 3 > a 3 + b 3 + c 3 + 24abc 
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That vay. Sau khi khai trien va rut gon, ta drfdc bat dang thrfc trfdng drfdng: 

E c ( a -b) 2 > 0 (dung) 

Ap dung bat dang thrfc tren, ta can chrfng minh: 


(a + b + c) 3 + ab + bc + ca > a 3 + b 3 + c 3 + 24abc +ab + bc + ca > 


hay 


abc 


a 2 + b 2 + c 2 : 


abc 

„ a 2 ab + bc + ca „ 
bc^ a 2 + b 2 + c 2 


a 2 + b 2 + c 2 ' 


Ap dung bat dang thrfc Chebychep; 

a 2 ab + bc + ca > 3(a 2 + b 2 + c 2 ) ab + bc + ca 
bc^ a 2 + b 2 + c 2 ~ ab+bc + ca + a 2 + b 2 + c 2 

Ta can chrfng minh: 

3(a 2 + b 2 + c 2 ) ab + bc + ca > ^ 

ab + bc + ca a 2 + b 2 + c 2 ~ 

Bat dang thrfc nay drfdc tao bdi hai bat dang thrfc luon dung sau: 

2(a 2 + b 2 + c 2 ) 
ab + bc + ca ~ 

a 2 + b 2 + c 2 ab + bc + ca n , , , , 

—- - - 1 — 5 — 7-7 - 7 - > 2 (thed bat dang thrfc AM-GM) 

ab + bc + ca a 2 + b z + c 2 

Phep chrfng minh hoan tat. Dang thuc xay ra khi va chi khi a = b — c.D 


3.4 Bai 4.1 den bai 4.40 


4.11 Cho a,b,c> 0. Chrfng minh rang: 


3r — \a — b\ + \b — c\ + \c — a\ a + b + c 
yabc + --—-— - 1 >--- 


Lcfi giai. 

Gia srf a > b > c. Bat dang thrfc can chrfng minh trd thanh: 

sf-rf- 2a —2c a + b + c 
V abc + —-— > --- 

hay 

Ta co: 

nen ham /(a) dong bien. Suy ra: 

f(a) > f(b) = \fWc — c > 0 

Phep chrfng minh hoan tat. Dang thrfc xay ra khi va chi khi a = b — c.O 
Nhan xet: 

Bai toan tong quat: 

Vdi moi ai, a 2 ,..., a n > 0 thi 

n^a x ai...a n + Yi/j I<*»-%[> Yi =1 a* 


3/ — 7 — a b 3c 

V abc H---> 0 


4.2 | Cho a, b, c la ba canh cua tarn giac. Cheing minh rang: 

_ (2b 2 + 2c 2 — a 2 )(2c 2 + 2a 2 — b 2 )(2a 2 + 2b 2 — c 2 ) < (2a 2 + bc)(2b 2 + ca)(2c 2 + ab) 

Lcfi giai. 

Do a, b, c la ba canh tarn giac nen 

( 2 a 2 + be) 2 — (2a 2 + 2b 2 — c 2 )(2a 2 + 2c 2 — b 2 ) = [(6 + c ) 2 — a 2 ](b — c ) 2 > 0 


Suy ra: 





(2a 2 + be) 2 > (2a 2 + 2 b 2 - c 2 )(2a 2 + 2c 2 - b 2 ) 

Trfdng trf: 

(2b 2 + ca f > (2b 2 + 2c 2 - a 2 ) (2b 2 + 2a 2 - c 2 ) 

(2c 2 + ab ) 2 > ( 2 c 2 + 2 a 2 - b 2 )(2c 2 + 2 b 2 - a 2 ) 

Nhan ve theo ve ba bat dang thtfc tren, ta co bat dang thtfc can chting minh. 

Phep cluing minh hoan tat. Dang thtfc xay ra khi va chi khi a = b = c.D 

4.3 | Cho a,b,c> 0. Chting minh rang: 

ab be ca 1 4 abc 

_ (a + b) 2 + (b + c ) 2 + (c + a ) 2 ~ 4 + (a + b)(b + c)(c + a) _ 

LcJi giai. 

Chuan hoa c— 1. Ta can chtfng minh: 

(a — b) 2 Aab a b 

4(a + by + (a + b)(a+ 1 )(b + 1 )~ (a + l ) 2 + (b + l ) 2 

hay 

(a — b) 2 1 1 2 ab > a + b Aab 

4 (a + 6 ) (a + l ) 2 (6+1 ) 2 (a+l)( 6 +l) (a + l )(6 + l) (a + b)(a + 1)(& + 1) 


hay 


(a-bf 


4(a - fr) 2 


4(q — b) 2 


(a + b) 2 (a + l) 2 (6 + l) 2 (a + 1)(6 + l)(a + b) 

Ket qua nay hien nhien dung theo bat dang thtfc AM-GM cho hai so dudng. 

Phep chilng minh hoan tat. Dang thtfc xay ra khi va chi khi co hai bien bang nhau.D 


4.4 | Cho a,b,c> 0 thoa a 2 +0 + c 2 + abc = 4. Chtfng minh rang: 

£->a 2 + & 2 + c 2 


Ldi giai. 

„ ab be ca 

Dat x — —; y — —; z — —. 

cab ^ 

Theo gia thiet thi xy + yz + zx + xyz — 4. Suy ra ~+^~2 = ^ 

Bat dang thilc can chting minh tricing drfdng vdi: 

x + y + z > xy + yz + zx 

Ap dung bat dang thtfc Cauchy-Schwarz: 

E^A[E*(* + 2)]>(Efc 


Suy ra: 
hay 


Y,x(x + 2) > (x + y + z) 2 


x + y + z > xy + yz + zx 

Phep chting minh hoan tat. Dang thtfc xay ra khi va chi khi a = 6 = c = 1. □ 
4.5 | Cho a,b,c> 0 thoa a 2 #| 2 — 2(a + b) + 1. 

Tim gia tri nho nhat, gia tri ldn nhat cua P = a 2 + b 2 _ 

L6i giai. 

Dat a 2 + b 2 = x > 0. 

Theo gia thiet va bat dang thiic a + b < \j2(a 2 + h-): 

x = 2(a + b) + l < 2\f2x + 1 
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Suy ra: 
Suy ra: 
Do do: 


x — 2y/2x + 1 < 0 
y/2 — 1 < x <1 + y[2 
3-2V2 <x<3 + V2 


n(a 2 + b 2 ) = 3 — 2y/2 <^a = b=yj~ — y/2 
x(o 2 + 6 2 ) = 3 + 2\[2 a = b = \l — + y/2, 


4.6 | Cho a, 6, c > 0 thoa man a 2 + b 2 + c 2 = 3 . Chdng minh rang: 

3/ 2a 3 3/ 26 3 3 / 2c 5 

_ V a^Tfr 2 + V fr^+c 2 + V c^+a 2 ~ 3 

Ldi giai. 

Ta co: 

a + b + e < y/3 (a 2 4- b 2 + c 2 ) = 3 
8 (x + y + z)(xy + 7/2: + zx) < 9 (x + ?/)(y + 2:)(z + x) 
2 a 3 o 2 2 ° 2 

°' (a + ° ’'(a 2 + b 2 )(a 2 + c 2 ) 

Stir dung cac dang thilc bat dang thhc tren va bat dang thitc Holder: 

( 3/ 2a 3 3/ 26 3 3/ 2c 3 V 3 ^ a 2 ^ 


/ a 2 + 6 2 + V 6 2 + c 2 + V c 2 + a 2 ) ~ ^ (a 2 + 6 2 )(a 2 + c 2 )' + C ^ 

= J2 (a 2 + b 2 )(a 2 + c 2 )' ^ (2a) ' + c2) 

= 9 (a + 6 + c) < 27 

3/ 2a 3 3/ 2b 3 3/ 2c 3 

V a 2 + 6 2 + V 6 2 + c 2 + V c 2 + a 2 - 


Phep chdng minh hoan tat. Dang thtfc cay ra khi va chi khi a = b — c.C 

4.7 | Cho a, b, c > 0 thoa man abc = 1. Chdng minh rang: 

3(a 4 6 4 + b 4 c 4 + c 4 a 4 ) 8 a 3 86 3 8 c 3 

_ a 2 + 6 2 + c 2 (be + a ) 3 (ac + b) 3 (ba + c 


3(a 4 6 4 + 6 4 c 4 + c 4 a 4 ) > 3 a 2 b 2 c 2 (a 2 + b 2 + c 2 ) 
a 2 + b 2 + c 2 ~ a 2 + b 2 + c 2 

Vi vay ta can chiing minh: 

^ a 3 3 


a 6 3 ., 

E pTTF 2 8 (doai,c: 
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E ^ + > g (v#i x = a 2 ,y = b 2 ,x = c 2 , xyz = 


Day la bat dang thilc Vietnam TST 2005. 


Ap dung bat dang thilc AM-GM: 


Do do ta chi can cluing minh: 


r [o | X 1 > 3 r 

^ _'(x + y) 3 8\ ~ 2 '^ (x + y) 2 


(x + y) 2 (y + z ) 2 (z 


Trrfdc het ta chilng minh: 


(x + l ) 2 (y + l ) 2 ~ xy + 1 
That vay. Sil dung bat dang thilc Cauchy-Schwarz: 

1 . 1 _ V 


(xy+l)(x + y) 


(x + l ) 2 (y + 1) 2 {xy + l)(x + y) {xy + l)(x + y) xy + 1 
Cuoi cung, ta can chilng minh: 

1 1 3 


Bat dang thilc nay dung vi: 


xy + 1 (z + 1 ) 2 4 


-1 (z + 1) 2 ~ 4 

1 3 _ (z-1) 2 


z+1 (z + 1) 2 4 4(* + l) 2- 

Phep chilng minh hoan tat. Dang thilc xay ra khi va chi khi a = b — c = 1 
Nhan xet: Bat dang thilc 

1 1 1 

(x + l) 2 + (y + l) 2 ~ xy+1 
rat thong dung trong viec chilng minh bat dang thilc. 

Hay lay vi du la bai bat dang thilc trong China MO 2004: 

Vdi x,y,z,t > 0 thoa man xyzt = 1. Chilng minh rang: 

1 1 1 1 

(x + l) 2 + (y + l) 2 + (z + l) 2 + (t+ l) 2 - 
Sil dung ket qua tren, ta co ngay: 

E 7 —> — - 1 --— = 1 . (do xyzt — 1) 

^ (x + 1) 2 xy + 1 zt+1 v 7 


4.8 | Cho a, b, c > 0 thoa man a 2 + b 2 + c 2 = 3. Chilng minh rang: 

1114 4 4 

_ q + 6 + 6 + c + c + a ~ a 2 + 7 + 5 2 + 7 + c 2 + 

L6i giai. 

Ap dung bat dang thilc Cauchy-Schwarz: 
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v « 2 v 1 (a + b + c) 2 9 

a 2 + 7 o + 6 24 2(o + b + c) 

Dat a + b + c — x < ->/3(a 2 + 6 2 + c 2 ) = 3. Ta chhng minh: 

x 2 9 15 

— _l_ — + — 

12 2x “ 8 

Bat dang thilc nay titdng ditdng vdi: 

* - 3) ( , - - 3+ , 3 ^ (4 - - 3 ~ 3 ^ ) > 0 (dung, do » < 3) 


v a 2 ^ 1 > (a + b + c) 2 9 

^o? + 7 ^ a + b ~ 24 2(o + 6 + c 


y -> — y - = y~ 

^ a + b ~ 8 ^ a 2 + 7 ^ o 


Ta can chilng minh: 


y -> - 

a + 7 ~ 8 

Bat dang thhc tren dung then bat dang thilc Cauchy-Schwarz: 

y _ - _>_ 9 _= - 

^x 2 + 7~ya 2 + 21 8 

Phep chilng minh hoan tat. Dang thtfc xay ra khi va chi khi a = b = c = !.□ 


84 



4.9 | Cho x,y,z > 0 thoa man x + y + z — 1. Tim gia tri nho nhat cua bieu thilc: 

w *-v 


L6i giai. 

Ta co: 


x + y _ 1 + 1 
xyz yz xz 


Ap dung cac bat dang thilc Cauchy - Schwarz va AM - GM, ta dupe: 

4 4 4 

M > -= , > - ? = 16 

mfm y/ z{x + y) f z + x + y ' 

Vay min M — 16 z — ~’,x — y — 


4. 10 | Cho x,y,z la cac so thuc thoa man x 4 + y 4 + 2 4 = 3. Tim gia tri ldn nhat cua bieu thilc: 

_ N = x 2 (y + z) + y 2 (z + x) + z 2 (x + y) _ 


Ldi giai. 

Ap dung bat dang thilc Cauchy - Schwarz, ta co: 

N 2 < (x A + y A + z 4 ) [(y + z) 2 + (z + x) 2 + (x + y) 2 ] — 6(x 2 + y 2 + z 2 + xy + yz + zx) 
Ta co mot ket qua quen thuoc: 

xy + yz + zx < x 2 + y 2 + z 2 

Do do 

N 2 < 12(x 2 + y 2 + z 2 ) 

Lai ap dung bat dang thdc Cauchy - Schwarz, ta co: 

N A < 144.3(x 4 + y 4 + z 4 ) = 1296 

Til day suy ra N < 6 . 

Vay max N = 6 ^ x = y — z — !.□ 


4.11 1 Cho x,y,z > 0. Chilng minh rang: 


16 xyz(x + y + z) < 3 y/(x + y)(y + z)(z +~x) 


L6i giai. 

L6i giai 1. 

Ap dung bat dang thilc AM - GM, ta co: 

x(x + y + z ) x(x + y + z) x(x + y + z ) Jx 3 (x + y + z) 3 yz 

(x + y)(z + x) = ---+---+--- + yz> 4 \l - 

y + z> 2 y/yz 

Nhan theo ve hai bat dang thilc tren, ta dupe 


(x + y)(y + z)(z + x] 


)>&(■ 


x 3 y 3 z 3 (x + y + z) 3 
27 


3y/(x + y)(y + z)(z + x) >16 xyz(x + y + z) 

Phep chilng minh hoan tat. Dau " = " xay ra O x = y = z.O 

L6i giai 2. 

Ta viet lai bat dang thilc can chilng minh nhu sau: 

3 

~(x + y)(y + z)(z + x){/(x + y)(y + z)(z + x) > 2 xyz(x + y + z) 

Trrfdc het, ta se chilng minh: 

9 

-(x + y)(y + z)(z + x)>(x + y + z)(xy + yz + zx) ( 1 ) 

Ta co dang thilc (x + y)(y + z)(z + x) — (x + y + z)(xy + yz + zx) — xyz 
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Do do, (1) ■$+ (x + y + z)(xy + yz + zx) > 9xyz 

Dieu nay dung vi theo bat dang thdc AM - GM thi VT > 3^/xyz.3\Jx 2 y 2 z 2 — VP. 
Vay (1) dupe chUng minh. 

Lai ap dung bat dang thdc AM - GM, ta co: 

(x + y + z) (xy + yz + zx) > 3(x + y + z) y/x 2 y 2 z 2 (2) 

Tii (1) va (2) ta suy ra: 

3 

- (x + y) (y + z) (z + x) > (x + y + z) \Jx 2 y 2 z 2 
Bay gid, ta chi can ehiing minh dupe: 

\J(x + y)(y + z)(z + x) > 2<Jxyz 


hay 


{x + y)(y + z)(z + x)> 8 xyz 
Nhung dieu nay lai dung theo bat dang thde AM - GM: 


(x + y)(y + z)(z + x) > 2yjxy.2yjyz.2y/zx = 8 xyz 

Do do phep chii'ng minh hoan tat. Dau " = " xay ra. x = y = z.O _ 

4.12 | Cho a, 6 , c la do dai ba canh cua tarn giac. Chdng minh rang: 

a b if.. ... 

- 1 - 1 -> 1 

_ 3a — b + c 3 b — c + a 3c — a + b _ 

Ldi giai. 

De thay bat dang thde tren tUeing ducing vdi moi bat dang thde trong day sau: 

4a ^ 4 b i 4c 1 > 1 

3a — b + c 3 b — c + a 3 c — a + b ~ 
a + b-c + b + c — a + c + a-b > ^ 

3a — b + c 3b — c + a 3c — a + b ~ 

Bat dang thde cuoi cung dung vi theo bat dang thde Cauchy - Schwarz: 

^a + 6 -c_^ (a + b-c ) 2 > [E(a + b - c )] 2 _ (a + b + c) 2 

3a — b + c (3a — b + c)(a + b — c) ~ E(3 a — b + c)(a + b — c) (a + b + c) 2 

Vay phep chdng minh hoan tat. Dau " = " xay ra <+ a = b = c.O 


4.13 | Cho a A c > 0. Chdng minh rang: 

a(b + c ) b(c+a) c(a + b) (a + b + c ) 2 

_ (a + b)(a + c) (b + c)(b + a) (c + a)(c + b) ~ 2 (a 2 + b 2 + c 2 ) 


Ldi giai. 


Bat dang thde trfdng drfdng vdi moi bat dang tlnic trong day sau: 


(a + b)(b + c)(c +a) 2(a? + b 2 + c 2 ) 

Aabc > 2 (ab + bc+ ca) — (a 2 + b 2 + c 2 ) 

(a + b)(b +c)(c +a) ~ 2 (a 2 + b 2 + c 2 ) 


8 abeja 2 + b 2 + c 2 ) 
(a + b)(b + c)(c + a) 
Theo bat dang thde Schur, ta co: 


> 2 (ab + be + ca) — (a 2 + b 2 + c 2 ) 


2(ab + bc+ ca) — (a 2 + b 2 + c 2 ) = 4 (ab + bc +ca) — (a + b + c ) 2 < 


Bay gid ta chi can chii’ng minh dupe: 

8 abc(a 2 + b 2 + c 2 ) 


a + b + c 


9 abc 


(a + b)(b + c)(c + a) a + b + c 


Dieu nay tUdng dudng vdi 
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hay 


8 (a + b + c)(a 2 + b 2 + c 2 ) > 9(a + 6 ) (6 + c)(c + a) 

8 (a 3 + 6 3 + c 3 ) > a 2 (6 + c) + 6 2 (c'dr a) + c 2 (a + b) + 18 abc 


hay 


8 (a 3 + b 3 + c 3 ) > ab(a + b) + bc(b -he) + ca(c + a) + 18 abc 
Bat dang thrfc nay dung tit cac bat dang thrfc sau: 

7(a 3 + 6 3 + c 3 ) > 21a6c (Theo bat dang thhc AM - GM) 
a 3 + b 3 + c 3 + 3 abc > ab(a + b) + bc{b 4 - p) + ca(c + a) (Theo bat dang thhc Schur) 
Vay phep dicing minh hoan tat. Dau "=" xay ra a = b — c.D 


4.14 | Cho a,b,c> 0. Chrfng minh rang: 

b + c + c-h a + a + b > ^ (a 2 + b 2 + c 2 )(ab + be + ca) 

_ a _ b _ c ~ _ abc(a + b + c) _ 

LcJi giai. 


Bat dang thrfc tren tctdng ditdng vdi moi bat dang thrfc trong day sau: 

bc(b + c) + ca(c + a) + ab(a + b) + 3 abc > ^ (a 2 + b 2 + c 2 ) (ab + be + ca ) 

abc ~ abc(a + b + c) 

( a + b + c) (ab + bc+ ca) (a 2 + b 2 + c 2 ) (ab + bc + ca) > ^ 

abc abc(a-hb-Pc) ~ 

2 (ab + be + ca) 2 > ^ 
abc(a + b + c) ~~ 

(ab + bc + ca) 2 > 3 abc(a + b + c) 

Bat dang thrfc cuoi cung dung theo mot ket qua quen thuoc: 

(x + y + z) 2 > 3 (xy -hyz-h zx) 

Vay phep chrtng minh hoan tat. Dau "=" xay ra a = b — c.D 


4.15 | Cho ba so thrfc drfdng a, 6 , c thoa man a + b + c — 6 ; ab-h bc + ca = 9; a < b < c. Chefng 
minh rang: 

_ 0<Q<1<6<3<C<4 _ 

Ldi giai. 


Then bat dang thrfc AM - GM: 

c (6 — c) = c(a + b) = ac + be = 9 — ab > 9 — ^ ^ 

Suy ra c < 4. Dau " = " khong xay ra vi a < b. Do d 6 c < 4. 

Ta co: (b — a)(b — c) <0 
Trf do suy ra 

6 2 + 9 < 2b(a -he) — 26(6 — 6 ) 


hay 


(6 — 1)(6 — 3) < 0 


hay 


36 - (6 - c ) 2 
2 


1 < 6 < 3 

Vdi each lam trfdng trf, ta drfdc (a — 1) (a — 3) >0 va (c — l)(c — 3) > 0. 
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Do c > b > 1 nen c > 3. 

Do a < b < 3 nen a < 1. 

Vay ta co 0<O<1<6<3<C< 4. □ 


4.16 | Cho oX c > 0. Chrfng minh rang: 

( a + b + c) 3 >ab(a + b) bc(b + c) ca(c + a) 
_ 3(a 2 + b 2 + c 2 ) ~ a 2 + b 2 b 2 + c 2 c 2 + a 2 

Ldi giai. 


Bat dang thrfc trfdng drfdng vdi moi bat dang thrfc trong day sau: 

. , 3 (a 2 + b 2 + c 2 )ab(a + b) 3 (a 2 + b 2 + c 2 )bc(b + c) 3 (a 2 + b 2 + c 2 )ca(c + a) 

(a + b + cf > , L -" + —- , 2 , 2 -- + —- 2|2 -" 

a 2 + b 2 b 2 + c 2 c 2 + a 2 


Eo 3 + 3Eo6(o + b) + 6 abc > 3E ab(a + b) + S 

Eo 3 + 6 o 6 c > 6 o 6 cE ^ + ^ 

2 (o 2 + b 2 ) 

Then bat dang tlitfc Cauchy - Schwarz, ta c 6 : 

6 o 6 cE 5o + ?l < 6 q 6 cE ^° + ^ = 6 o 6 cE- 
(a + b) 2 a 


3 c 2 ab(a + b) 
a 2 + b 2 


2 (a 2 + b 2 ) 

Bay gid ta chi can chilng minh drfdc: 

Eo 3 + 6 abc > 6 o 6 cE 


■ + b 


Dieu nay trfdng drfdng vdi 

(Eo 3 + 6 abc) (a + b)(b + c)(c + a) > 6 o 6 c[Eo 3 + E a 2 (b + c) + 3 abc] 

hay 

Eo 3 (o + b)(b + c)(c + a) > 6 o 6 c[Eo 3 + E a 2 (b + c) + 3 abc — (a + b)(b+ c)(c + o)] 

hay 

Eo 3 (o + 6)(6 + c)(c + o) > 6 o 6 c(Eo 3 + abc) 


hay 

Eo 3 [(o + b)(b + c)(c + a) — 6 abc] > 6 a 2 b 2 c 2 
Dieu nay dung then bat dang thrfc AM - GM: 

Eo 3 [(o + b)(b + c)(c + a) — 6 abc] > 3abc(2^/ab.2^/bc.2y/ca — 6 abc) = 6a 2 b 2 c 2 
Phep chdng minh hdan tat. Dau "= M xay ra o = b — c.D 


4.17 | Cho oX c > 0 thoa man a + b + c — 1. Tim gia tri nho nhat cua bieu thdc: 

p _ a 2 + b pb 2 + c p c 2 + a 

_ b + c c + a a + b _ 

Lcfi giai. 


Ta co: 
P+1 


a 2 + b Ir + c c 2 + a 

- -h a H-h b H--—h c 

b + c c+ a a + b 

o(o + b + c) + b b(a + b + c)+c c(a + b + c) + a 

b + c c + a a + b 

a + b b + c c + a 

b + c c+ a a + b 


k.p dung bat dang thdc AM - GM, ta co ngay P + 1 > 3, suy ra P > 2. 





Vay min P = 2^a = b = c — 


4.18 | Cho a, b, c, d > 0 thoa man a + b + c + d = 4. Chilng minh rang: 
_ a 2 bc + b 2 cd + c 2 da + d 2 ab < 4 _ 

Ldi giai. 

Ap dung bat dang thtfc AM - GM lien tiep, ta co: 

(ab + cd)(ac + bd) — y / (a 6 +~c^(oc+~M ) 2 < ^ + cd + ac+ bd j = I.[( a + #c)]^ 

[(a + d){b + c )] 2 = ->/(o + d)(b + c ) 4 < |~ a + ^ + c + 

Th day suy ra: 

(ab + cd) (ac + bd) < 4 

Trfdng tit, ta cluing minh drfdc: 

(be + da) (bd + ac) < 4 

Ta co cac danh gia sau: 

VT - (ab + cd)(ac + bd) = -bd(a - c)(b - d) 

VT — (be + da) (bd + ac) — ac(a — c)(b — d) 

De thay trong 2 bieu tlnlc tren co mot bieu tlnlc khong dudng nen 

VT < max {(ab + cd)(ac + bd), (be + da)(bd + ac)} <4 
Phep chilng minh hoan tat. Dau xay ra,oa = b = c= d=1.0 


4.19 | Cho a,b,c> 0. Chilng minh rang: 


a 3 + abc + b 3 + abc + c 3 + abc > ^ 

+ .c 3 - + abc c 3 A a 3 +' abc a 8 4- + dbc ~ 

Ldi giai. 

Do bat dang tlnlc la thuan nhat nen ta chuan hoa abc = 1. Ta co the viet lai bat dang tlnlc can 
chilng minh ditdi dang: 

Q + 1 + 1 + c + 1 > 2 
b + c+1 c + o + 1 c + ct + 1 

Ap dung bat dang tlnlc Cauchy - Schwarz, ta co: 

i/rp _ (a +1) 2 ^ (b +1) 2 


(c+1) 2 


(a + 1)(6 + c + 1 ) (6 + l)(c + a + 1 ) (c+l)(c + o + l) 

^ (a + 6 + c + 3 ) 2 

2 (ab + be + ca) + 3(o + b + c) + 3 
Ta se cluing minh: 

(a + b + c + 3 ) 2 


> 2 


2 (ab + be + co) + 3(o + b + c) T 3 

Dieu nay tUdng dudng vdi: 

a 2 + b 2 + c 2 + 2(ab be ca) + 6 (o + b + c) + 9 + 4(o& + be + co) + 6 (o + b + c) + 6 

hay 

3 > 2(o6 + be + ca) — (a 2 + b 2 + c 2 ) 

Theo bat dang thile Schur, ta co: 


2 (ab + be + ca) — (a 2 + b 2 + c 2 ) — 4 (ab + be + ca) — (a + b + c) 2 < 
Vay ta chi can chilng minh: 


9 abc 9 

a + b a — b — c 


-b + c 
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hay 


3\fabc < a + b + c 

Dieu nay dung theo bat dang thdc AM - GM. 

Phep chrfng minh hoan tat. Dau xay ra O a = b = c.O 


4.20 | Cho a, b, c > 0. Chrfng minh rang: 


6 3 


5 a 2 + (b + c) 2 \Jbb 2 + (c + a) 2 V 5c 2 + (a + b) 2 


\j5c 2 + (a + b) 2 ~ / 


a + b + c 


Ldi giai. 

Ap dung bat dang thr fc Cauchy - Schwarz, ta c 6 : 


VT < J(a + b + c ) 


7 + 


b 2 


5 a 2 + (b + c) 2 5 b 2 + (c + a) 2 5 c 2 + (a + b) 2 


Ta se chrfng minh: 


Ta co: 


b 2 


- < 


. 1 


5 a 2 + (b + c) 2 5 b 2 + (c + a) 2 5 c 2 + (a + b) 2 3 

^ a 2 _ E 1 (3a) 2 


5a 2 + (b + c ) 2 9 ' a 2 + b 2 + c 2 + 4 a 2 + 2 be 

Lai ap dung bat dang thrfc Cauchy - Schwarz, ta drfdc: 

s ' '( 3q ) 2 <E f a2 | q2 ’ 

a 2 + b 2 + c 2 + 4a 2 + 2bc \a 2 + b 2 + c 2 2a 2 + be ' 2a 2 + be 

Do do: 

s < I fz q2 I s 2q2 "l = - fl+x— 

5 a 2 + (b + c) 2 9 \ a 2 + b 2 + c 2 2a 2 + bcj 9 \ 2a 2 + be 

Bay gid ta chi can chrfng minh drfdc: 

If 2 a 2 \ 1 

9 ( 1 + E pTkj-3 

Bat dang thrfc nay trfdng drfdng vdi moi bat dang thrfc trong day sau: 

Bat dang thrfc cudi cung dung vi thed Cauchy - Schwarz thi: 

6 c b 2 c 2 (ab + bc + ca) 2 


+ E- 


2 + 6 2 + c 2 2 a 2 + be 


2a 2 + be 2a 2 bc + b 2 c 2 ~ E a 2 b 2 + 2 abc(a + b + c) 

Vay phep chrfng minh hoan tat. Dau " = " xay ra O a = b = c.O 


4.211 Cho ce/b, c > 0 thoa man a + b + c — 3. Chrfng minh rang: 
_ (a + c)(b + 1 ) > abc(a 2 + b 2 + c 2 + 1 ) 

Lefi giai. 


Ta co: 


Trf do suy ra 


(a ~ c) 2 > (a ~ c) 2 

4ac ~ 2b 2 + 2 + (a + c ) 2 
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hay 


(a + c ) 2 _ 2 (g 2 + 6 2 + c 2 + 1 ) 

4ac — 26 2 + 2 + (a + c ) 2 


(a + c) 2 2(a 2 + 6 2 + c 2 + 1) 

4ac — 26 2 + 2 + (a + c) 2 

hay 

[26 2 + 2 + (a + c) 2 ] (a + c) 2 6 £ ^ + ^ + c2 + 1} 

Bay gid ta chi can chiing minh: 

( 0 + c ) (6 + l)> [2 i » 2 + 2 + (a + c) 2 ](a + c) 2 6 

hay 


8(6 + 1 ) - [26 2 + 2 + (a + c) 2 ](a + c)b > 0 
Ket hop vdi gia thiet a + 6 + c = 3, ta suy ra can phai chhng minh: 

8(6+1) — [26 2 + 2 + (3 — 6) 2 ](3 — 6)6 + 0 


hay 


36 4 - 156 3 + 296 2 - 256 + 8 > 0 


hay 


(6 — 1) 2 (36 2 — 96 + 8 ) >0 (luon dung) 
Phep chhng minh hoan tat. Dau " = " xay ra<+>a = 6 = c— !.□ 


4.22 | Cho x,y,z £ [1; 2], Tim gia tri ldn nhat cua bieu thhc: 

Q = ( X + y + Z ) (- + - + -) 

_ _ W y zJ 

L6i giai. 


Ta co: 


Khong mat tinh tong quat, gia sii x > y > z. Khi do thi 
(x-y)(y-z) > 0 


z z 

—I— 
x y 


hay 


y 2 + xz < xy + yz 


hay 


y z z y a 

— H— < H— va- + - 
x y x z i 


< 1 + 


x 

z 


Vi vay 

Q<5 + 2(- + -) 

Vz x) 

De thay 1 < - < 2 nen (x — 2 z)(x — z) < 0 hay - + -<-. 

Th do suy ra Q < 10. 

Vay max Q = 10 ox = y = 2; z=l hoac x = 2\y = z = 1 va cac hoan vi. □ 


4.23 | Cho a, 6 , c > 0. Chtfrig minh rang: 

I a I 6 I c ab be ca > 9 

_ Y 6 + c + V c + a + y a + 6 + (a + 6) 2 (6 + c ) 2 (c + a ) 2 ~ 4 

L6i giai. 
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Sh dung bat dang thtic Holder cung vdi danh gia 2>abc > 0, ta co: 

(a + b + c ) 3 _ 

I a 2 (b + c) + b 2 (c + a) + c 2 (a + b) 

(a + b + c ) 3 a + b + c 

(a + b + c)(ab + bc + ca) y/ab + be + ca 


Ap dung bat dang tlitfc Cauchy - Schwarz lien tiep, ta co: 

ab ^ ab ( a + b ) 2 3 4(q + 6 + c ) 2 


- > E- 


(a + b + c ) 2 


i(q 2 + b 2 + c 2 ) 4 2(a 2 + b 2 + c 2 ) 


(a + 6) 2 - 2(a 2 + b 2 ) 4(a 2 + b 2 ) 4 : 

Cong theo ve hai bat dang tlitfc tren, ta drfdc: 

^ I a ^ ab ^ q + 6 + c ^ (q + 6 + c ) 2 3 

V b + c + (a + b) 2 ~ \J ab + bc + ca + 2 (a 2 + b 2 + c 2 ) 4 


Vay ta chi can editing minh 


a + b + c 


(a + b + c ) 2 


hay 


\Jab + bc + ca 2 (a 2 + 6 2 + c 2 ) 4 4 


(a + b + c ) 2 


q + 6 + c + q + 6 + c 


2 \/a 6 + be + ca 2 \Jab + bc + ca 2 (a 2 + 6 2 + c 2 ) 

Dieu nay dung theo bat dang tlitfc AM - GM: 


(a + b + c ) 4 


^ [2y/2(ab + bc + ca)(a 2 + b 2 + c 2 )] 2 y [ 2 (a 6 + be + ca).'+(a 2 + b 2 + c 2 )] 2 
Phep chtfng minh hoan tat. Dau " = " xay ra +$■ a = 6 ; c = 0 va cac hoan vi.D 


(a + b + c ) 4 


4.24 | Cho a, 6 , c > 0. Chtfng minh rang: 

ab be ca < 4 abc 1 

_ (a + b) 2 + (b + c) 2 (c + a ) 2 ~ (a + b)(b + c)(c + a) 4 

Ldi giai. 


Bat dang tlitfc nay tUdng dudng vdi moi bat dang thtfc trong day sau: 

—4 ab —4 be —4 ca > —16q6c 

(q + b) 2 + (6 + c ) 2 + (c + q ) 2 “ (q + b)(b + c)(c + q) 

—4q6 + ^ + —46c + ^ + —4cq + ^ + 16q&c — 2(q + b)(b + c)(c + q) > ^ 


(q + 6) 2 
(a-b) 2 


(b + c)‘ 
(b — c ) 2 


(c + q ) 2 


(q + 6)(6 + c)(c + q) 


(q + 6) 2 


(c — q ) 2 2 q (6 — c ) 2 + 26(c — a) 2 + 2 c(a — b) 2 


(b + c ) 2 (c + q ) 2 

^ (ft~c) 2 [ 1 

U + c 


b + c 

v () : 


(q + 6)(6 + c)(c + q) 

2 “ +0 


(q 


(c + q)(q + 6 ) 
-b)(a — c ) 


6 + c ' (q + 6 ) (6 + c)(c + q) 
-(a — b)(b — c)(c 


> 0 


_> o 

(q + 6) (6 + c)(c + q) ’ 6 + c 
— (q — 6 ) (6 — c)(c — q) (q — 6 ) (b — c) (a — c) ^ 
(a + b)(b + c)(c + a) ' (a + b)(b + c)(c +a) 
(a-b) 2 (b-c) 2 (c-a) 2 

(a + bW + enc + a)* - °(l uonJu ”g) 

Phep chtfng minh hoan tat. Dau " = " xay ra <+> a = b = c.D 
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4.25 | Cho a,b,c> 0. Chting minh rang: 


Lcfi giai. 

Lcfi giai 1. 

Ap dung bat dang thiic AM - GM, ta co: 

2 -^/ 2 a (6 + c) 5 ; b + c + 2 a 

Tit do suy ra 

/ 2 a 4 a 4 a 


Trfdng trf, ta chting minh drfdc: 


Ib + c 2y/2 a(b + c) b + c + 2a 


2b 


> 


4 b 


V c + a c%^a + 2b 
I 2c > 4c 
v a + b a + 6 + 2 c 

Cong theo ve ba bat dang thiic tren, ta drfdc: 

4a 4 b 

~ + —-r^7 + 


Ta se chting minh 


VT > 
4 a 


4c 


b + c+ 2 a c + a + 26 a + 6 + 2 c 

46 ' 4c ^ (a + 6 + c ) 2 


> 


6 + c + 2 a c — a — 26 a + 6 + 2 c a 2 + 6 2 + c 2 
Ap dung bat dang thdc Cauchy - Schwarz, ta co: 

^ 4a _ ^ 4a 2 > 4(a + 6 + c ) 2 _ 2(a + 6 + c ) 2 

6 + c + 2a ab + ac + 2a 2 — 2(a 2 + 6 2 + c 2 ) + 2(a6 + be + ca) a 2 + b 2 + c 2 + ab + bc + ca 
Bay gid ta chi can cluing minh drfdc 

2 1 


hay 


a 2 + b 2 + c 2 + ab + be + ca a 2 + b 2 + c 2 
a 2 + 6 2 + c 2 > ab + be + ca 


Day la mot ket qua quen thuoc. 

Phep chting minh hoan tat. Dau " = " xay ra a = 6 = c.D 

L6i giai 2. 

Ap dung bat dang thiic Holder, ta co: 


I 2a I 26 / 2 c \ 

'6 + c V c + a V a + b 


Ta 2 (6 + c) 6 2 (c + a) c 2 (a + 6 )l 
I 1 + 2 + 2 >(a + 6 + c ) 3 


hay 

Ta se chting minh 


VT 2 > - 


2 (q + 6 + c ) 3 


a 2 (6 + c) + 6 2 (c + a) + c 2 (a + 6 ) 

2 (a + 6 + c ) 3 (a + 6 + c ) 4 


a 2 (6 + c) + 6 2 (c + a) + c 2 (a + 6 ) “ (a 2 + 6 2 + c 2 ) 2 
Bat dang thiic nay trfdng drfdng vdi 

2 (a 2 + 6 2 + c 2 ) 2 > (a + 6 + c)[a 2 (6 + c) + 6 2 (c + a) + c 2 (a + 6 )] 

hay 

2 (a 4 + 6 4 + c 4 ) + 2 (a 2 6 2 + 6 2 c 2 + c 2 a 2 ) > a 6 (a 2 + 6 2 ) + 6 c( 6 2 + c 2 ) + ca(c 2 + a 2 ) + 2abc(a + 6 + c) 
Ta co hai each de chiing minh bat dang thiic nay. 

Cach 1: Sii dung bat dang thiic Schur, ta co: 
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q 4 + b 4 + c 4 + abc(a + b + c ) > ab(a 2 + b 2 ) + bc(b 2 + c 2 ) + ca(c 2 + a 2 ) 
Vay ta chi can chdng minh 

a 4 + b 4 + c 4 + 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) > 3 abc(a + b + 'c) 

hay 

(a 2 + b 2 + c 2 ) 2 > 3 abc(a + b + c ) 


a 2 + b 2 + c 2 > 


(a + b + c ) 2 


(a 2 + b 2 + c 2 ) 2 > 


(a + b + c ) 4 


(a + b + c) 4 


> 3 abc(a + b+ c) 


(a + b + c ) 3 > 27a6c 


Ta co danh gia 

nen 

Ta can chhng minh 
hay 
hay 

a + b + c> 3 \fabc 

Dieu nay dung theo bat dang thilc AM - GM. 

Phep chdng minh hoan tat. Dau " = " xay ra O a = b = c. 

Cach 2: Sd dung bat dang thdc AM - GM, ta co: 

u 2 i u2\ ^ ”*■ ^ 2 ) 2 a 4 + b 4 2 2 

(ib{(r + It) < --—— = —-—- + a-lt 

Tildng tit, ta chdrig minh ditpc 

h 4 4 . c 4 

bc(b 2 + c 2 ) <°-^ + b 2 c 2 
c 4 + a 4 

ca(c 2 + a 2 ) < —--h c 2 a 2 

Cong theo ve ba bat dang thdc tren, ta ditpc: 

ab(a 2 4 - b 2 ) + bc(b 2 + c 2 ) + ca(c 2 + a 2 ) < a 4 + b 4 + c 4 + a 2 b 2 + b 2 c 2 + c 2 a 2 
Ta can chdng minh 

2 abc(a + b + c) < a 4 + b 4 + c 4 + a 2 b 2 + b 2 c 2 + c 2 a 2 
Dieu nay dung vi theo bat dang thdc AM - GM: 

( a 4 + b 2 c 2 ) + ( b 4 + c 2 a 2 ) + (c 4 + a 2 b 2 ) > 2 a 2 bc + 2 b 2 ca + 2 c 2 ab = 2 abc(a + b + c ) 
Phep chdng minh hoan tat. Dau " = " xay ra O a = b = c.O 


4.26 | Cho o, 6 ,cg [0; 1], Chdng minh rang: 

_ 2(q 3 + b 3 + c 3 ) — (a 2 6 + b 2 c + c 2 a) < 3 


LcJi giai. 


Gia sd c = min{q, b, c} thi: 
hay 

Bay gid ta chi can chdng minh: 


2c 3 < b 2 c 4 c 2 q 
2c 3 — ( b 2 c + c 2 q) < 0 
2(q 3 + b 3 ) -a 2 b< 3 
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Neu a > b > 0, ta co: 

2 (a 3 + b 3 ) — a 2 b = 2 a 3 + 6 3 + 5(5 2 — a 2 )<2 + l + 0 = 3 
Neu b > a > 0, ta co: 

2(a 3 + b 3 ) — a 2 b = a 3 + 2 b 3 + a 2 (a — b) <2 + l + 0 = 3 
Phep chdng minh hoan tat. Dau " = " xay ra,Oa = b = c= l hoac a = 5 = l,c = 0va cac hoan 
vi.D 


4.27 | Cho J ’ . Tim gia tri nho nhat cua bieu thdc: 

J I x > max{y , z} 

M —- + 2 A /l + - + 3 a 3 / 1 + - 
_ y V z V x 

LcJi giai. 


Ap dung bat dang thdc AM - GM, ta co: 


1 + - > 2 , 
1 + 


>VI 


Td do ta suy ra: 

M > * + 2V2..A + mtE = A (- + 4 # + 6 
y Vf V 1 \/2 V» V 2 

Lai ap dung bat dang thdc AM - GM, ta co: 

JL G + t#+6 

V2\y \ * 

Td gia thiet x > max{y, z}, ta suy ra: 


f?)-V 2 



Do do: 


Td day ta suy ra: 
M 


1 


- > 1 

y 

z -<i 


> l - -p 

y _ V 2 


(3^2 - 3\/2)^ > 3^2 - 3a/2 


\/2 V?/ V ^ V x) V x/2/ 2/ v x 

> + 1 - 4 = + 3^2 - 3^2 = 1 + 2-\/2 + 3 v ^. 

\/2 \/2 

Vay min M = 1 + 2-\/2 + 3-^2 -O' x = y = z.D 


(3^2-3a/2)^ 


4.28 | Cho a,b,c> 0. Chdng minh rang: 

a + b a + b + c a+ \fab + \fabc 


L6i giai. 


Ap dung bat dang thdc AM - GM, ta co: 
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a + b a + b + c 
l ' 2 ' 3 

3Vab 


a 2 a 

: <- + ^^ + - 


,-i a — b a + &''+ c a a + b a + b + c 


2 a 

= 1+ ——r + 


3a 


3/a.^.siJtc ^j a . 
3 \fabc 


i.Vab.b 


2 Vab 


- <2 + 


a + 6 a+b+c 

3 b 


i + b + c 


a+ba+b+c 


, =3 


a 26 

- < - + -r + - 


*1 a + b a + b + c a a + b a + b + c 
\ 2 ’ 3 


2b 

= 1+ -r + 


3c 


a+b a+b+c 


V ' 2 ' 3 

Cong theo ve ba bat dang tlitfc tren, ta dupe: 

3a 3 Vab 


hay 




= -Hi 


3 \fahc 


+ b a + b + c 
~2 3 

a + Vab + Vabc 


3 / a + 6 a + 6 + c 3 /T 0 

V'2 ' 3 * 


a + 6 a + 6 + c 


3 - V ' 2 ' 3 

Day chinh la dieu phai chiing minh. Dau " = " xay ra <^> a — b — c.D 


4.29 | Cho a,b,c> 0. Chdng minh rang: 

a + b a + b + c /-r . 3/ -r& 

—-—. > 3(a + Vab + v abc) 

LcJi giai. 



Ap dung bat da ng tlitfc Holder, ta co: 


U + 3 + 3 
Bay gid ta chi can chtfrig minh: 

2 Vab 


a Vab b 
3 + ^“% 


a b c\ ^ a + Vab + Vabc 
3 + 3 + 3 )~ 3 


8 + 


a + b 


hay 



Dieu nay dung vi theo bat dang tlitfc AM - GM: 


8 + 


2Vab \ 
a + b J 


3 + 3 + 


2 (a + Vab + 6 ) 


2 + b 


2 + b 3 2 (a +,0ab + b) a + b 

~T~ - 3 V 3 - Wb 


Phep chtfng minh hoan tat. Dau "=" xay ra <+> a = b = c.D 




+ Vab + b 
3 


4.30 | Cho a, 6 , c > 0 thoa man abc = 1. Chtfrig minh rang: 

a 3 b 3 c 3 1 

_ 4 + 26 2 (a + c) + c 3 4 + 2c 2 (b + a) + a 3 4 + 2a 2 (c + b) + b 3 ~ 3 

Ldi giai. 
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Ta co mot bo de cd ban: 

Vdi m,n,p,x,y, z la cac so thilc d/iKJng bat ki, ta luon co bat dang thilc: 
m 3 n 3 p 3 > (m + n + p ) 3 

x y z ~ 3(x + y + z) 

Dau " xay ra<+m = n=p,x — y = z. 

Bo de nay co the chilng minh de dang bang bat dang thilc Holder nhrf sau: 

(— + — + —^ (x + y + z)( 1 + 1 + 1) > (m + n+p) 3 
\ x y z J 

Chia ca hai ve cho 3(x + y + z), ta co ngay dieu phai chilng minh. 

Trd lai vdi bai toan. Ap dung bo de tren, ta co: 

VT > _ (a + b + c )_ 

3[12 + a 3 + b 3 + c 3 + 2 b 2 (a A c) + 2 c 2 (b + a) + 2 a 2 (c + 6)] 

Bay gid ta chi can chilng min h: 

(a + b + c) 3 1 

3[12 + a 3 + b 3 + c 3 + 2 a 2 (c + b) + 2 b 2 (a + c) + 2 c 2 (b + a)] — 3 
Bat dang thilc nay titdng ditdng vdi moi bat dang thilc trong day sau: 

(a + b + c) 3 > 12 + a 3 + b 3 + c 3 + 2 b 2 (a + c) + 2 c 2 (b + a) + 2 a 2 (e+ b ) 
a 2 (c -r b) +b 2 (a + c) + c 2 (b + a) + 6 abc > 12 
(a 2 b + a 2 c + b 2 a + b 2 c + c 2 a + c 2 b) + 6 abc > 12 
Bat dang thilc cuoi cung dung vi theo bat dang thilc AM - GM thi: 

( a 2 b + a 2 c + b 2 a + b 2 c + c 2 a + c 2 b) + 6 abc > 6^a 6 b 6 c 6 + 6 abc = Ylabc = 12 
Phep chilng minh hoan tat. Dau " = " xay <+> a = b = c = 1.0 


4.311 Cho a,b,c> 0 thoa man a + b + c = 3. Chilng minh rang: 

8(- + \ + -) +9>10(a 2 + b 2 + c 2 ) 
_ \a b c) _ 

Ldi giai. 


Gia sil a = max{a, b, c}, de thay a e [1; 3). 
Bat dang thilc trfdng drfdng vdi 


hay 


hay 


2 + - + - + 42a + 42 b + 42c - 117 > 10a 2 + 10 b 2 + 10c 2 
abc 


69 


2 b 


69 


-10 b 2 + 42 b- — + - ) + [ -10 c 2 + 42c - — + - > 10a 2 - 42a + 48 


2 c 


(2b — l) 2 (16 — 5b) (2c- 1) 2 (16-5 c) (a - 2) 2 (20a - 4) 


1 + 


Ap dung bat dang thilc Cauchy - Schwarz, ta co: 


4(a — 2) 2 


(1 — 2b) 2 (1-2c) 2 ^ [2(1 — b — c)] 2 

~ J’,,. C - b , c “ b i c 

!6 - 5c 16 — 55 + 16-55 + 16 - 5c 


Ta se chilng minh: 


(a — 2) 2 


(a — 2) 2 (5 a — 1) 


16 — 55 16 — 5c 

5 c 5 c 3 — a 

16-55 + 16-5c ~ 16-5a + 16 - 5a “ 16 - 5a 
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Do do: 


(a — 2)' 
- 3 -a 


(« ~ 2 Y 


16-56 16-5c 16-5a 

Bay gib ta chi can chiing minh: 

(a — 2) 2 ^ (a — 2) 2 (5a — 1) 

3 - a ~ a 

16 — 5a 

Dieu nay titdng dtfdng vdi: 

(a — 2) 2 (16a — 5a 2 ) > (a — 2) 2 (—5a 2 + 16a — 3) 

hay 

3(a — 2) 2 > 0 (luon dung) 

Phep chiing minh hoan tat. Dau " = " xay ra (a, 6, c) = ^2; ^ va cac hoan vi.D 


4.32 | Cho a,b,c> 0. Chdng minh rang: 


^ a 3 + -abc + b 3 ^ b 3 + -abc + c 3 ^ c 3 + -abc + a c 


L6i giai. 


Do bat dang thdc la thuan nhat nen ta chuan hoa abc = 1. Ta co the viet lai bat dang thdc can 
chiing minh ditdi dang: 



(4a + 46+1) (46 + 4c + 1) (4c + 4a + 1) 

Ta se chiing minh: 

(8a + 86 + 8c + 3) (8a6 + 86c + 8ca + a + 6 + c) ^ 

(4a + 46 + 1)(46 + 4c + l)(4c + 4a + 1) — 

hay 

(8a + 86 + 8c + 3) (Sab + 86c + 8ca + a + 6 + c) + (4a + 46 + 1) (46 + 4c + 1) (4c + 4a +1) 

Ta co nhan xet: 

VT = 64(a + 6 + c) (a6 + be + ca) + 8(a + 6 + c) 2 + 24(a6 + be + ca) + 3(a + 6 + c) 

= 64[(a + 6) (6 + c) (c + a) + a6c] + 8(a + 6 + c) 2 + 24(a6 + 6c + ca) + 3(a + 6 + c) 

= 64(a + 6)(6 + c)(c + a) + 64 + 8(a + 6 + c) 2 + 24(a6 + 6c + ca) + 3(a + 6 + c) (do abc = 1) 

VP = 64(a + 6)(6 + c)(c + a) + 16(a + 6)(6 + c) + 16(a + 6)(c + a) + 16(6 + c)(c + a) 

+4(a + 6) + 4(6 + c) + 4(c + a) + 1 

= 64(a + 6) (6 + c) (c + a) + 16(3a6 + 36c + 3ca + a 2 + 6 2 + c 2 ) + 8(a + 6 + c) + 1 
= 64(a + 6) (6 + c)(c + a) + 16(a + 6 + c) 2 + 16(a6 + 6c + ca) + 8(a + 6 + c) + 1 
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nen 


VP-VT = 8(a + b + cf + 5(a + 5 + c) - 8(ab + bc+ ca) - 63 
Bay gid ta chi can chilng minh: 

8 (a + b + c) 2 + 5(a + b + c) — 8 (ab + bc + ca) — 63 > 0 


hay 

16(a + b + c) 2 + 15(a + b + c) + 8[(a + b + c) 2 — 3 (ab + be + ca)] > 189 
Bat dang thile nay dung tif cac bat dang thile sau: 

16(a + b + c) 2 > 16(3 \/abc) 2 = 144 (Theo bat dang thile AM - GM) 
15 (a + b + c) > 45 \/abc = 45 (Theo bat dang thile AM - GM) 

(a + b + c) 2 > 3 (ab + bc+ ca) 

Vay phep chilng minh hoan tat. Dau " = " xay ra <+> a = 5 = c.D 


4.33 | Cho a, b , c la do dai ba canh cua tam giac. Chilng minh rang: 
_ \/b + c — a + \fc-r- a — b +,- j/ a + b — c + y/a + i/b + \fc 

Ldi giai. 


Ap dung bat dang thile Holder, ta co: 

(^c + a — b + // a + b — c)^* + (1 + 1)(1 + l).2a = 8a 


Do do 


</c + a — b + \/a + b — c < 2^fa 

Tufting tit, ta chilng minh dufdc 

v4t + 5 — c + \/b + c — a < 2 \/b 
\/b + c — a + // c + a — b < 2 ^fc 
Cong theo ve ba bat dang thile tren, ta dufdc: 

2 (\/b + c — a + Vc + a — b + //a + b — c) 2 (//a + i/b + \fc) 

hay 

\fb + c — a + \/c — a — b + \/a + b — c < </a — i/b — i/c 
Day chinh la dieu phai cluing minh. Dau "=" xay ra a = b — c. □ 


4.34 | Cho a, 5, c > 0. Chilng minh rang: 

(b + c — a) 2 (c + a — b ) 2 (a + b — c) 2 >3 

_ (b + c) 2 + a 2 + (c + a) 2 + b 2 (a + b) 2 + c 2 ~ 5 

Ldi giai. 


Vi bat dang thile la thuan nhat nen ta chuan hoa a + b + c = 3. Khi ay, bat dang thile can chilng 


minh trd thanh: 

(3 - 2a) 2 
(3 — a) 2 + a 2 
Bat dang thile nay tufting dufdng vdi: 

4a 2 - 12a + 9 
2a 2 - 6a + 9 


(3 - 2b) 2 (3 - 2c) 2 ^ 3 

+ (3 - b) 2 + 5 2 + (3 - c) 2 + c 2 “ 5 

45 2 -125 + 9 4c 2 - 12c + 9 ^ 3 

+ 25 2 — 65 + 9 + 2c 2 -6c+ 9 “ 5 


Ta co nhan xet: 

4x 2 -12x + 9 18x - 23 _ 36x 3 - 54x 2 + 18 _ 18 (x - l) 2 (2x + 1) 

2x 2 — 6x + 9 25 25(2x 2 — 6x + 9) 25 ’ 2x 2 — 6x + 9 


> 0, Vx > 0 
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Do do: 


4x 2 - 12x + 9 23 - 18a; ,, 

2s*-fa + 9 

Sue dung nhan xet tren, ta co ngay: 

4a 2 - 12a + 9 ^ 4 b 2 - 126 + 9 ^ 4c 2 - 12c + 9 > 69 - 18(a + 6 + c) 


2a 2 -6a + 9^ 26 2 - 66 + 9 2c 2 -6c+ 9 

Phep chilng minh hoan tat. Dau " = " xay ra a = 6 = c.U 


25 


3 

5 


Ldi giai 2 


Bat dang thde tnong dnong vdi: 
hay 


2a(6 + c) 26(c + a) 2c(a + 6) ^3 

“ (6 + c) 2 + a 2 + ~~ (c + a) 2 + 6 2 + “ (a + 6) 2 + c 2 “ 5 


a(6 + c) 6(c + a) c(a + 6) 6 

(6 + c) 2 + a 2 (c + a) 2 + 6 2 (a + 6) 2 + c 2 — 5 


Ap dung bat dang thile AM - GM, ta co: 

(b + c) 2 
Trt do suy ra: 


, . 9 9 3(6 + c) 2 (6 + c) 2 9 3(6 + c) 2 , \ n \ 36 + 3c + 4a 

(6 + c) 2 + a 2 = v ; + v ’ + a 2 > v ; + a(6 + c) = (6 + c).--- 


< 


a(6 + c) 


a(6 + c) 

(6 + c) 2 + a 2 — (6 + c) ^ ^ ~ 36 + 3c + 4a 


Ap dung bat dang thile Cauchy - Schwarz, ta co: 

1 27 _ 1 9 > 102 _ 100 

a”*~a + 6 + c a+a + b + c~ | 9(a + 6 + c) 36 + 3c + 4a 
3 a+ 3 

Do do: 

4a 4a fl 27 \ _ 1 27a 

36 + 3c + 4a 100 ya a + 6 + cj 25 25(a + 6 + c) 

Vay tom lai, ta thu drfdc: 

a(6 + c) 1 27 a 

(6 + c) 2 + a 2 — 25 25(a + 6 + c) 

TrfOng trf, ta cung cluing minh drfdc: 

6(c + a) ^ 1 276 

(c + a) 2 + 6 2 “ 25 + 25(a + 6 + c) 
c(a + 6) < 1 27c 

(a + 6) 2 + c 2 — 25 25(a + 6 + c) 

Cong theo ve ba bat dang thrfc tren, ta drfdc: 

a(6 + c) 6(c + a) c(a + 6) < 27(0 + 6 + 0 ) 3 6 

(6 + c) 2 + a 2 (c + a) 2 + 6 2 (a + 6) 2 + c 2 — 25(a + 6 + c) 25 5 

Phep chilng minh hoan tat. Dau "=" xay ra +>• a = 6 = c.U 


4.35 Cho a, 6, c > 0 thoa man -—I-1—- > 1. Chilng minh rang: 

- 6c ca ab 

a 6 c , 

7- H-1—7 > a /3 

_ be ca a b _ 


Ldi giai. 


, , , 1 1 1 

Trf gia thiet ,—I-1— r > 1, ta suy r 

be ca ab 


a + 6 + c > abc 


Ta co mot ket qua quen thuoc: 


100 




3 (a 2 + b 2 + c 2 ) > (a + b + c) 2 > 3 (ab + bc + ca) 

Ap dung cac bat dang thrfc tren, ta co: 

(a 2 + b 2 + c 2 ) 2 > (ab + bc + ca) 2 > 3 (ab 2 c + bc 2 a + ca 2 b) = 3 abc(a + b + c) > 3(a6c) 2 
Dieu nay trtdng ditdng vdi: 

a 2 + b 2 + c 2 > \f3abc 

hay 

a b c , • 

7“ d-1—r > a/3 

be ca ab 

Phep chilng minh hoan tat. Dau " = " xay ra ^ a = b — c— 

4.36 | Cho x , y, z, t la cac so thitc thoa man \x + y + z — t\ < 1 va cac hoan vi. Chhng minh 
rang: 

_ x 2 + y 2 + z 2 + t 2 < 1 _ 

L6i giai. 


Th gia thiet \x + y + z — t\ < 1, ta suy ra: 

x 2 + y 2 + z 2 + t 2 + 2 (xy + xz + yt - xt - yt - zt) <1 
Trfdng trr doi vdi cac hoan vi, ta cung co: 

x 2 + y 2 + z 2 + t 2 + 2 (yz + yt + zt — yx — zx — tx) < 1 

x 2 + y 2 + z 2 + t 2 + 2 (zt + zx + tx — zy — ty — xy) < 1 

x 2 + y 2 + z 2 + t 2 + 2 (tx + ty + xy — tz — xz — yz) < 1 

Cong theo ve bon bat dang tiitfc tren, ta drfdc: 

4(x 2 + y 2 + z 2 + t 2 ) <4 


hay 

Phep chifng minh hoan tat. Dau " = " 


x 2 + y 2 + z 2 + t 2 < 1 
xay ra <^x = y~z = t = 


4.37 | Cho a, b, c £ R. Tim gia tri nho nhat cua bieu thhc: 

P = (a + b) 4 + (b + c) 4 + (c + a) 4 -^(a 4 + b 4 + c 4 ) 

Ldi giai. 


y + z- 


-y x+y-z 
~’ c= 2 thl: 


P = z 4 + x 4 + y 4 - ^[(y + z - x) 4 + (z + x - y) 4 + (x+ y - z) 4 } 
Dat Q = (y + z - x) 4 + (z + x - y) 4 + (x+ y - z) 4 . 

Ta co dang thhc: 


(u + v) 4 + (u — v) 4 = 2 (u 4 + v 4 + 6 u 2 v 2 ) 

Ta ap dung dang thhc tren nhrf sau: 

(x+ y + z) 4 + (x + y - z) 4 = 2[(x + y) 4 + z 4 + 6 z 2 (x + y) 2 \ 
(z + x - y) 4 + (z + y - x) 4 = 2[(x - y) 4 + z 4 + 6 z 2 (x - y) 2 } 
Cong theo ve hai dang thilc tren, ta drfdc: 

Q + (x + y + z) 4 = (x + y + z) 4 + (x + y - z) 4 + (z + x - y) 4 + (z dr y - x) 4 

= 4[(x 4 + y 4 + 6 x 2 y 2 ) + z 4 + 3z 2 (2x 2 + 2 y 2 )] 

= 4 [x 4 + y 4 + z 4 + 6 (x 2 y 2 + y 2 z 2 + z 2 x 2 )] 
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Ta co mot ket qua quen thuoc: 


mn + np + pm <m 2 + n 2 +p 2 

Do do 

Q < 28(x 4 + y 4 + z 4 ) - (x + y + z) 4 < 28(x 4 + y 4 + z 4 ) 

Suy ra 

P = z * + X 4 + y 4 _ J_Q > x 4 + y 4 + ^4 _ (^4 + y 4 + ^ = q 
ZO 

Vay min P = 0^x = y = z — 0, hay a = b — c — 0.□ 


4.38 | Cho a^b, c > 0. Chilng minh rang: 


g + k - + ^ > 13 . { A + t +C ' VJ 

b c a V aoc _ 


LcJi giai. 


Mu 4 hai ve, ta drfdc: 


2 b 2 c 2 ! 4 
- + - + - 


3(a 3 + fr 3 + c 3 )(a 2 + fr 2 + c 2 ) 2 
abc 

Ap dung bat dang thufc Cauchy - Schwarz, ta co: 

a 2 b 2 c 2 _ a 4 b 4 c 4 (a 2 + 6 2 + c 2 ) 2 

b c a a 2 6 6 2 c c 2 a — a 2 b + b 2 c + c 2 a 


Ta se chilng minh 

hay 

Ta co bo de sau: 


2 b 2 c^ 3 


3 (a 3 + b 3 + c 3 )(a 2 b + b 2 c + c 2 a) 
abc 


a 2 b 2 c 2 \ > 9(a 3 + 6 3 + c 3 ) 2 (a 2 6 + 6 2 c + c 2 a) 2 
be ~ 


(abc) 2 


Vdi x, y, z la cac so thitc ducing bat ki, ta luon co bat dang thtic: 
(x + y + z) 6 > 27(x 2 + y 2 + z 2 )(xy + yz + zx) 2 
Dau " xay ra ^ x — y = z. 

Bo de nay co the chilng minh de dang bang AM - GM nhrf sau: 
y/27 (x 2 + y 2 + z 2 )(xy + yz + zx) 2 = 3y/ (x 2 + y 2 + z 2 )(xy + yz + zx) 2 
<x 2 + y 2 + z 2 + 2 (xy + yz + zx) 

= (x + y + z) 2 

Lap phudng hai ve, ta co ngay dieu phai chilng minh. 

Trd lai vdi bai toan. Ap dung bo de tren, ta co: 

(a 2 b b 2 c c 2 a \ 2 


b 2 c 2 \ 6 „ 

- + ) >27 


_ b l c 

b 2 + ^ + c 


Vay ta chi can cluing minh: 

hay 


A 


27 (A + ? + 


c 4 \ / a 2 b b 2 c c 2 a 
a 2 J \ c a b 


9 (a 3 + b 3 + c 3 ) 2 (a 2 b + b 2 c + c 2 a) 2 
(abc) 2 

3 (tv + K + “wl (a 3 & 2 + tfc 1 + c 3 a 2 ) 2 > (a 3 + b 3 + c 3 ) 2 (a 2 b + b 2 c + c 2 a) 2 
\ tr c A a 2 / 

Bat dang thile nay dung til cac bat dang thile sau: 
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+ %. + (« 3 & 2 + ^ + c3 ° 2 )(° 2 + 62 + c2 ) ^ (° 3 + 63 + c3 ) 3 ( Theo Holder ) 

(a 3 6 2 + b 3 c 2 + c 3 a 2 )(a + b + c) > ( a 2 b + b 2 c + c 2 a) 2 (Theo Cauchy - Schwarz) 

3(a 3 + b 3 + c 3 ) > (a 2 + b 2 + c 2 )(a + b + c ) (Theo Chebychev) 

Vay phep chilng minh hoan tat. Dau "=" xay ra <f=t a = b — c.D 


4.39 | Cho a, 6, c, d > 0. Chhng minh rang: 



Ldi giai. 


Bat dang tiihc ban dau trfdng drfdng vdi moi bat dang thilc trong day sau: 

Il(« 2 d-d) > H(ab + 1) 

^[n(« 2 +i)] 2 >[n(^+i)] 2 

^U(a 2 + l)(b 2 + l)>U(ab+l ) 2 

Bat dang thilc cuoi cung dung theo bat dang thhc Cauchy - Schwarz. 

Do do phep chrfng minh hoan tat. Dau " = " xay ra ^ a = b = c — d.O 


4.40 | Cho a, b, c > 0 thoa man ab + bc+ ca — 3. Chhng minh rang: 
_ (a + b 2 )(b + c 2 )(c + a 2 ) >8 

Ldi giai. 


Ap dung bat dang thrfc Cauchy - Schwarz, ta co: 

(a + b 2 )(a + 1) > (a + b) 2 

Trfdng trf, ta chilng minh drfdc: 

(b + c 2 )(6 + 1) > (b -H c) 2 
(c T q 2 ) (c T 1) > (c + q) 2 
Nhan thed ve ba bat dang thilc tren, ta drfdc: 

(q + b 2 )(b + c 2 )(c + q 2 )(q + 1 )(b + l)(c+ 1) > [(q + b)(b + c)(c + q)] 2 
Ta chi can chilng minh: 

[(q + b)(b + c)(c + q)] 2 
(q + 1) (6 + 1) (c T 1) 

Ta c6 the chilng minh bang each chi ra: 

{ (q + b)(b + c)(c + q) > 8 (1) 

('a + b)(b + c)(c + a ) 

(q + l)(6+l)(c+l) - 1 J 

Hai dieu nay c6 the chilng minh ddn gian nhrf sau: 

Trf gia thiet ab + be + ca = 3, ta de dang suy ra: 

(a + b + c) 2 > 3(ab + bc + ca) = 9 hay a + b + c > 3 
3 = ab + be + ca > ?>\/a 2 b 2 c 2 hay abc < 1 (Theo bat dang thilc AM - GM) 
Chilng minh (1): 

(a + b)(b + c)(c + a) — (a + b+ c)(ab + bc + ca) — abc = 3 (a + b + c) — abc > 8 
Chilng minh (2): 
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Ta co: 

(a + b) (b -j- c) (c + a) — (a + 1) (b + 1) (c + 1) 

= 3(a + b + c) — abc — (a + b + c + ab + bc + ca + abc + 1) 

= 2(a + 6 + c) — 2abc — 4 > 0 
Do do 


(a + b)(b + c)(c + a) > (a + 1)(6 + 1 )(c + 1) 


hay 

(a + 6)(6 + c)(c + a) 

(a + 1) (6 + 1) (c + 1) 

Vay phep chdng minh hoan tat. Dau " = " xay ra a — b — c = !.□ 


3.5 Bai 5.1 den bai 5.40 


5.11 Cho a, b, c > 0 thoa man khong co hai so nao dong thdi bang 0. Chdng minh rang: 
a(bc + ca — 2 ab) b(ca + ab — 2 be) c(ab + bc — 2 ca) 


(2 a + b) 2 


(2b + c) 2 


(2c+ a) 2 


LcJi giai. 


Ta thay: 

a(bc + ca — 2 ab) a[(2b 2 + be) + (2 ac + be) — 2(2 ab + b 2 )] 

(2a + b) 2 = (2a + b) 2 

ab(2b + c) ca 2 ab 

(2a + b) 2 2a + b 2 a + b 

Do do: 

^a(bc + ca — 2ab) ^ab(2b + c) ^ ca ^ 2 ab 
(2 a + b) 2 = ^ (2a + b) 2 + 2a + 6 _ 2a + 6 

^ab(2b + c) ^ ab v 2ab 
= ^ (2a + 6) 2 + '26-c _ 2a + 6 

= Ea6(26 + c) [ (2a + ^ 2 - ( 2a H-6)(26 + c) + (26 + c) 2 ] 

= Ea6(26 + c) (^ ) >0 
\2a + b 2b + c y 

Phep chdng minh hoan tat. Dau " = " xay ra a = b — c hoac (a, b, c ) = (0; 1; 2) va cac hoan vi.D 


5.2 | Cho a, b, c > 0 thoa man khong co hai so nao dong thdi bang 0. Chdng minh rang: 
a 2 + b 2 + c 2 + 8 abc > ^ 

_ afr + frc + ca (a + b)(b + c)(c + a) ~ _ 

Ldi giai. 

LcJi giai 1. 


Khong mat tinh tong quat, gia sd a > b > c > 0. 

Ta co mot bo de quen thuoc: 

V6i x > y > 0 va z > 0 thi ta luon co bat dang thde: 
x > x + z 

y ~ y + z 

Dau " xay ra <=)> x = y hoac z = 0. 
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Bo de nay co the chtfng minh de dang bang each xet hieu nhrf sau: 

= >0vi 

y y + z y(y + z) 

Ap dung bo de tren, ta co: 

a 2 + b 2 + c 2 a 2 + b 2 + 2c 2 a 2 + b 2 + 2 c 2 


> 2 


ab + bc+ ca c 2 + ab + be + ca (a + c)(b + c) 

Bay gid ta chi can chtfng minh: 

a 2 + b 2 + 2 c 2 8 abc 

(< a + c)(b + c ) (a + 5)(5 + c)(c + a) ' 

Bat dang thtre nay trfdng drfdng vdi moi bat dang thtfc trong day sau: 

( a 2 + b 2 + 2 c 2 )(a + b) + 8 abc > 2 (a + b)(b + c)(c + a) 
a 3 + a 2 b + ab 2 + b 3 + 2 ac 2 + 2 be 2 + 8 abc > 2 a 2 b + 2 b 2 c + 2 c 2 a + 2 ab 2 + 2 be 2 + 2ca 2 + Aabc 
a 3 — a 2 b — ab 2 + b 3 — 2 ac 2 + 4a6c — 2 be 2 > 0 
(a + b)(a — b) 2 — 2c(a — 6) 2 > 0 
(a + b — 2c)(a — 6) 2 > 0 

Bat dang thtre cudi cung dung do gia sd a > b > c. 

Phep chtfng minh hoan tat. Dau " = " xay ra ^ a = b = c hoac a = b, c = 0 va cac hoan vi.D 

Ldi giai 2. 

Khong mat tinh tong quat, gia sh a > b > c > 0. 

Ta co hai dang thtre sau: 

a 2 + b 2 + c 2 — ab — be — ca — £(a — b) (a — c) 

(a + b) (b + c) (c + a) — 8 abc = T,(b + c)(a — b)(a — c) 

Do do bat dang thtre can chtfng minh co the viet lai ninf sau: 

ab + be + ca + E(a — b)(a — c) + (a + b)(b + c) (c + a) — E (b + c)(a — b)(a — c) > ^ 


ab + be + ca 

Bat dang thtfc nay trfdng drfdng vdi: 

E(a — b)(a — c) E (b + c)(a — b)(a — c) 


(a + b)(b +c)(c +a) 
> 0 


hay 


ab + bc + ca (a + b)(b + c)(c + a) 

1 1 


(a — b)(a — c) >0 


\_ab + bc + ca (a + 6)(a + c)J 
Ta de thay ngay rang bat dang thtre se dung theo bat dang thtfc Vornicu Schur neu ta chi ra drfdc: 

-i-I->-I-I- 

ab + bc + ca (a + b)(a + c ) ab + bc+ ca ( b + c) ( b + a) 

Dieu nay trfdng drfdng vdi: 

1 -<- 1 


(a + b) (a + c) (b + c)(b + a) 
('b + c)(b + a) < (a + b)(a + c ) 


hay 
hay 

b < a (dung theo gia silf) 

Vay phep chtfng minh hoan tat. Dau "=" xay ra <^> a = b — c hoac a = b,c= 0 va cac hoan vi.D 


5.3 | Cho x, y la cac so thrfe. Tim gia tri ldn nhat cua bieu thtfc: 

4(2x + y)-13 

_ ( x 2 + 5 )(y 2 + 5) _ 

Ldi giai. 
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Ta thay rang: 


4 „ 1 

max P = — x = 4:y = - 
21 ,y 2 
4 1 

nen ta se chrfng minh P < — vdi dau " = " xay ra x = 4; y = 

That vay: 

4(2x + t/) - 13 ^ 4 
(x 2 + 5)(t/ 2 + 5) “ 21 

Bat dang thutc nay trfdng drfdng vdi: 

168x + 84 y - 273 < 4 x 2 y 2 + 20x 2 + 20 y 2 + 100 


□ 


hay 

4(x 2 y 2 — 4x7/ + 4) + 16x 2 + 4 t/ 2 + 289 + 16 xy — 136x — 68 y + 4(x 2 — 8x + 16) + 4(4 y 2 — 4y + 1) > 0 
hay 

4 (xy — 2) 2 + (4x + 2 y — 17) 2 + 4(x — 4) 2 + 4(2 y — l) 2 > 0 (luon dung) 

4 1 

Vay maxP = — <s=^>x = 4;t/ = 


5.4 | Cho a, b, c > 0 thoa man 12a 2 + 3 b 2 + 2c 2 = 20. Tim gia tri ldn nhat cua bieu thhc: 

_ M= (a + 6)(l + c) _ 


Ldi giai. 


Dat m = —^,n = —^,p — 2,k = 

V5 3 

Ap dung bat dang thutc Cauchy - Schwarz, ta co: 

M2 ^ (m + n) (m + ») ( 1 +P) ( 1 + p) =JV 

Ap dung bat dang thutc AM - GM, ta co: 

N = (m + n)(l+p) + A + k^\ < (m + n)(l + p) f^ + ^ + k + k<?V 

k \m n J \ P ) ~ 4/c \m n p ) 

Theo each dat m, n,p, k nhrf tren, ta se co: 

a 2 b 2 , kc 2 npa 2 + pmb 2 + kmne 2 , y/5 . 0 -\/5 ./» 

— + - + fc + — = —---+ k = tw. 12a 2 + 3b 2 + 2c 2 + 2— = 2^ 

m n p mnp 12 3 

Cuoi cung, ta thu drfOc: 


Tut do suy ra: 


^<y< (m + n) , (1+i,) .(2V5y = 45 
M < 3a/5 


Vay maxM = 3-\/5 . b = j . c = 2.D 

V5 v 5 


5.5 | Cho cac so thrfc drfOng a, b, c. Chutng minh rang: 

a 2 b 2 c 2 ^ 1 

3a 2 + (6 + c) 2 + 36 2 + (c + a) 2 + 3c 2 + (a + 6) 2 “ 2 


Ldi giai. 
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Ap dung bat dang thufc cauchy-Schawrz, ta co: 

- — -_ £-—-< £- — - + ——— = - + E——— 

^ 3a 2 + (b + c) 2 ^ a 2 + b 2 + c 2 + 2a 2 + 26c “ ^ 4a 2 + 46 2 + 4c 2 ^ 8a 2 + 8 be 4 ^ 8a 2 + 8 be 


Ta can cluing minh: 


Ta co : 


E 


tUdng ditdng 
Phep eh brig minh hoan tat.D 


be > (ab + bc + ca ) 2 

a 2 + bc ~ a 2 b 2 + b 2 c 2 + c 2 a 2 + abc{a + b + c) 

abc(a + b + c) > 0 Dung 


5.6 | Cho a, b, c la cac so thufc duong thoa man abc = 1. Cluing minh rang: 

/ 1 1 1 \ a b c „ (a b c\ 9l9 9 / , N9 

5 (^ + ^ + ?); # ^ + ^ + ^- 2 (^ + a + ^J +° +6 + c +(a+6+c) 

L6i giai. 


Bat dang thufc tufting dUdng vdi: 

( 1 1 1 \ a b c fa b c\ /9 , 9 9 , v 

5 (^ + ^ + a) + ? + ^ + ^- U + ? + ^j + (a + +c ) +2 (° h+bc+m ) 

Sil dung bat dang thufc AM - GM cung vdi gia thiet abc = 1, ta cd: 

EE 61c4+ ^ 

TUdng tU, ta chufng minh dufdc: 

1 1 

? + ? 

4 + 4 > 2 b 2 

c 4 a, 4 

Cdng theo ve ba bat dang thufc tren, ta dufdc: 


hay 


2 (EE?) s2 < o2+62+ « 


4 (EE?E 4( ° 2+62+c2) 

1c AM - GM, ta cd: 

)+4 +a2 ) + 4 +t2 )-5 + 

fc tren, ta dufdc: 

- 3 <a 2 +i, 2 +c 2 )+ 2 (p + E^) 


Tiep tuc ap dung bat dang thufc AM - GM, ta cd: 

(E c2 ) + (f + “ 2 ) + (^ +62 ) 

Cdng theo ve hai bat dang thufc tren, ta dufdc: 

■(?** 

Bay gid ta chi can cluing minh: 

a 2 fj 

Lai ap dung AM - GM, ta cd: 


2 + b 2 + c 2 H——4—yuff'Ty A 2(a6 + be + c 
c 2 a 2 o 2 


a 2 + — + be = a 2 + — + ab 2 c 2 > Sea 
b 2 b 2 

Xay dung cac bat dang thufc tUdng tU, ta dude: 

b 2 + + ca > 3ab 
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c 2 + \ + ab > 3 be 
a 2 

Cong theo ve ba bat dang thbc nay, ta dope: 

a 2 + + be + b 2 + % + ca + c 2 + + ab > 3 (ab + bc + ca) 

b 2 c 2 a 2 

hay 

a 2 +^ + b 2 + ^ + c 2 + \> 2 (ab + bc + ca) 
b 2 c 2 a 2 

Day chinh la dieu phai cluing minh. 

Phep chbng minh hoan tat. Dau "=" xay va <=> a = b = c = 1.0 



LcJi giai. 


Ta co mot bo de quen thuoc: 

Vdi x , y, z la cac so thuc dudng bat ki, ta luon co bat dang thtic: 

27 

(x + y + z) 3 > — (xy 2 + yz 2 + zx 2 + xyz) 

Dau "= " xay ra ^ x — y = z. 

Ap dung bo de tren va ket hop vdi gia thiet abc = 1, ta co: 

(a 2 b + b 2 c + c 2 a) 3 > a 2 b 5 c 2 + b 2 c 5 a 2 + c 2 a 5 b 2 + a 3 b 3 c 3 ) = ^(a 3 + b 3 + c 3 + 1 


Ta se chbng minh: 


,/ <r , + y + c :! + T^ i _ > a4 . i 
V 4 \7a 3 + b 3 + c 3 \/3 


Ap dung bat dang thbc AM - GM, ta 


a? + b 3 + c 3 + 1 = 3. AtAtd + l>4l) 


3 1 a 3 + b 3 + c 3 + 1 Ja 3 + b 3 + c 3 

3 V-i- S 3 V—3— 

Bay gid ta chi can chbng minh: 

o ,4/ a 3 + b 3 + c 3 | 1 ^ 0 , 1 

V 3 v^a 3 + b 3 + c 3 “ ^3 

l a 3 _)_ ^,3 _|_ c 3 

Dat t = W--- > v / ahc = 1, bat dang thbc trd thanh: 

1 1 

3t 3 + >3+^= 

v^t 2 v^3 

Dieu nay titOng ditdng vdi: 


3^3t 5 - 3^3 1 2 - t 2 + 1 > 0 


(t — l)(3v^3t 4 + 3\^3t 3 + 3-^3 1 2 — t — 1) > 0 (luon dung vi t > 1 
Phep chbng minh hoan tat. Dau "=" xay va ^ a = b — c — 1.0 
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Ldi giai. 

Theo bat dang thilc Cauchy — Schwarz ta co: 


d + g! + f!> C. +» 5 + d >_£_ 

y3 ^3 q^3 j yQ | ^6^4 rj^QyA _j_ y^g 4 | ^6/^4 

Vay nen ta can chtfrig minh: 

x 6 y 4 + y b z* + z V < 3 


Tif bat dang thdc quen thuoc: 


(a + b + c) 2 
3 


> a& + be + ca ta co: 


x 5 y 5 + + z 5 x 5 < 3 


Suy ra: 

15 > J](x 5 + 3iV + i 10 ) 
Sd dung bat dang thde AM — GM: 

x 5 + 3 x 5 y 5 + x 10 > 5 x 6 y 3 

Lam tricing tit vdi cac bieu thde con lai ta drfdc: 

15 > 5 (x 6 y 4 + y 6 z 4 + z 6 x 4 ) 


hay 


x 6 y A + y 6 z A 


< 3 


Bat dang thde drfdc chdng minh. 

Dau dang thde xay ra khi va chi khi x — y — z = 1.0 
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Ttf gia thiet xy + yz + zx < 3 xyz taco —I-1— <3 

x y z 

Ap dung bat dang thilc AM — GM: 


111 3 

3 > - H-b-> - —> xyz > 1 

xyz tfxyz 


Dat a = tfx, b = y , a — tfz (x, y,z > 0) 

Bat dang thilc can chilng minh trd thanh: 

q 4 + 6 4 + c 4 > q^ + b^ + (? 


vdi a,b,clh cac so ditdng sao cho abc > 1 
Theo bat dang thilc Chebyshev ta co: 

3(a 4 + b A + c 4 ) > (a* # b 3 + c 3 )(a + b + c) 


Lai co theo AM — GM: 


a + b + c> Zyfabc > 3 


Ket hpp hai dieu tren cho ta dieu phai chilng minh. 
Dau dang tlnlc xay ra khi va chi khi x — y — z — !..□ 


5.10 | Cho a, b , c la cac so thuc doi mot khac nhau. Chilng minh rang: 

a 2 b 2 + 1 b 2 c 2 + 1 c 2 a 2 + 1 > 3 

_ (a — b) 2 (b — c) 2 (c — a) 2 ~ 2 _ 

LcJi giai. 

Ta chu y tdi bien doi sau: 

a 2 b 2 + 1 1 (1 — ab) 2 + (1 + ab) 2 1 (1 — ab) 2 (1 + ab) 2 

^ (a- b) 2 = 2'^ (q - b ) 2 = 2'^ (q - b) 2 + ^ (q - b) 2 ' 

Den day sil dung 2 bat dang thilc quen thuoc: 

x 2 + y 2 + z 2 > —2 (xy + yz + zx);x 2 + y 2 + z 2 > xy + yz + zx 


ta co: 

1 (1 - ab) 2 -sp (1 + ab) 2 > > 1 (1 - qfr)(l - be) (1 + qfr)(l + be) . 

2'^ (q — b) 2 ^ (a-b) 2 ’ ~ 2 { ^ ( a-b)(b-c) ^ (a - b)(b - c ) ’ 
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Bang phep quy dong va khai trien trite tiep ta co 2 dang thdc sau: 

(l — ab)(l — bc) (l — bc)(l — ca) (1 — ca)(l — ab) 
(a — b)(b — c) (b — c)(c — a) (c — a)(a — b ) 


(1 + aft) (1 + be) (1 + bc)(l + ca) (1 + ca) (1 + a&) 

(a — b)(b — c ) (6 — c)(c — a) (c — a) (a — 6) 

Suy ra: 

1 . \ (1 — a6) (1 — be ) ^—\ (1 + oft) (1 + 6c). 3 

2 (a — b)(b — c ) ^ (a — b)(b — c ) 2 

Phep chimg minh hoan tat.D 


5.111 Cho a, b la cac so thitc ditdrig. Chiing minh rang: 

a + b + a 2 b 2 + 54 ab > g 

_ ab _ (a + b)ab + 6a6 + 1 ~ _ 

L6i giai 1. 

Sd dung phrfdng phap doi bien p,q,r. 

Dat x — -,y — T , z = ab;x+ y + z = p,xy + yz + zx = q,xyz = r = 1 
a b 

Bat dang thde can chdng minh titling ditting vdi: 


x+y+z+ 


Ta co bat dang thde quen thuoc sau: 


xy + yz + xz + 6 
pq + 6p > 9q 


p q + 3 pr > Aq 
«=>• p 2 q + 3 p> Aq 2 


O P> 


-3+v / 9+W 

2 q 


Mat khac vdi q > 3 de thay: 


-3 + y/9 + 16g 3 9 q 

2 q ~ q + 6 

Nhif vay bat dang thde ditiic chimg minh. 

Dau dang thde xay ra khi va chi khi a = b = c = !.□ 


5.12 | Chdng minh vdi moi so thitc a, 6, c khong am ta co bat dang thde sau: 
_ ( a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 )(q + b + c) 2 > 8 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) 2 
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Ldi giai. 

Dat a 2 = x, b 2 = y, c 2 = z(x, y, z > 0). 

Bat dang thilc can chilng minh trd thanh: 

(x + y)(y + z)(z + x)(^/x + y/y + y/z) 2 > 8 {xy + yz + zx) 2 
Theo bat dang thilc AM — GM: 

y 2 ^>T^L 

^ V y - x + y 


Suy ra: 


( v ^+ v ^+^) 2 = 


Mat khac ta lai co: 

(x + y)(y + z)(z + x)(^x + ^^^) - 8 (xy + yz + zx) 2 = xy(x - y) 2 > 0 

Vay bat dang thilc chilng minh xong. 

Dau dang thilc xay ra khi va chi khi a = b = c.D 


5.13 | Cho cac so thitc drfdng x,y,z thoa man x + y + z = xyz. Chilng minh rang: 

y 


LcJi giai 1. 

Tit gia thiet x + y + z = xyz suy ra — + — + — = 1. 

xy yz zx 

Dat — a: — b: — c khi do ab + bc + ca = 1. 

' ® V z 

Bat dang thilc can chilng minh trd thanh : 



Theo bat dang thilc AM — GM va Cauchy — Schwarz ta co: 

S TVT+¥ = V a > V 2a > _ 2 (a + b + c) 2 _ 

y/ (a + b) (b + c) ^ 26 + a + c a 2 + b 2 + c 2 + 3(a6 + be + ca) 


= 2 , 


(a + b + c) 2 


(a + b + c) 2 + (ab + bc + ca) 


(a + b + c) 2 


(a + b + c) 2 + 


(a + b + c) 2 


3 

2 
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Bat dang tliilc chiing minh xong. 

Dau dang tliilc xay ra khi va chi khi x = y — z — \/3. □ 

L6i giai 2. 

Vi x,y,z la cac so drfdng thoa man x A y A z = xyz nen ta dat x — tanA ; y = tanB ; z = tanC vdi 
A, B, C la 3 goc cua mot tarn giac nhon va A A B A C = n. 

Bat dang tliilc can cluing minh trd thanh: 

tanB ^ tanC ^ tanA ^ 3 
tanA\/tan 2 B A 1 tanB \Jtan 2 C A 1 tanC V tan 2 A A 1 — 2 

cosAsinB cosBsinC cosCsinA 3 

O - 1 - 1 -> - 

sinA sinB sinC ~ 2 


Sti dung dinh If ham so Sine va Cosine de dita ve 3 canh tarn giac ta drfdc: 

b 2 + c 2 — a 2 ^ 3 
^ 9. - 9. 


a 3 A b 3 Ac 3 A ab 2 A be 2 A ca 2 > 3 abc A a 2 b A b 2 c A c 2 a 

Nhiing bat dang tliilc tren luon dung do ab 2 + be 2 A ca 2 > 3 abc ( theo AM — GM ) 
va a 3 A b 3 A c 3 > a 2 b A b 2 c A c 2 a ( theo bat dang thilc hoan vi ). 

Bat dang thilc cluing minh xong. 

Dau dang thilc xay ra khi va chi khi x = y = z = \/3. □ 


5.14 | Cho a, b, c la cac so thife thoa man a,b,c> 1, a 2 A b 2 ' A c 2 = 4.Chdng minh: 
1 1 1 < 9 

_ a + b + c~ 2 (Va 2 - 1 + Vb 2 - 1 + Vc 2 - 1) _ 


LcJi giai. 

Dat \Ja 2 — 1 = x. \fb 2 — 1 = y. y/c 2 — 1 — z tu viet lai gia thiet thanh: x 2 A y 2 A z 2 — 1. Bat dang 
tliilc can chdng minh trfdng drfdng vdi: 


(x + y + z)( 


1 




9 

2 


Theo bat dang tliilc Cauchy — Schwarz ta co: 


E 


x 



3X 2 

y ^ 2x 2 + y 2 A z 2 


E( 


x 2 Ay 2 x 2 A z‘ 


r) = 


3 

2 


y- V + z < I'V' 3(yAz) 2 < 

^ Vx^Tl - \l ^2x 2 Ay 2 A z 2 ~ 



x 2 A y 2 


2 ) = 3 
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Bat dang thete deTdc dicing minh. 

Dang thitc xay ra khi va chi khi a = b = c = 


2 

7i' c 


5.15 | Cho x , y, z la cac so there dcTdng. dicing ming rang: 

1 1 19 

_ x 2 'jfy$cy + y 2 y 2 + yz + z 2 z 2 4 - zx + x 2 ~ (x + y + z ) 2 

LcJi giai. 

Nhan ca 2 ve vdi x 2 + y 2 + z 2 + xy + yz + xz ta deTdc: 

x 2 + y 2 + z 2 + xy + yz + xz > 9(x 2 + y 2 + z 2 + xy + yz + xz) 
^ x 2 + xy + y 2 ~ (x + y + z) 2 


De y rang: 


£ 


x 2 + y 2 + z 2 + xy + yz + xz 
x 2 + xy + y 2 


3 j z(x + y + z) 
^ x 2 + xy + y 2 


Nen bat dang there can dicing minh trd thanh: 


3 + (x + y + z)(^ 


z 


x 2 +xy + y 2 


9(x 2 + xy + y 2 + yz + xz + z 2 ) 
(x + y + z) 2 


Theo bat dang there Cauchy — Schwarz ta co: 

z + x + y > _ (x + y + z) 2 _ 

x 2 + xy + y 2 z 2 + zy + y 2 x 2 + xz + z 2 ~ zx 2 + zy 2 + xz 2 + xy 2 + yx 2 + yz 2 + 3 xyz 

= (x + y + z) 2 

(x + y + z) (xy + yz + xz) 
x + y + z 
xy + yz + xz 


Vay ta can dicing minh: 


3 + (x + y + z) 2 > 9(x 2 + y 2 + z 2 + xy + yz + xz) 
xy + yz + xz ~ (x + y + z) 2 


(x + y + z) 2 9((x + y + z) 2 - (xy + yz + xz)) 

w o H-^ -7-rr;- 

xy + yz + xz (x + y + z) 2 


(x + y + z) 2 > 3(2(a 2 + b 2 + c 2 ) + ab + bc+ ca) 
xy + yz + xz ~ (x + y + z) 2 
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<^> (a + b + c) 4 > 3 (ab + bc+ ca)(2(a 2 + b 2 + c 2 ) + ab + bc + ca) 


De thay bat dang thile tren dung theo bat dang thile AM — GM cho 2 so. 

Phep chilng minh hoan tat. 

Dang thile xay ra khi va chi khi x — y = z. □ 

Bat dang thile tren cung la mot he qua trite tiep suy ra til bat dang thile Iran 1996. That vay, sil 
dung bat dang thile AM — GM ta co: 

VT = y^ 1 > y^ 4 (xy + yz + zx) _ = y- 4 (xy + yz + zx) 

^ x 2 + xy + y 2 ~ ^ ( y 2 + yz + z 2 + xy + yz + zx) 2 ^ (y + z) 2 (x + y + z) 2 


Nhit vay ta can chilng minh: 

1 1 1 9 

(x + y) 2 (y + x ) 2 (z -Ax) 2 ~ 4(xy + yz + zx) 

Nhrfng day la bat dang thile Iran 1996 quen thuoc. 


5.16 | Chilng minh vdi moi so three a, b, c ta co bat dang thile sau: 

_ 2(1 + abc) + i/2(l + a 2 )(l + b 2 )( 1 + c 2 ) > (1 + q)(l + fr)(l + c) 

Lofi giai. Bat dang thile da cho trfdng ditOng vdi: 

\/2(l + a 2 )(l + b 2 )(l + c 2 ) > (b #d)(l + a) + (1 — bc)(a — 1) 


^ yj ((1 + a) 2 + (a — 1) 2 )((5 + c) 2 + (1 — be) 2 ) > (1 + a)(b + c) + (a - l)(bc - 1) 

Ket qua nay dung theo Cauchy — Schwarz. 

Dang thile xay ra khi a = b — c — 1. □ 

Cung co the ap dung Cauchy — Schwarz rilin’ sau: 

2(1 + abc) + y/2 (a 2 + 1 )(b 2 + 1 )(c 2 + 1) = 2(1 + abc) + y/2[(ab + bc + ca — l) 2 + (a + b + c — abc) 2 ] 
> (ab + bc + ca — 1) + (a + b + c — abc) + 2(1 + abc) 

— (1 + a)(l + 5)(1 + c) 

Ta co dieu phai chilng rninh.n 
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5.17 | Cho a, b, c la cac so thitc ditdng thoa man a + b -Ac- = 3.Chtfng minh: 

12(- + \#>-) > 4(a 3 + 6 3 + c 3 ) + 21 

_a_ b _ cl _ 

LcJi giai. Gia sii c la so ldn nhat trong 3 so a, 5, c. Dat t = vdi t e (0,1] 

Xet f(a, b, c) — VT — VP. De thay /(a, b, c ) > f(t, t, c) vi (a + b) 2 ab < ^ ^ < 4. 

Lai co: 


/(t, t, c) = 3(2t - 1) 2 (^4^ + * + 2t - 30) 

De chilng minh f(t, t, c) > 0 ta se di chhng minh: g(t ) = 4 1 3 — 26 1 2 + 45t — 24 < OVt e (0,1] 
Ta thay g(t) dong bien nen g(t ) < g(l) = —1 < 0. 

Tit day ta co dieu phai chitrig minh. 

Dau dang thilc xay ra khi va chi khi a = b = 0.5, c = 2 va cac hoan vi.D 


5.18 | Cho ba so thitc ditdng a, b, c. Chitng minh rang: 

a(b + c) b(c + a) c(a + b) 7 ab be ca \ 

_ b 2 + c 2 c 2 + a 2 a 2 + b 2 ~ \ab + c 2 + be + a 2 + ca + b 2 ) 

Giai 

Ap dung bat dang thiic Cauchy-Schwarz , ta co: 


4 be _ 4 bc(b + c) , v (1 +1) 2 

bc + a 2 (b + c)(bc + a 2 ) C ° b(c 2 + a 2 ) + c(a 2 + b 2 ) 


< bc(b + c) 


1 \ c{b + c) b(b + c) 


6(c 2 + a 2 ) c(a 2 + b 2 ) J c 2 + a 2 a 2 + 5 2 


= £ 


E 45c ^ \ c(6 + c) \ b(b + c) \ b(a + 6) \ c(c + a) 

bc + a 2 ~ ^ c 2 + a 2 ^ a 2 + b 2 ^ b 2 + c 2 ^ b 2 + c 2 

eye eye eye eye eye 

b(a + b ) c(c + a)\ ^ fK a + &) + c ( c + a ) \ ^+ c ) + + 


b 2 + c 2 + b 2 + c 2 ) 


= £ 


= ^/ a(5 + c) \ = y 

^ V & + c 2 / ^ & 2 + 

cj/c v ' eye 

Dang thtfc xay ra <+> a = b = c.O 


b 2 + c 2 


= E 


b 2 + c 2 


a(b + c) 


+ 3 


5.19 | Cho cac so ditdng a, b , c, x , ?/, z thoa man: 

(a + b + c)(x + y + z) = (a 2 + b 2 + c 2 )(x 2 + y 2 + z 2 ) = 4 

Chitrig minh rang: 

abexyz < — 
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Ldi giai. 

Sue dung bat dang thilc AM — GM ta co: 

4 (ab + bc + ca) (xy + yz + xz) = [(a + b + c) 2 - ( a 2 + b 2 + c 2 )] [(x + y + z) 2 - (x 2 + y 2 + z 2 )] 

= 20 - (a + b + c) 2 .(x 2 + y 2 + z 2 ) - (a 2 + b 2 + c 2 )(x + y + z) 2 
< 20 — 2y/(a + b + c) 2 .(x 2 + y 2 + z 2 ).(a 2 + b 2 + c 2 )(x + y + z) 2 — 4 

=>- (ab + bc + ca) (xy + yz + xz) < 1 

Mat khac ta lai co: 

(ab + bc+ ca) 2 > 3 abc(a + b + c); (xy + yz + xz) 2 > 3xyz(x + y + z) 

(ab + bc + ca) 2 .(xy + yz + xz) 2 > 9abcxyz(a + b + c)(x + y + z) 

=> abcxyz < — 
y ~ 36 

Phep chimg minh hoan tat. 

Dang thitc khong xay ra. □ 


5.20 | Cho a, 6, c la cac so thnc dnong thoa man abc = 1. Chimg minh: 

a + b + c 5 1 a 2 + b 2 + c 2 

_ 3 ~ V 3 _ 

Ldi giai. 

Ta viet lai bat dang tlitfc dndi dang thuan nhat: 

(a + b + c) 5 > 81 abc(a 2 + b 2 + c 2 )(*) 

Ro rang chi can chtfng minh bat dang thijfc (*) vdi moi a,b,c dUOng. 

Khong mat tinh tong quat, gia sii c = min(a, b, c). 

Ta co cac danh gia sau: 

8 abc(a 2 + b 2 ) < c(a + b) 4 
8 abc 3 < 2 c 3 (a + b) 2 

Do vay, ta chi can chilng minh: 

8(a + b + c) 5 > 81c(a + fe) 2 (2c 2 ^;(a + b) 2 )( 1) 

Dat a + b = 2t va chuan hoa cho a + b + c — 3. Thay c = 3 — 2t vao (1), ta drfdc: 

3 > t 2 (3 — 2t)((3 — 2t) 2 + 2t 2 ) 

^ At 5 - 14 1 4 + 18 1 3 - 9t 2 + 1 > 0 
<+(t- 1) 2 (4 1 3 -6t 2 + 2t + l)>0 

Bat dang thhc nay hien nhien dung vi t > 1 ( Do c = min(a, b,c) ). 

Phep cluing minh hoan tat. 
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Dang thde xay ra khi va chi khi a = b — c — 1. □ 


5.211 Cho a, b, c la cac so time throng thoa man ab + bc + ca = 3. Chdng minh: 

I a 2 b 2 + b 2 c 2 + c 2 a 2 

i + b + c > abc + 2' 


LcJi giai 1. 

Dat x + y + z = p, xy + yz + zx = q, xyz = r. 

Bat dang thilc can chilng minh tirong dirdng vdi: 

3 (p — r) 2 > 4(9 — 2 rp) 


Theo bat dang thtrc Schur bac 4 ta co: 


r > (4 q-p 2 )(p 2 ~q) 

~ 6 p 

Mat khac ham so f(p, r ) = 3 (p — r) 2 — 4(9 — 2 rp) dong bien theo r nen ta co: 

3 

= (p — 3)(p — 1)(p + 1)(p + 3) (p 2 - 12) 2 

12p 2 — 

Bat dang thhc nay dung vi p > 3. 

Phep chdng minh hoan tat. 

Dang thhc xay ra khi va chi khi a = b — c — 1 . □ 

LcJi giai 2. 

Gia stf b la so nam giha a va c. Khi do, sd dung bat dang thde don gian 4 xy < (x + y) 2 , ta se quy 
bai toan ve chdng minh bat dang thde manh hon la: 

o^b 2 -|- b 2 c 2 c 2 q ,2 

ab(a + b) + bc(b + c) + ca(c + a) > - - -b b(ab + bc+ ca) 


Tirong diTOng vdi: 


ca(a — b)(b — c ) 

b 


> 0 


Nhimg danh gia tren dung theo dieu gia sd. 
Ta co dieu phai chdng rninh.D 


5.22 | Cho 3 so tliirc dirong thay doi a, b, c sao cho:a + b + c — 3. Tim gia tri nho nhat cua 
bieu thde: 


A — (a + b-tc) 2 + (ab + bc + ca) 


/1 + a 2 b + b 2 c + c 2 a\ 
V a 2 b + b 2 c + c 2 a ) 


_81_ 

(a + b)(b + c) (c + a) + abc 
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Ldi giai. 

Sue dung bat dang thde AM — GM ta c6 cac danh gia sau: 

(1) 

3(a 2 + b 2 + c 2 ) — (a + b + c)(a 2 + b 2 + c 2 ) 

= ab2 +a2fe ) 
> 3(a 2 6 + b 2 c + c 2 a) 

^ a 2 + 6 2 + c 2 > a 2 6 + 6 2 c + c 2 a 


( 2 ) 

(3) 


abc < 


(a + b + cf 
27 


1 


(a + 6)(6 + c)(c + a) < 


8(a + b + c) 
27 


3 

- = 8 


9 — t 

Dat a 2 + b 2 + c 2 = t => ab + be + ca = ^ . 

Xet f(t) — t+ ~^—“.(3 + vdi t > 3 Ta co: 




2(t 3 - 2 1 2 - 9) 
At 2 


Giai phrfdng trinh f(t) = 0 ta drfdc t = 3. => /(t) > /(3) = 13(4). 

Td (2), (3) va (4), suy ra MinA = 22 

Dang tilde xay ra khi va chi khi a = b — c — !.□ 


5.23 | Cho a, b, c la cac so thuc khong am sao cho khong ton tai 2 so dong thdi bang 0 va thoa 
man a 2 + b 2 + c? = 2. Chdng minh: 

1 — a 2 1 -b 2 1-c 2 1 

_ b 2 + be + c 2 c 2 + ca + a 2 a 2 + ab + b 2 ~ 2 _ 

Ldi giai. 

Td gia thiet a 2 + b 2 + c 2 — 2 ta viet lai bat dang thde can chdng minh thanh: 

a 2 + be b 2 + ca c 2 + ab 

b 2 + be + c 2 + c 2 + ca + a 2 + a 2 + ab + b 2 ~ 

Day la mot ket qua quen thuoc, chdng minh no nhn sau: 

Xet hieu: 


a 2 + be XX° 2 + bc)(c 2 +ca + a 2 )(c 2 + ca + a 2 ) 

b 2 + bc + c 2 U(a 2 + ab + b 2 ) 

_ E « 6 + Ea 5 (nc)-Ea 4 (^ 2 + c 2 )-E ^ 3 
Il(a 2 + ab + b 2 ) 


Den day sd dung bat dang thde AM — GM ta co: 

a 5 b + 3 b 5 a > 4 a 2 b A 
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Hoan toan titdng tit vdi so hang con lai roi cong theo ve ta ditdc: 


=> a 5 (b + c) + b 5 (c + a) + c 5 (a + b) > a 4 (b 2 + c 2 ) + b 4 (a 2 + c 2 ) + c 4 (a 2 + b 2 )( 1) 
Mat khac de thay rang: 

a 6 + 6 6 + c 6> a 3 6 3 + 6 3 c 3 + c 3 a 3 (2) 

Tit 2 bat dang thitc (1) va (2) suy ra: 

Ea 6 + E^ + c)-Ea 4 (6 2 + c 2 )-E^ 3 >n 

Y[{a 2 + ab + b 2 ) 

Phep chitng minh hoan tat. 

Dang thitc xay ra khi va chi khi a = b = 1, c = 0 va cac hoan vi.D 


5.24 | Cho a, b, c la cac so thitc khong am sao cho ab + bc + ca > 0. Chitng minh rang: 
a 3 + abc b 3 + abc c 3 + abc _ 


m+P. 




a 2 ^m 


> a + b +■ c 


Ldi giai. 

De y rang: 

a 3 + abc a 3 + abc — ab 2 — ac 2 a(a — b)(a — c) 

b 2 + c 2 a b 2 + c 2 b 2 + c 2 

Vay nen bat dang thitc can chitng minh titOng ditong: 

a(a — b)(a — c) b(b — c)(b — a) c(c — a)(c — b)> 
b 2 + c 2 ^ c 2 + a 2 + a 2 + b 2 ~ 

Khong mat tinh tong quat, gia sit a > b > c khi do de thay rang: 

_g_>_ c 

b 2 + c 2 ~ c 2 +a 2 ~ a 2 + b 2 

Nen theo bat dang thitc Vornicu — Schur ta co dieu phai chitng minh. 
Dang thitc xay ra khi va chi khi a = b — c. □ 


5.25 | Cho a, b , c la cac so thitc khong am sao cho ab + bc + ca > 0. Chitng minh rang: 


CL +6 + c ^ - 


b + c 


a + b 


Ldi giai. 

Bat dang thitc can chitng minh titdng ditOng vdi: 


2 abc( 1 # — -1-,) > 2 (ab + bc + ca) — (a 2 + b 2 + c 2 ) 

K b + c &.+ a a + b ~ v ' v 2 


Theo bat dang thitc Cauchy — Schwarz ta co: 


n , , 1 1 1 , 9 abc 

2a6c(—— 1-—-1-—) > - 


y b + c c + a a + b a + b + c 
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Vay ta can cluing minh: 


a 2 + b 2 + c 2 4-— > 2 (ab + bc + ca) 

a+b+c~ v 


Nlnrng day lai la bat dang thilc Schur dang phan thilc. 

Chilng minh hoan tat. 

Dang thilc xay ra khi va chi khi a = b — c hoac a = b, c — 0 va cac hoan vi. □ 


5.26 | Cho a, b, c, d la cac so ditdng thoa man q 2 + b 2 + c 2 + d 2 = 1. Chilng minh: 
_ (a — 1 )(b— l)(c — l)(d — 1) > abed _ 


L6i giai. 

Khong mat tinh tong quat, gia sil d > a > c > b. 

Sil dung bat dang thilc Cauchy — Schwarz de thay: 


2(a + b ) < a + b + c+ d < \J 4(a 2 + b 2 + c 2 + d 2 ) = 2 
=> a + b < 1 

Xet 2 so a va b ta co danh gia sau: 


1 — a 1-6 


V2 


O (a — b) 2 (l — a — b) + 2ab(^2(a 2 + b 2 ) — a — b) >0 
Nlnr vay chi can chilng minh bat dang thilc khi a = b = c < d tile la chilng minh: 

(1 — q)(l — b) > cd 


2 — 2a — 2b + 2ab > 2cd 
^ (a + b — l) 2 + (c — d) 2 > 0 

Phep chilng minh hoan tat. 

Dang thilc xay ra khi va chi khi a = b — c — !.□ 


5.27 | Chilng minh vdi cac so thitc ditdrig x, y, z ta co bat dang thilc sau: 
_ xyz + x 2 + y 2 + z 2 + 5 > 3(x + y + z) _ 


L5i giai 1. 

Si! dung bat dang thilc AM — GM ta co: 


xyz + xyz + 1 


9xyz 
x + y + z 


Mat khac theo Schur bac 2 dang phan thilc: 


9 xyz 
x + y + z 


> 2(xy + yz + xz) — x 2 — y 2 — z 2 
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Nhu vay ta can phai chdng minh: 


2(x 2 + y 2 + z 2 ) + 2 (xy + yz + xz) — x 2 — y 2 — z 2 + 9 > 6(x + y + z) 

(x + y + z) 2 + 9 > 6 (x + y + z) 

Bat dang thdc tren dung theo AM — GM.O 

LcJi giai 2. 

Dat x = a + l,y = b + l,z — c + 1 (a, b,c> —1). 

Bat dang thdc can cluing minh trd thanh: 

abc + ab + bc + ca + a 2 + b 2 + c 2 > 0 

Do (abc) 2 > 0, nen gia sd ab > 0. Ket hop vdi c > —1 ta co: 

ab(c + 1) > 0(1) 


Lai co: 

a 2 + b 2 + c 2 + bc +ca = (a + V) 2 + (b + V) 2 + y ( 2 ) 

Tit (1) va (2) ta co dieu phai chiing rninh.D 

LcJi giai 3. 

Ta sd dung phuong phap don bien. 

Dat f(x, y, z) — abc + a 2 + b 2 + c 2 + 5 — 3(a + b + c) 

Khong mat tinh tong quat, gia sit c = min{a, b, c}. 

Ta co: 

/(a, 6, c) — / ^Va£>, Vab , = (^/a — Vbj (a + b + 2 Vab — 3 ^ 

f , ^ f a + b a + b \ (a - bf 
/( a > b,c) — f ( - , - , cl = - - - (2 — c) 

Td day ta thay rang: 

- Neu c > 1 thi f(a, b,c) > f (^Vab, Vab, 

- Neu c < 1 thi f(a, b,c)>f cj 

tdc la ta chi can chdng minh bai toan trong trUdng hop co hai bien bang nhau. 

Xet f(x, x, c) — x 2 (c T 2) — 6x T c 2 — 3c T 5 

Xem f(x , x, c) > 0 la mot bat phuong trinh bac hai an x, bat phuong trinh nay co: 

A' = —(c — l) 2 (c + 1) < 0 

Nen suy ra f(x, x,c) > 0 Vx, c > 0 Phep chdng minh hoan tat. 

Dang thdc xay ra khi va chi khi a = b — c — 1 . □ 


5.28 | Cho a, b, c la cac so thuc dUOng thoa man a + b + c = 3. Chdng minh: 


a 2 + b 2 + c 2 
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Ldi giai 1. 

Dat x + y + z = p, xy + yz + zx = q, xyz = r, de thay q < 3 
Theo bat dang tilde Cauchy — Schwarz ta co: 

a + b + c > (a + b + cf = 9 
b c a ~ ab + be + ca q 

Lai co a 2 + b 2 + c 2 = p 2 — 2 q. Vay ta can chdng minh: 


9 >jCzl « + 2 


q o 

(3 — g)(9 — 2q)(q + 9) 

~-v-- 

Bat dang thde tren dung do q < 3. 

L6i giai 2. 

Nhan hai ve cua bat dang thde vdi a + b + c ta drfdc: 

a 2 a 2 a 2 ab be ca , /—r-=—- ttv 

——I— - —I—-—I-1-1— - —h(t + 6 + c> yj%{a 2 + b 2 + c 2 ) A 6 

b b b c a b 

De dang chdng minh drfdc theo AM — GM: 


ab be ca 
-+-+—>3 
cab 


Vay de chdng minh bat dang thde ban dau ta can chdng minh: 

Y + - + - > ^3(a 2 + b 2 + c 2 ) 
b c a 

•w- ^ ' ( —— 2a + 6) > -\/3(a 2 + b 2 + c 2 ) — (a + b + c) 

^ (a - fr) 2 > _ (a ~ fr) 2 _ 

^ b ~ ^ 3( a 2 + 6 2 + c 2 ) + (a + 6 + c) 

^ V(a - 6) 2 (^ - . L-) > 0 

^ & -y/3(a 2 + b 2 + c 2 ) + (a + 6 + c) 

Bat dang thde tren hien nhien dung vdi a,b,c> ().□ 

Lefi giai 3. 

Trrfdc het ta co mot bo de quen thuoc: 

x y z > %x 2 + y 2 + z 2 ) 

y z x ~ ( x + y + z ) 2 

Ap dung bo de tren ta chi can dicing minh drfdc: 

9(a 2 + b 2 + c 2 ) ^ fa 2 + b 2 + c 2 : 0 
(a + b + c) 2 -V 3 + 
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Dat x = \J <++b^+c 2 > i Bat dang thde trd thanh: 

3x 2 >x + 2 
& (x-l)(3x + 2) > 0 

Chdng minh hoan tat. 

Dang tlitfc xay ra khi va chi khi a = b = c = !.□ 


5.29 | Chdng minh vdi a, 6, c la cac so thitc ditdng ta co bat dang tilde sau: 
a 2 b 2 c 2 10 abc 

_ (b + c ) 2 + (c + a) 2 + (a + b ) 2 + (a + b)(b + c)(c+ a) ~ _ 

Ldi giai. 

Dat a = x, —-— = y, — C — = z. Khi do ta co cac dang thde va bat dang thde quen thuoc 
b+c c+a a+b 

sau: 

{ xy + yz + zx + 2 xyz = 1 
x+V+z >| 

Bat dang tilde can chdng minh trd thanh: 

x 2 + y 2 + z 2 + 10 xyz > 2 

Tit dieu kien x + y + z > | ta co: 

x 2 + y 2 + z 2 + Qxyz + Axyz > x 2 + y 2 + z 2 4--b 4 xyz 

x + y + z 

Mat khac theo Schur ta lai co: 

x 2 +y 2 + z 2 -\ -— > 2 (xy + yz + zx) 

x + y + z 

=> x 2 + y 2 + z 2 + 10 xyz > 2 (xy + yz + zx) + ixyz = 1 

Phep chilng minh hoan tat. 

Dang tilde xay ra khi va chi khi a = b = c.O 


5.30 | Cho cac so tliifc khong am a, b, c thoa man a + b + c = 1. Chdng minh: 
_ < (a - 6)(6 - c)(c - a) < ^ _ 

Ldi giai. 

Ro rang bai toan se drfdc chdng minh neu ta chdng minh drfdc: 

\(a — b)(b — c)(c — a)| < 

Ta co bride dd doan nhrf sau: 

Bat dang thde la doi xdng nen ta drf doan dang thde xay ra khi co mot so bang 0, vi d day khong 
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the xay ra trOPng hpp co hai so bang nhau dope vi khi do (a — b) (b — c) (c — a) = 0 va ta gia sO 
c = 0 de thu dope |— ab(a — b)\ < a + b = 1. Gia he nay ta tim dope a = b = c = 0. 
Va ta co lPi giai bang AM — GM nho sau: 

Gia sO a > b > c. Khi do sh dung bat dang thOc AM — GM ta co: 

\(a — b)(b — c)(c — a)\ = (a — c)(b — c) (a — b) 

< (a + c).b.(a + c — b) 

= (a/ 3+ l) (a + c).b(V 3 - l)(a + c - b) 

— 1) + (a + c — b) 

1 \/3(e + b + c) \/3 

= 2' 3 = 18 

Phep chOng minh hoan tat. 

Dang thOc xay ra khi va chi khi a — 3+ b /^ , b — c — 0 va cac hoan vi.D 

5.311 Cho a, 6, c la cac so doong thoa man abc = 1. ChOng minh: 

a 3 b 3 c 3 1 

_ 4 + 2 b 2 (a + c) + c 3 4 + 2c 2 (a + b) + a 3 4 + 2 a 2 (b + c) +b 3 ~ 3 _ 

Lcfi giai. 

Ap dung bat dang tilde Holder ta co: 

E a 3 ^ (a + b + c) 3 

4 + 2 b 2 (a + c) + c 3 — 3(12 + 2 a 2 (b + c) + 2 b 2 (a + c) + 2 c 2 (a + 6) + a 3 + b 3 + c 3 ) 

Nho vay ta chi can chOng minh bat dang thOc sau: 

(a + b ’b e) 3 > 12 + 2 o, 2 (b + c) + 2b 2 (a —I— c) —I— 2c 2 (a + 6) + a 3 + 5 3 + c 3 

Dieu nay tOOng dOOng vPi : 

a 2 (b + c) + b 2 (a + c) + c 2 (a + b) > 6 

Nhong danh gia tren hien nhien dung theo AM — GM 
ChOng minh hoan tat. 

Dang thOc xay ra khi va chi khi a = b — c — l.D 

5.32 | Cho mid so thOc thoa man a 5 — a 3 + a — 2 = 0. ChOng minh: 

a 4 ® + cl 42 + 7 a 3 + 12a 4 + 12 3 /— 

_ a 12 + 7a 8 + 7a 4 + 12 ~ < V _ 

LPi giai. 


^ 1 (x/3 + l) (a + c) + 6(\/3 

- 2' 3”“ 
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Tit gia thiet ta co: | = a 4 — a 2 + 1 > 0 a > 0. 

Sii dung bat dang thdc AM — GM: 

a 3 + 2 = a 5 + a > 2 a 3 

Do dau dang thtic xay ra khong thoa man phudng trinh tren nen suy ra a < v^2(l) 
Bat dang thtfc can chitng minh tUOng dudng : 

a 16 + a 12 + 7a 8 + 12a 4 + 12 < a 14 + 7a 10 + 7a 6 + 12a 2 
^ (a 4 - a 2 + l)(a 12 - 7a 6 + 12) < 0 
a 12 - 7a 6 + 12 < 0 

Mat khac do a ^ 1 ta lai co danh gia sau: 

(a — l) 2 > 0 2 ^ Q + ^ > 4 (a 2 + l)(a 4 -a 2 + l)>4<^a 6 + l>4 

Suy ra 

a > ^3(2) 

Tit (1) va (2) ta co dieu phai cluing rninh.D 


5.33 | Cho a, b, c la cac so thitc ditdng thoa man a + b + c > ab + ac + be. Chtfng minh rang" 
a 6 c 

— H-1— > a + b + c 

_ h _ c a _ 

Ldi giai. 

Ap dung trite tiep bat dang thile Cauchy — Schwarz ta co 

a b c a 2 b 2 c 2 (a + b + c) 2 (a + b + c) 2 

— H-1— = -7 + :—I-> —- - - A - j -= a + b + c 

b c a ab be ca ab + bc + ca a + b + c 

Dang thitc xay ra khi va chi khi a = b = c = !.□ 


5.34 | Cho cac so thuc khong am a, b, c thoa man ab + bc+ ac = 1. Chitng minh rang : 

, ab be ca , 3\/3 

a + b + c *4- r—--1- ■ -1-. > - 

_ b + c c + a a + b 2 _ 


LcJi giai. 

Ta viet lai bat dang thitc thanh: 


(a + b 4 


c) fc + cTo" 


a + b 


)> 


3^3 


Sd dung bat dang thitc Cauchy — Schwarz ta co: 

b 


, .. ^ o u, (a + b + c) 3 

a + + + c c+ a a + b ~~ a 2 + b 2 + c 2 + ab + be + ca 

(a 2 + b 2 + c 2 + 2) 3 


(a 2 + b 2 + c 2 + l) 2 
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Dat a 2 + b 2 + c 2 — t. 

Theo bat dang thiic AM — GM ta co: 


(t + 2) 3 

(t + 1) 2 


,t +1 t + 1 
( — + — + 1) 


« + i ) 2 


- N 




(«+i ) 2 


3\/3 

~Y~ 


Phep chilng minh hoan tat. 

Dang thiic xay ra khi va chi khi a = b — c — !.□ 


5.35 | Cho cac so a, b , c ditdng thoa man abc = 1. Chilng minh rang: 


r + 


b 3 


(1 + &)(! + c) (l + a)(l + c) (l + q)(l + b) 


LcJi giai. 

Ap dung bat dang thiic AM — GM ta co: 

a 3 1 + b 1 + c ^ 3a 

(l + 6)(l + c) ^ 8 ' 8 “ T 


b 3 1 + c 1 + a 3 b 

Hoan toan titdng tit ta cung co: ^ ^-g-1-g— > — va 

1 + b > 3a 

8 - T , 

Cong theo ve cac bat dang thiic tren ta ditpc: 


c 3 1 + a 

(1 + a) (1 + b) 8 


a 3 b 3 

(1 — 6) (1 + c) (1 + a)(l + c) 


c 3 3 — a — b + c ^ 3(a — b — a) 

(1 + a)(l + b) + 4 - 4 


a 3 b 3 c 3 2(a + b + c) - 3 2 • 3\/a6c - 3 _ 3 

^ (1 + b)(l + c) + (1 + a)(l + c) + (1 + a)(l + b) ~ 4 ~ 4 4 

Chilng minh hoan tat. 

Dang thiic xay ra khi va chi khi a = b — c — !.□ 


5.36 I Cho a, b, c la cac so dtfdng va - + - = -■ Chilng minh rang: 
- a c b 


a + b b + c > 
2a — b+2c — b~ 


LcJi giai. 

Do a, 6, c > 0, ta viet lai gia thiet thanh:- + - = 2. Ta co : 

a c 


a + b 
2a —b 


b + c 
2c-b 




b 


1 1 a 

T + T + f 


cac 


b 

c_ 

b 

a 
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, 9 2 14 x y 

StjC dung 2 bat dang tilde quen thuoc: —I— > -va —h - > 2 suy ra: 

x y x + y y x 


! - ! - £ > 2-2 l 


Chdng minh hoan tat. 

Dang tlidc xay ra khi va eh! khi a = b = c — !.□ 


5.37 | Cho x,y,z la cac so thrfc thuoc doan [0; 1] thoa man xyz — (1 — x)(l — y)(l — z). Tim 
gia tri nho nhat cua: 

_ F = x 2 + y 2 + z 2 _ 


LcJi giai 1. 

Ttf gia thiet suy ra: 

xy + yz + zx = 2 xyz + (x + y + z) — 1 
Theo bat dang thde AM — GM ta co: 

x 2 + y 2 + z 2 = (x + y + z) 2 - 2 {xy + yz + zx) 

= (x + y + z) 2 — 4xyz — 2(x + y + z) + 2 

4 

> (x + y + zf + (x + y + z) 2 - 2(x + y + z) + 2 


Dat t = x + y + z; t e [0; 3] ta drfOc: 

F — x 2 + y 2 + z 2 — -^.t 3 + t 2 - 2t + 2 

= i. (2 a-3) 2 .(f-«) + ^>^ 

Vay MinP = |. 

Dang tilde x; 

Ldi giai 2. 

Dat a = sin 2 a , b = sin 2 (3, c = sin 2r y. 

Td gia thiet xyz = (1 — x)(l — y){l — z) suy ra cot 2 a.cot 2 j3.cot 2 7 = 1 
Ta se chdng minh: 

x 2 + y 2 + z 2 >- t 


(1 + cot 2 a ) 2 (1 + cot 2 /?) 2 (1 + cot 2 q ) 2 4 


Dat cot 2 o: = a, cot 2 /3 — b, cot 2r y — c thi xyz — 1. 
Sd dung bat dang thde quen thuoc: —— + 


(1 + x ) 2 (1 + x) 2 1 + xy 


1 


1 


1 1 

- + 7 


(1 + x ) 2 (1 + x ) 2 (I + 2:) 2 1 + xy (1 + z) 2 

z 1 


z + 1 (1 + z ) 2 


□ 
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Ta can cluing minh: 


^ 3 

z + 1 + (1 + z) 2 ~ 4 
(z - if > 0 

Chilng minh hoan tat.D 



L6i giai. 

Vi bat dang thilc 6 dang thuan nhat nen ta chuan hoa x + y + z = 3. 
Bat dang thilc can chilng minh trd thanh: 

, Vy , V* > 3 
3 - 3-?/ 3 - z _ 2 

Theo AM — GM ta co: 


x 2 + \fx + \fx > 3 
2yfx > x(3 — x) 



Hoan toan titdng tit vdi cac bieu thilc con lai ta ditOc: 

Vx yjy yfz X + y + Z = 3 
3-x 3-y 3-z ~ 2 2 

Chilng minh hoan tat. 

Dang thilc xay ra khi va chi khi tarn giac x = y = z.D 
5.39 | Cho a,b,c> 1 thoa man a + b + c + 2 = abc. Chilng minh rang: 

_ bcVa 2 — 1 + caVb 2 — 1 + abVc 2 — 1 < abc _ 

LcJi giai 1. 

7 , 1112 

Til gia thiet, chia ca 2 ve cho abc A 1 ta dude — + -—I- 1 —— = 1. 

ab be ca abc 

Ta co nhan xet sau: 

Neu co 3 so x, y, z > 0 thoa man x 2 + y 2 + z 2 + 2 xyz = 1 thi khi do ton tai tarn giac ABC nhon 
sao cho x — cosA, y = cosB, z = cosC. 

Theo nhan xet tren, ap dung vao bai toan ta thay ton tai tarn giac ABC nhon sao cho: — = 

be 

cos 2 A] — - cos 2 B ; * = cos 2 C. 

, ca ab 

Bat dang thilc ban dau lai trd thanh: 

l~ cos 2 Bcos 2 C r cos 2 Ccos 2 A l~ cos 2 Acos 2 B 3\/3 

V cos 2 A V cos 2 B V cos 2 C ~ 2 
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Sii dung bat dang thiic Cauchy — Schwarz ta co: 




cos 2 Bcos 2 C FT cos 2 Bcos 2 C 
cos 2 A ~ V cos 2 A 


Mat khac, theo AM — GM de thay: 


cos 2 Bcos 2 C cos 2 Ccos 2 A 
cos 2 A cos 2 B 


cos 2 Acos 2 B 

cos 2 C 


> cos 2 A + cos 2 B + cos 2 C 


Nhu vay, cuoi cung ta chi can cluing minh: 


sin 2 A + sin 2 B + sin 2 C 



- 4 


Nhung bat dang thiic tren hien nhien dung. 

Phep cluing minh hoan tat. 

Dang thiic xay ra khi va chi khi a = b — c — 2.D 

LcJi giai 2. 

Dat t = 1 + l + \ Tit gia thiet ap dung AM — GM ta co: 


1 


2 1112 1 3 t 2 3 

abc ab be ca ~ 27 3 ^ ^ — 2 


Bat dang thiic can chiing minh tUOng duong: 


aby/ (3c — 3)(c + 1) + bc\J (3 a - 


3)(ci + 1) + cci \/(36 — 3) (6 + 1) ^ -abc. 


Cung theo AM — GM ta lai co: 

y; abyj (3c — 3)(c + 1) < y ab(2c — 1) = 6 abc — y ab < 
2 y ab > 3 abc 

(dung theo dieu kien (*)) 

Chiing minh hoan tat.C 


5.40 | Cho cac so tliUc duong x,y,z thoa man x + y + z = 1.Chiing minh rang: 

1 | 1 1 < 27 

_ 1 — xy 1 — yz 1 — zx ~ 8 _ 

Ldi giai 1. 

Bang phep quy dong va khai trien trite tiep, bat dang thiic can chiing minh tUdng duong: 

19 .xyz — 11 (xy + yz + zx) — 27 x 2 y 2 z 2 + 3 > 0 
Thed bat dang thiic AM — GM ta c 6 : 

xyz — xyz.(x + y + z) 3 > 27 .x 2 y 2 z 2 
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19 .xyz — 11 (xy + yz + zx) — 27 x 2 y 2 z 2 + 3 > 19xyz — 11 (xy + yz + zx) — xyz + 3 > 0(1) 
Khong mat tmh tong quat, ta gia silt rang z = min(x: y: z < X ^ Suy ra: 

(1) xy.(18z - 11) - Uz.(x + y) + 3 > (*^-) 2 (18z - 11) - llz.(l - z) + 3 

Nhrf vay ta chi can chrfng minh: 

(h^) 2 (i8z -11) - 1U.(1 - z )+3 > 0 

^ (2z+l).(3z- l) 2 > 0 

Bat dang thrfc tren hien nhien dung do z > 0. 

Phep chrfng minh hoan tat. 

Dau dang thrfc xay ra khi va chi khi x = y — z = 

Lcfi giai 2. 

Bai toan nay co the srf dung phrfdng phap tiep tuyen. 

Dat x — y — -,z = ^ thi bai toan drfdc viet lai thanh: 

Chd cac s 6 thrtc drfdng a, b, c thda man a + b + c— 3. Chrfng minh rang: 

1113 
9 — ab + 9 — bc + 9 — ca ~ 8 

Theo bat dang thhc AM — GM ta c 6 : 

ab < = hnhi 

~ 4 4 


Tif do suy ra: 

-U*_1_ 

9 - ab ~ -c 2 + 6 c + 27 

Mat khac tif gia thiet de thay a,b,cE (0; 3] nen ta co danh gia sau: 

4 9-c (c _ l) 2 (c _ 3) 

—c 2 + 6 c + 27 64 64(-c 2 + 6 c + 27) 


< 0 


Suy ra: 


- 2 -<_ 4 _ 

9 -ab~ -c 2 + 6 c + 27 “ 64 

„ , . , 1 9-a 1 9 -b 

Xay drfng cac bat dang thrfc trfdng trf ta cung co: -— < ——; -< —— 

9 — be 64 9 — ca 64 

Cong theo ve cac bat dang thrfc tren ta drfdc: 

1 1 1 27 - (a + b + c) _ 3 

9 — ab 9 — be 9 — ca ~ 64 8 
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Phep chttng minh hoan tat. 

Ngoai ra bai toan nay con co kha nhieu each giai, vi du nhtt sit dung ham bac nhat hoac sit dung 
danh gia sau: 

1 | i | i 3 

1 -xy + 1 -yz + 1 - “ ~ xy + yz + zx 


3.6 Bai 6.1 den bai 6.40 


6.11 Cho cac so a, b, c khong am thoa man: a 2 + b 2 + c 2 = 2(ab + bc + ca). Chttng minh rang: 

1 1 + ml 1 H - - + a /1 H-— ~-r > 1 + 2 V 2 

b + c V c + a V a + b _ 


LcJi giai. 

Dau tien ta se chttng minh bo de sau: 

Neu xy khong am thi \]l + x + s/\ + y > 1 + \Jl + x + y 

Chttng minh bang each binh phitdng 2 ve, cuoi cung ta dtfdc: xy >0 (dung) 

Khong mat tinh tong quat, gia sit a <b< c.Ta co: 


a 2 + b 2 < c(a + b) =+ c 2 > c(a + b) =>• c> a + b 
a b c 

Dat x — - - :y = -; z — - 7 thi xy + yz + zx + 2 xyz = 1(1). 

b + c c + a a + b 

Ngoai ra, tit he thtfc dau bai ta cung co ditpc x + y + z — 2 + 3xyz(2) 
— 2z 2 + 62: + 2 - 

Tit (1) va (2) suy ra x + y = ^2 + 2 —ZjTY" ^P dung bo de tren, ta co: 

Vl+~x + y/l + y > 1 + y/l + x + y 


Nhit vay, ta chi can chttng minh: 


y/l + x + y + -\/l + z > 2\[2 


Hay: 


+ 8 z + 3 


I 3z 2 + 2z + 1 
Ta luon co (z — l ) 3 > 0 nen theo AM — GM 


+ y/l + z > 2\/2(3) 


Phep chttng minh hoan tat. 

Dau dang thtfc xay ra khi va chi khi x = 0;y = z = 1 hay a = 0; b = c va cac hoan vi.D 


6.2 | Cho cac so a, b, c dtfdng thoa man: a + b + c — 3. Chttng minh rang: 


■x/lb^+'b + c v/Yc 2 + C-+ a yJ7a 2 + a + b 
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6.3 | Cho xi > x 2 > .... > x n > 0 thoa man Y^ x i < 400 va Yl x i > 10 4 - Chilng minh rang: 
_ yjxI + y/x^ > 10 _ 


L6i giai. 

Dat Xi = 25y, vdi moi i — 1, 2, ..., n. Khi do bai toan drfdc chuyen ve chilng minh: 

V?/i + y/yi > 2 


vdi yi > y 2 > • • • > y n > 0 thoa man yi + y 2 + -b y n < 16 va y\ + yf + ■ • ■ + y 2 > 16. 

Neu yi > 4 thi bat dang thilc hien nhien dung. 

Xet trUdng hdp y\ <4: Do y t < y 2 vdi moi 2 < i < n nen 

16 < y\ + y 2 H- \-yl < yl+yl + y 2 yz-\ -by 2 y n = y? + y 2 (y 2 + y3H- Vy n ) < yi + y 2 (l6-yi) 


Th day ta co: 


y2 > 


16 -y\ 
16-s/i 


m 


Hon ntfa, th danh gia tren ta cung suy ra drfdc y\ > 1. That vay, do y 2 < yi < 4 nen 


16 < y\ + y 2 (16 - yi) < yl + yi(16 - yi) = 16yi 


va ta de dang thu drfdc yi > 1 . 

Bay gid, srf dung bat dang thilc (*) thu drfdc d tren, ta co the dita bai toan ve cluing minh: 


Vm + 


16 — yl 
16 - yi 


> 2 


vdi 1 < yi < 4. That vay, ta dat ^Jy{ = t, 1 < t < 2. Bat dang thtfc trd thanh: 


J 


16 — t 4 
16 — t 2 


>2 -t 


^16 -t 4 > (2 — t) 2 (16 — t 2 ) 

^ (2 + t)(4 + t 2 ) > (2-i)(4- t)(4 + t) 

Bat dang thilc tren dung do4 + t 2 >4 + tva2 + t>3> 3(2 — t) > (4 — t)(2 — t). 
Phep cluing minh hoan tat.D 


6.4 | Cho tarn giac ABC. Chilng minh rang: 


111 3 

cos A + cos B + cos C H-/ - 1 -— > 2\/3 + - 

_ - v — - _ sinA _ siuB _ .smfcr _ 


L5i giai. 

Ill 3 

Dat f(A, B, C) — cosA + cosB + cosC H-- H-— H-— — (2v^3 + -) trong do A, B , C la 

sinA smB smC 2 
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do ldn 3 goc cua tam giac ABC vhA + B + C = n. 
Xet hieu : 


/(A B, C ) - f(A, *1°) = (co sB + COS C - 2C 0S ^) + (-L + -L - -1 


B + C, B-C , 1 

= 2 cos —-— (cos — - 1 ) + (- | 


1 


2 2 K sinB sinC sin- 

Mat khac chu y rang sinB, sinC la cac so drfdng cho nen theo bat dang thile AM — GM : 

1 1 2 4 2 _ 4(1 - cos 

sinB sinC sin^ §8 — sinB + sinC sito w S- sinB + sinC 


Do do ta co : 


f(A, B, C) - f(A, > 2 ( X - cos ~~o~^~~r~—~ n ~ cosB ~o C ) 

y y 2 ’ 2 K 2 ,y sinB + smC 2 ’ 

. B-C . 1 -smttF.cos^Jl.cos^ 

2 szn.B + smC 

Vay nen /(A 5, C) > /(A 

Tile la ta chi can cluing minh bat dang thile trong trifdng hop tam giac ABC can tai A, khi do 

B = ^ — — =>• cosB = cosC = sin—, sinB = sinC = cos—. 

2 2 2 ’ 2 

/(A ^ = (-M + 2^ - ?) + (-X + - 2v^) 

— (2sin^ — l) 2 + 1 + 4sin^ — 2\/SsinA 


De thay rang: 


Vay ta drfpc : 


1 > sin(^ + =#* 8 sin^- > 2\/SsinA + 4 sin 2 ^- 

A AAA 

> 1 4 -4sin— — 2\/2>sinA > 4 sin 2 — — 4 sin— + 1 = ( 2 sin— — l ) 2 


B + C B + C. . . ^4 , 2 . 1 

f(A, -,-) > ( 2 sm - 1 ) (-- 

J v ’ 2 ’ 2 ; “ v 2 ’ y sinA 


b)^° 


Chilng minh hoan tat. 

7T 

Dang thile xay ra khi va chi khi A = B = C = — .□ 


6.5 | Cho tam giac ABC khong vuong. Chilng minh rang: 

Stan 2 Atan 2 Btan 2 B—5(tan 2 A+tan 2 B+tan 2 C) < 9+tan 2 Atan 2 B+tan 2 Btan 2 C+tan 2 Ctan 2 A 


Ldi giai. 

Bat dang thile can chilng minh trfdng drfdng vdi: 

Atan 2 Atan 2 Btan 2 B — 4(tan 2 A + tan 2 B + tan 2 C ) — 8 < (1 + tan 2 A)(l + tan 2 B)( 1 + tan 2 C ) 

^ 4 II(^V4 - 1 )- 4 (E ^4 - 3 ) - 8 < y\cos 2 A 
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4 /y' 1 1 

^ n cos 2 A ^ cos 2 Acos 2 B ~ Jj cos 2 A 

3 

<t^> cos 2 A + cos 2 B + cos 2 C > - 

4 

1 + cos2A 1 + cos2B , 3 

^-1---1- cos C > - 

2 2 _ 4 

•O’ 2(cos2A + cos2B ) + 4cos 2 C + 1 > 0 



<0 2 cos(A - 

■ B)cos(A + B) + 4 cos 2 C + 1 > 0 


O 4cos 2 ( 

7 — 4cos(A — B)cosC + 1 > 0 


<0 (2cosC — 

cos(A — B)) 2 + sin 2 (A — B) > 0 

Bat dang thtfc tren hien nhien dung. 
Cluing minh hoan tat.D 


6.6 | Cho x e (0; f j 

. Chilng minh: 

. sinx ., 

(- > cosx 

_ X _ 


Bat dang thtfc can chilng minh tifdng difdng: 


Dat f(x) = 0 / — x vdi x G (0, —) 

' J w tfcosx v 2 ' 


_V cos x 

^COS 2 X 

3 cos 2 x + sin 2 x — 3vAos 4 


2 cos 2 x — 3 V cos 4 x + 1 


3vcos 4 x 

Khi do /(x) dong bien trong x e (0, |) O /(x) > /(0) = 0 
Phep chilng minh hoan tat. 


6.7 Cho x, ?/, 2 la c 

ac so thifc drfOng, a, b, c la 

canh va S la dien tich cua mot tam giac. 

Chilng minh rang: 

xa 2 + yb 2 + zc 2 > 4 V 

/xy + yz + zxS 


L 6 i giai. 

Gia stf BC la canh ldn nhat trong tam giac ABC. Goi H la chan difdng cao ha tit A xuong BC. 
Ta co: 

xa 2 + yb 2 + zc? = xBC 2 + y{HC 2 + HA 2 ) + z{HB 2 + HA 2 ) 

■ xBC 2 + (y + z)AH 2 + yHC 2 + ^B 2 (l) 
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Ap dung bat dang thrfc Cauchy Schwarz ta co: 

(yHC 2 + zHB 2 ) Q + -^ > (HB + HCf = a 2 

Suy ra: 

yHC 2 + zHB 2 > ^-(2) 

y + z 

Tit (1) va (2) suy ra: 

+ y# + zS > (*V + V*+ **)<? + („ + z)AH z 

> 2 y/xy + yz + zx.AH.a 
= k\Jxy + yz + zxS 

Cluing minh hoan tat. 

Dang thrfc xay ra khi va chi khi tam giac ABC deu.D 
Day la mot he qua cua bat dang thrfc Finsler — Hadwinger. 


6.8 | Chrfng minh rang trong tam giac ABC ta luon co: 
l/a(b 2 + c 2 — a 2 ) + b(c 2 + a 2 — b 2 ) + c(a 2 + b 2 — c 2 ) > 2 abc 

2 / y/p < VP ~ a + y/P ~ b + Vp ~ c < V^P vdi p la nrla chu vi. 

3/0,4 < £ < 0, 5 vdi a 2 + b 2 < c 2 

4/a 4 + b 4 + c 4 > 16 biet Saabc = 1 

5// + / + y 2 < 6R vdi l a , l b , l c la cac difdng phan giac tricing ring moi goc. 

6 /sinA.sinB + sinB.sinC + sinC.sinA > 9 .(^) 2 

Ldi giai. 

1/ Chia ca 2 ve cho 2 abc va ap dung dinh ly Cosine, ta co bat dang thrfc tnong drfOng: 

cos A + cos B + cos C > 1 
Mat khac, ta co dang thrfc quen thuoc sau: 

ABC 

cos A + cos B + cos C — 1 + 4 sin — sin — sin — 

De thay sin j, sin f, sin j > 0 do A, B, C la 3 goc cua tam giac nen suy ra: 

cos A + cos B + cos C > 1 

Day chinh la dieu phai cluing minh. 

2/ Sri dung bat dang thrfc y/a + Vb + y/c > y/a + b + c ta co: 

\Jp — a + \/p - b + y/p - c > a/3 p— (a + b + c) — y/p 
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Lai co theo Cauchy — Schwarz: 


Bat dang thdc ditOc chdng minh. 

3/ Ta co: 

S — pr — -c.h => 


r 

h 


c 

a + b + c 


Do a + b > c nen ta dtfdc | < | 
Mat khac ta lai co: 


c 2 > a 2 + b 2 > 


(a + b ) 


> a + b < cV2 


2 


Td do ta dtfdc: 


r > c 
h ~ c(y/2 + l) 


= a/2 - 1 > 0,4 


Chdng minh hoan tat. 

4/ Sd dung cong thdc Heron ta co: 


Saabc = pip ~ a){p - b)(p - c) = 1 

Suy ra: 

16 = (a + b + c)(a + b — c)(a + c — b)(b + c — a) 

— [(a + b) 2 — c 2 ] [c 2 — (a — b) 2 ] < (a 2 + b 2 + 2 ab — c 2 ) .c 2 
Ket hop vdi t4M — GM ta dcfpc: 


16 < 2 a 2 .c 2 + 2 b 2 c 2 — c 4 < (a 4 + c 4 ) + ( 6 4 -he 4 ) — c 4 = a 4 + 6 4 + c 4 


Chdng minh hoan tat. 

5/ Theo cong thdc diking phan giac, bat dang thdc can chdng minh titdrig ditdng vdi: 


Ta se chdng minh: 


ab be ac abc 3 abc 

- 1 - 1 -< 6 .— =- 

lc la lb - 45 2 S 

1113 
^ al a bib clc ~ 2 S 


b + c 


^ aVbcy/(a + b +t)(b + c — a) 2 S 

> + c)Vbcy/(a + b - c)(a + c - b) < g 

' nhr. 


(b + c)\/(a + b — c)(a + c — b) < 2 aVbc 

b + c 2 a 

<+ —;= < — , 

2 Vbc y/(a + b — c)(a+6 — b) 
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{b + c? 

Abc ~ a 2 — (b — c ) 2 




)<0 


Suy ra: 

(b + c)\/(a + b — c)(a + c — b) < 2 abc 

Hoan toan toeing tit vdi cac bieu thilc con lai ta co dieu phai chilng minh. 
6 / Theo dinh li ham so Sine ta co: 

• , • n ab . „ . „ be . „ . , ca 

sin AsmB = ; sin B sin 6 = ; sin 6 sin A = 


Bat dang thilc can chilng minh trd thanh: 

ab + bc + ca> 36r 2 

TO h« thee quen thuOc r* = ^ ~ a)(g ~ 6)(g ~ c) 


> 3 6r ^ ( P -«)(p-H(p-c) = 9( a + 6 - e )( t + e - a )( c + a _ t) 


Mat khac theo bat dang thilc Schur thi: 

9a£>c > 9(a + b — c)(b + c — a)(c + a — b) 
Cuoi cung ta chi can chilng minh: 

(a + b + c) (ab + bc + ca) > 9 abc 
Dieu nay dung theo bat dang thilc AM — GM: 


a + b + c> 3\/abc 
ab + bc + ca> 3\/a 2 b 2 c 2 

Chilng minh hoan tat. 

Dang thilc xay ra khi va chi khi tarn giac ABC deu.D 


6.9 | Gia sil a, 6 , c la 3 so there 


phan biet. Chilng minh rang 
|a + 6^6 + c^c + a| > ^ 
a — b b — c c— a 


Ldi giai. 

^ a + b b + c 

Dat x = - T , y = 


- thi ab + bc + ca = 1 . 


a — b b — c c — a 
Khi do theo bat dang thilc C — S ta co: 

(x + y + zf > 3 (xy + yz + zx) = 3. Suy ra \x + y + z\ > y/3 > 1. 


□ 


6.10 | Cho a, b, c la do dai 3 canh tarn giac thoa man ab + be + ca = 1. Chilng minh rang: 

1 1 1 5 

-r S - j-I-—- 1 - r~ 

_ a + b _ b + c _ c + a _ a + b + c + abc _ 
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Ldi giai. 

Dat p = a -A b q = ab -A bbc + ca,r = abc. 

Ta co p 2 > 3q = 3 

Hon nita a, b, c la 3 canh tam giac nen a 2 + b 2 + c 2 < 2 (ab -A be -A ca) =>• p 2 < Aq — 4 
Bat dang thtic can chilng minh titOng ditOng vdi p 3 + (p 2 + 6 ) r > Ap 
„ , 4 pq — p 3 Ap — p 3 

Theo bat dang thtic Schur ta co : r > ---= —-— 

Do do p 3 + (p 2 + 6)r >p 3 + ( p 2 + 6 ) (!) 

Ma p» + + 6 ) = ~P (£ - 4) (£ - 3) ^ Q (2) Ta (1) (2) D 


6.11 1 Cho ba a, b, c, x, y, z la 6 so ditong thoa man ax + by + cz — 1. Chdng minh rang: 
_ x + y + z > ' 


Lcfi giai. 

... ax b c b c 

Ta co x =- 1 - 1 — > —I— 

V z z y z y 

a c a b 

Tuong tit, co y > - H —, z > - A — 
z x y x 

„ b + c c + aa + b 

buy ra x + y + z > - 1 - 1 - 

x y z 

. , bArc c — a a — b 

=>(xA-yA-z)>xA - Ay A - A z A - 

x y z 

Theo BDT AM-GM ta co 

b — c c .A~ a a — b 

x A - Ay A - A z A -- 

x y_ z 

Vay x A-y A- z > y 


□ 


6.12 | Cho ba so thhc ditOng a, b, c. Chhng minh rang: 

_ Aa 2 b 2 c 2 > ( a 3 + b 3 + c 3 + abc) (a + b — c) (b + c — a) (c + a — b) _ 

Ldi giai. 

Gia si! a > b > c, neu b + c — a < 0 thi bat dang thde hien nhien dung. Neu b + c — a > 0 thi 
a, b,c la 3 canh cua tam giac. Ta co: 
a 3 A- b 3 A- c 3 A- abc < 

a A- b A- c ~ ^ 

Khai trien |^(a + b) 0(5 4 (c + b) oA + (a + c) Ol5 j > 0 vdi O la tam ditdng tron ngoai tiep tam 
giac ta co bat dang thilc can chitng rninh.D 


6.13 | Co a, 6 , c la 3 so thitc ditOng. Chitrig minh rang: 

a 2 + b 2 b 2 + c 2 c 2 + a 2 < 3 (a 2 + b 2 + c 2 ) 

_ aA-b bA-c c + a ~ aA-bA-c 


L 6 i giai. 

Bat dang thitc titdng ditOng vdi 
, , (a 2 A-b 2 b 2 + c 2 c 2 + a 2 

(aA-bA-c ) -— + -+- 

\ aA-b b-Ac c-A a 

^ a 2 -A b 2 -A c 2 -A 2abc ( -- + -- 1 --— ) >2 (ab-Abc-A ca) 

\a-Ab b-Ac c-Aa) 


< 3 (a 2 + b 2 + c 2 ) 

1 V 
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Mat khac theo bat dang thde Cauchy-Schwart thi 

i 1 19 

a + b + b + c+ c + a ~ 2 (a + b + c) 

Vay de chdng minh bai toan ta chi can chdng minh drfdc 

o , o rt 9 abc / \ 

a 2 + b 2 + c 2 #- - - > 2 (ab + be + ca) 

a + b + c 

Day chinh la bat dang thde Schur dang phan thde. Bai toan drfdc chdng minh. Dang thde xay ra 
khi a = b = c hoac a = b, c — 0 va cac hoan vi.D 


6.14 | Cho a; b; c dndrig va a 2 + b 2 + c 2 — 3. Chdng minh rang: 

_8 (2 — a) (2 — b) (2 — c) > (a + be) (b + ca) (c + ab) _ 

Ldi giai. 

Ta co 2 (2 — a) — 4 — 2a = b 2 + c 2 + ( a 2 — 2a + 1) > b 2 + c 2 
Ttfdng td ta co 2 (2 — b) > a 2 + c 2 , 2(2 — c) > a 2 + b 2 
Suy ra 8 (2 - a) (2 - b) (2 - c) > (a 2 + 6 2 ) (6 2 + c 2 ) (c 2 + a 2 ) 

Cuoi cung ta chi can chdng minh ( a 2 + b 2 ) (b 2 + c 2 ) (c 2 + a 2 ) > (a + be) (b + ca) (c + ab) 
Chdng minh bat dang thde nay khong kho khan, xin danh cho ban doc.D 


6.15 | Cho a, b, c la cac so thrfc drfdng thoa man a + b + c= 1. Chdng minh rang: 

1113 

_ a 2 (1 + a) + b 2 (1 + 6) + c 2 (1 + c) ~ 4abc _ 


Ldi giai. 

Ap dung bat dang thde Cauchy-Schwart ta co: 
y-v be _ b 2 c 2 > (EM 2 

a (1 + a) abc (1 + a) ~ 4abc 

Mat khac de thay (E be) 2 > 3abc (a + b + c) 

Vay E ~r ~—v > - Do do: 

■ y ^ a(l +a) ~ 4 

1 113 


a 2 (1 + a) b 2 (1 + b) c 2 (1 + c) 4 abc 

Dang thde xay ra tai a = b — c — 


6.16 | Cho a,b,c, la 3 so thpc drfdng. Chdng minh rang: 
_ 2 (a 2 + b 2 + c 2 ) + 3^ a 2 b 2 c 2 > (a + b + c ) 2 


Ldi giai. 

Bat dang thde trfdng drfdng a 2 + b 2 + c 2 + 3 \/a 2 b 2 c 2 >2 (ab + be + ca) 

Ma 3^oW > 9a6c 

a + b + c 

v 9 abc 

Do do ta chi can chdng minh a? + b 2 + c 2 - 1- - -> 2 (ab + be + ca) 

a + b + c 

Nhrfng day la BDT Schur dang phan thde. Vay, bat dang thde dau bai drfdc chdng minh. Dang 
thde xay ra tai a = b — c.O 


| 6.17 | Cho a, b , c la cac so thde drfdng. Chdng minh rang: 

_ a 2 b 2 (a — b) 2 + b 2 c 2 (b — c) 2 + c 2 a 2 (c — a) 2 > [(a — b)(b — c) (c — a)] 2 
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Ldi giai. 

Neu abc = 0 thi bat dang thhc hien nhien dung. 
Xet abc > 0, bat dang thilc dude viet lai nhu sau 


a — b\ fb — c\ fc — a\ (a — b b — c c — a 

—) +(—>.*(—) ^{— + — + — 

Tac6 ( E ^)X E (^) 2 +2E ^ 

Nhung 

a — b b — c a (a — b) (a — c) + b(b — c) (b — a) + c(c — a) (c — b) < ^ 
c a n abc ~ 

fa — b\ 2 ( a — b 

“( E ~ 

Bat dang thiic dude cluing minh. Dang thilc xay ra tai a = b — c.O 


6.18 | Cho a, b, c la cac so thuc thoa man a 2 + b 2 + c 2 = 1. Tim gia tri ldn nhat cua bieu thhc 
P = 

_ ^ 1 -ab _ 


Ldi giai. 


Xet 


P-3 


1 1 1 1 1 1 _ ab ^ ab 

2 - 2ab~2 + 2 - 2bc~2 + 2 - 2ac~2 ~ ^ 2 a 2 + 2 b 2 + 2 c 2 - 2 ab ~ ^ 2 c 2 + a 2 + b 2 


Mat khac Theo BDT Cauchy-Schwart ta co 
v- ab 1 (a + bf ^1 

2c 2 + a 2 + b 2 ~ 4 a 2 + c 2 + b 2 + c 2 ~ 4 \a 2 + c 2 ' b 2 + c 2 


6.19 | Cho x, y, z Thoa man — + -—|-= 1 . 

Tim GTLN cua 


V 

A = 


1 1 
l — x 1 — y 


Ldi giai. 

Ta dat , [- 


= b, 


1 

1-z 


Ta co 2 = ab, y = ac,x = be va a 2 + b 2 + c 2 = 1. 

Khi do .1 1 + 1 -r- *—• 

1 — ab 1 — be 1 — ca 

9 1 

Theo bai tren thi GTLN cua A la - khi x = y — z — 

2 3 


6.20 | Cho a,b,c> 0. CMR: 

_ a 3 + b 3 + c 3 + 6 abc > \fabc (a + b -^ c) 2 

Ldi giai. 

Ta xet hai trUdng hop 
„ _ . . 3 / , ^ ab + bc + ca 

TrUOng hop 1: V abc < --- 

“ a+b+c 

Khi do theo BDT Schur co 

a 3 + b 3 + c 3 + 6 abc > (ab + be + ca) (a + b + c) > \fabc (q + b + cf 
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rrr - 1 r, 3/ , ^ db + be + Cd 

Info'ng hop 2 : ubc > - - -. 

d + b + c 

Chuan hoa a + b + c = 3, bat dang thtfc tifOng difOng vdi 27 — 9 (ab + be + cd ) + 9 dbc > 9 \fabc 
Hay 3 + dbc > \fdbc + db + bc + cd. 

Theo gia thiet d tren ta co 3 \fdbc > db + be + cd. Vay ta chi can chtfng minh 3 + dbc > 4\/dbc. 
De thay vdi dbc < 1 thi bat dang thtfc nay hien nhien dung. 

Vay ta co dieu phai dicing minh. Dang tlihc xay ra tai a = b — c.D 


6.211 Cho 3 so thhc dhOng a, b , c thoa man a 2 + b 2 + c 2 = 3. Chtfng minh rang : 

V_ - _ < _ - _ 

_ be (c 2 + c 2 ) + d 1 + 2 dbc _ 


Ldi giai. 

Bat dang tlitfc da cho tUOrig difOng vdi 
bc(b 2 + c 2 ) < 6 dbc 

be (b 2 + c 2 ) + d ~ 1 + 2 dbc 

b 2 + c 2 6 

ay dbc ( b 2 + c 2 ) + a 2 — 1 + 2 a 6 c 

Khong mat tinh tong quat ta gia stf a > b > c thi 
b 2 + c 2 <c 2 + d 2 < a 2 + b 2 


1 


1 


Ap dung BBDT Chebyshev ta cd 


dbc (b 2 + c 2 ) + d 2 dbc (c 2 + a 2 ) + b 2 dbc (a 2 + b 2 ) + c 2 

VT > - (a 2 + 6 2 + c 2 ) a&c ( & 2 + c 2 ) + a2 ) ^ 2 ' 2 a bc(d 2 + b 2 + c 2 )+d 2 + b 2 + c 2 = 

Bat dang thtfc dhpc chtfng minh, dang thilc xay ra khi a = b — c.O 


6.22 | Cho a, b , c la cac so thrfc difOng. Chilng minh rang: 


d 4~ 26 4~ 2 c 


Lcfi giai. 

Dat d + 2b + 2c = x, b + 2c + 2a = y, c + 2b + 2a = 2 ; 


Suy ra a = 


2y + 2z-3x 


5 X * y y 

Bat dang thtfc dhOc difa ve dang —I- 1 - 1 - 1 -[— >6 Nhifng bat dang tlitfc nay hien 

y z x z x y 

nhien dung theo BDT AM-GM. Dang thtfc xay ra khia = b = c.U 


6.23 | Cho a, b, c difOng, 


Cluing minh rang: 
d 2 b 2 c 2 

——I- 1 -> a. — b — c rib 


4 (a — b) 2 
d + b + c 


Ldi giai. 

E ” fa 2 \ 

Bat dang tlitfc tifOng difOng vdi S (t— 2d + b) 

y (d-b) 2 4(q-6 ) 2 

d + b + c 


hay E“ 


Ap dung BDT Cauchy-Schwart ta cd: 
ib-cf | (c-q) 2 ^ (« — bf 

C d d + c 


> 4 (d-bf 
~ d+b+c 
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^ 4(g — bf 
~ a + b + c 


{a —by (a —by . ,. 2 

Do do, VT > -—, ’ -— = (a - bf 

b a + c 

Bat dang thde drfdc chdng rninh.D 



6.24 | Cho a, b, c la 3 so thitc khong am thoa man ab + be + ca = 1. Chdng minh rang: 

E---< 1 

_ ^ a 2 -be + 1 ~ _ 


Lefi giai. 

t-.' . ab + be + ca 

Bat dang thde drfdc viet lai E ——;——- < 1 




a 2 — be + 1 


O- E a , + a ° > 1 Ap dung BDT Cauchy-Schwart co 
^ a 2 - be + 1 “ ' 


■ > ^ ~t C \ —rMat khac vdi ab + bc + ca = 1 


a 3 — abc + a E (° 3 — a ^ c + a ) 


a 2 + ab + ac 

S n 2_ 6c+1 =(° + f + ‘)Z 

thi de thay ff-j—fr ] = 1 

E (a 3 - abc + q) 

Vay, bat dang tilde drfdc chdng minh, dang tilde xay ra khi a = b — c — 


6.25 | Cho 3 so a,b,c> O.Chdng minh rang: 

a 2 b 2 c 2 81 _ a 2 b 13 . . 

-r + — + — + — E 7- 72 > ~r (a+ b + c) 

_ b c a 4 E 2q + b 2 4 _ ’ 


LcJi giai. 

Theo bat dang thde Cauchy-Schwart ta co 
a 2 b (a + b + cf x 2 


' (2q + bf (2q + bf 5x + Ay 

E i 


( vdi ;r a — b— e va u -r^#--b - 

b c < 


Ta eh! can chdng minh y + 

81 r 


13 

-- x 

A(5x + Ay) ~ 4 


- > 18x 


<=> Ax + by + - . , . - 

4 ( 5x + Ay) 

Nhrfng bat dang thde nay hien nhien dung theo bat dang thde AM-GM. Dang thde xay ra 
khiq = b = c. □ 


6.26 | Cho cac so thde drfdng q, b , c thao manq + b + c = l.Chdng minh rang: 
_ 5 (q 2 + b 2 + c 2 ) < 6 (q 3 + b 3 + c 3 ) + 1 _ 

LcJi giai. 

Dong bac 2 ve ta co 

5 (q 2 + b 2 + c 2 ) (a + b + c) <6 (q 3 + b 3 + c 3 ) + (a + b + cf 

Hay 2 (q 3 + b 3 + c 3 ) + 6q6c > 2 [2 ( b 2 + c 2 )+b ( a 2 + c 2 ) + c (q 2 + b 2 )] 

Nhrfng day chinh la BDT Schur bac 3. Dang thde xay ra khi a = b — c.O 
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6.271 Cho cac so thrfc q, 6, c > 1.Cluing minh rang: 
_ yq — 1 — 1 + \/c — 1 < y/a(bc+l) 


Lcfi giai. 

Ta co be > (y/b — 1 + Vc — l) 2 
Hay yfbc > y/b — 1 + y/c — 1 

Vay,-\/a — 1 a/ 6 — 1 + Vc — 1 < n/6c + \/q — 1 < y/a(bc+ !).□ 


6. 28 | Cho q, b, c la do dai 3 canh mot tam giac. Cluing minh rang: 



Lefi giai. 


Ap dung bat dang thrfc Hoder ta co 
a (5q 2 + 136c). 22 


a/5 a 2 + 1.3a6c y/b a 2 4- 13q6c 


> (q + b + c) 3 


Nhrf vay chi can chiing minh (q + b + c) 3 > - ^ q (5° 2 136c) 


Vi q, 6, c la do dai 3 canh tam giac nen ton ta x, y , z drfdng sao cho a = x + y,b = y z, c = z + x 
Thay vao va khai trien ta drfdc 

x 3 + y 3 + z 3 + 3 xyz > x 2 (x + y) + y 2 (x + z) + z 2 {x + y) 

Nhrfng day chinh la bat dang thrfc Schur nen ta co DPCM. Dang thiic xay ra khi a = 6 = c.D 


6. 29 | Cho cac so thitc khong am q, 6, c thoa man q 2 + 6 2 + c 2 — a + 6 + c. Chiing minh rang: 
_ > Vo 2 6 + 6% + Va6 2 + 6c 2 + ca 2 _ 

Ldi giai. 

Ta co: 

\/q 2 6 + 6 2 c + c 2 q + \/aW+~bc^+~ca/ < y/2 [ab (q + 6) + be (6 + c) + ca (c + q)] 

Ta chi can cluing minh: 

(q + 6 + c) 4 > 8ab (a + 6) + 86c (6 + c) + 8ca (c + q) 

<0 (q + 6 + c) 4 > 8ab ( a 2 + 6 2 + c 2 — c) + 8c6 (q 2 + 6 2 + c 2 — q) + 8ac ( a 2 + 6 2 + c 2 — 6) 

<0 (q + 6 + c) 4 + 24q6c > 4 (2q6 + 26c + 2cq) (q 2 + 6 2 + c 2 ) 

<0 (q 2 # 6 2 + c 2 — 2ab — 26c — 2cq) 2 + 24q6c > 0. 

Vay, bat dang tlnic drfdc cluing minh, dang tlnic xay ra khi a = 6 = c = ().□ 


6. 30 | Cho cac so three a, 6, c . CMR: 

_ 2 (1 + abc) + a/2 (1 + a 2 ) (1 + 6 2 ) (1 + c 2 ) > (1 + q) (1 + 6) (1 + c) 

Ldi giai. 

Bat dang tlnic da cho drfOc viet lai 

y/2 (1 + a 2 ) (1 + 6 2 ) (1 + c 2 ) > (6 + c) (1 + q) + (1 - be) ( a - 1) 

<0 ^/[(l + q) 2 + (q - l) 2 ] [(6 -h c) 2 + (1 - 6c) 2 ] > (6 + c) (1 + a) + (1 - be) (a - 1) 
Nhrfng bat dang thrfc nay hien nhien dung theo BDT Cauchy-Schwart. □ 


144 








6. 311 Cho cac so there drTcing a,b,c,d . Tim gia tri nho nhat cua bieu thhc: 

b(a + c) c(b + d) d(c + a) a(d + b ) 
_ c (a + b) d(b + c) a (c + d) + b(d + a) _ 


Ldi giai. 

Ta co: 

A 


{a + c) I ^aW) + W^dj\ +{b + d) [d(6^ + b(d + a) 


= (abc + abd + acd + bed ) 


f l 1 1 1 

— _ + T“^- 

bed 


b + d 

ac(a + b)(c + d) ' bd (b + c) (d + a) J 


1 1 
- + - 


1 1 

b + d 


1 1 
~ + b 


Theo BDT AM-GM ta co: 


1 A 

d + c) 


1 1 


i + i) GG 

c bJ \d a 


1 1 


1111 

- + H-H j 

abed 


1 1 
b d 


4 G + 3 


(M) G + ^. 

do do A > 4. Vay gia tri nho nhat cua A la 4 khi a = c va b = d.M 


1111 

- + r^wr + 
abed 


6. 32 | Cho cac so there drCdng a,b,c . Chhng minh rang: 

ErA^>- 1 


' 8a 2 + fee db '+. be A effl 


LcJi giai. 

Ap dung BDT Cauchy-Schwart ta co: 


1 




bV 


(ab + bc + ca ) 2 


8a 2 A be 8a 2 b 2 c 2 + b 3 c? 
Do vay ta chi can chhng minh 

(ab + bc + ca ) 2 1 


24a 2 6 2 c 2 + a 3 b 3 + 6 3 c 3 + c 3 a 3 


24a 2 5 2 c 2 + a 3 b 3 + b 3 c 3 -F c 3 a 3 ab + be + ca 
Nhrfng bat dang thhc nay hien nhien dung theo BDT AM-GM. 
Dang thhc xay ra khi a = b — c..D 


<S=t abc (a + b)(b + c ) (c + a) = 8 a 2 b 2 c 2 


6. 33 | Cho cac so thrfc deTdng a, b , c thoa man a + b + c = 3. Chhng minh rang: 
a 2 b b 2 c c 2 a 
-1-1-< 1 

_ 2 a + b 2 b + c 2c + a _ 


LcJi giai. 

Nhan xet thay 


a 2 b 2 ab + a 2 


(1) 


2a + b 9 

That vay, (l)<(=t a 3 + ab 2 > 2 a 2 b( luon dung theo BDT AM-GM). 
b 2 c 2 be + b 2 c 2 a 2 ac + c 2 

Trfdng tit, ta co —-< ---, -- < --- 

2 b -\- c 9 2c + a 9 

Cong 3 ve cua 3 bat dang thhc cung chieu vdi dieu kien a + b + c — 3ta drfpc bat dang thhc can 
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chiing minh.Dang thilc co khi a = b = c — !.□ 


6. 34 | Cho cac so thuc dUdng a, b , c thoa man a 2 + b 2 + c 2 — 1. Tim gia tri nho nhat cua bieu 
thiic: 

a b c 

_ = b 2 + c 2 + a 2 + c 2 + a 2 + b 2 _ 


Ldi giai. 

Vi a 2 + b 2 + c 2 = 1 nen a,b,c e (0,1). Suy ra 1 — a 2 ,1 — 5 2 ,1 — c 2 la cac so dudng. 
Ta co: 

b 2 + c 2 \ 2 _ a 2 (1 - a 2 ) 2 _ 2a 2 (1 - a 2 ) (1 - a 2 ) ^ (2a 2 + 1 - a 2 + 1 - a 2 ) _ 4 

^ “ 27a 1 ’ 


2a 4 


Suy ra 


3\/3a 2 


5 2 + c 


54a 4 


3\/3c 2 


^ , b 3V3b 2 N c 

Chung mmh tUOng tu ta co —-- > —-— va ——— > 

c 2 + a 2 2 a 2 + b 2 2 

Cong ve 3 bat dang thtfc cung chieu vdi dieu kien a 2 + b 2 + c 2 = 1 ta co P > 
Vay, gia tri nho nhat cua P la —^, dat dude khi a = b — c — 


3a/3 


6. 35 | Cho cac so thuc duong x, y thoa man x 2 + y 2 = 1- Tim gia tri nho nhat cua bieu thtfc: 


A = (l + x)(q +^+(l + y) (l + ^ 


Led giai. 

“ 7“ 1 1 x „ „ 11 

Taco A = 2 + x + y-{ -1-1- h 1 >4: + x + y-\ -h- 

x y y x x y 

Mat khac, co 

X + Tx~' n 

y + h-^ 2 

^l + iy_g_> , 2 *yg 

V- r - “ ' - 

Ttf do suy ra A > 4 + 3\[2 
Vay, GTNN cua A la 4 + 3y/2 khi x — y— ^..P 


2 V x yJ x + y V 2 ( x2 + v 2 ) 

V2 


6. 36 | Cho cac so thuc khong am x, y, z. Cluing minh rang: 

1114 

_ {x-yf ( y-z ) 2 (z-x) 2 ~ xy + yz + zx _ 

Ldi giai. 

Khong mat tinh tong quat, gia stf z = min {x, y, z}. Khi do ta co cac danh gia 
(z - x) 2 = z 2 + x 2 - 2 xz < x 2 
(y - x) 2 = y 2 + z 2 — 2 yz < y 2 
xy + yz + zx > xy 

Vay, ta co 

1 1 1 4 1114 (x 2 + y 2 - 3xy) 

_I__ _|_>_I_|_= 1___ zL > o 

(x - y) 2 (y - zf {z - x) 2 xy + yz + zx ~ ( x - yf x 2 y 2 xy x 2 y 2 (y - z 2 ) 
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„ , 1911 x 3±^5 

Dang tinrc xay ra khi va chi km - =-,; 

V 2 


= 0. Phep cluing minh hoan tat.O 


6. 37 | Cho cac so there dUdng a, b, c. Cluing minh rang: 

a b c ^ „ 

- 1 - 1 -> 1 

_ 2 b + c 2c + a 2 a + c _ 


LcJi giai. 

Ap dung BDT Cauchy-Schwart ta co 

VT= a - + b - + ^ > < n + 6 + c) \ >l. 

2 ab + ac 2 be + ab 2 ac + bc 3 ( ab + bc + ca ) 

Dang thne xay ra khi a = b — c..D 


6. 38 | Cho cac so thne x , y, z thoa man x 2 + y 2 + z 2 — 2. Tim GTLN cua : 
_ P — x 3 + y 3 + z 3 - 3 xyz _ 

LcJi giai. 

Ta co P 2 = (x + y + zf ( x 2 + y 2 + z 2 — xy — yz — zx ) 

= ( x 2 + y 2 + z 2 + 2 xy + 2 yz + 2 zx) ( x 2 + y 2 + z 2 — xy — yz — zx) ( x 2 + y 2 + z 2 — xy — yz — zx) 
< (x 2 + y 2 + z 2 f = 8 =► P < 2y/2. 

Vay,GTLN cua P la 2\/2 khi x, y, z la hoan vi cua bo (0, 0, V2). □ 


(a + b + c + d) 4 (1 — a) (1 — b) (1 — c) (1 — a) > abed (4 — a — b — c — d) 4 


Ldi giai. 

Nhan xet: vdi 0 < a, b < - ta co: 

2 

5 + b 

That vay, de thay bat dang thilc tren tUdng dnong voi (a — b) 2 (1 — a — b) > 0. 
Vay, ap dung tUdng tu vdi c, d va ° ^ , ta cd DPCM. 

Dang thhc cd khi a = b = c — d..O 


6. 40 | Chd cac s6 thne khong am a, 6, c. Cluing minh rang: 

a 2 b 2 c 2 > 

_ b 2 — be + c 2 ^ a 2 — ac + c 2 a 2 — ab + b 2 ~ 

LcJi giai. 

Khong mat tinh tong quat, gia sii a > b > c. Khi do 

a 2 > a 2 
b 2 — be + c 2 ~ b 2 
b 2 > b 2 
c 2 — ac+ a 2 ~ a 2 
c 2 

2 2 a 2 — ab + b 2 ~ ^ 

Tif do suy ra VT > > 2 

b 2 a 2 

Dang thde cd khi a = b, c — 0 va cac hoan vi..D 
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3.7 Bai 7.1 den bai 7.40 


7.11 Tim gia tri nho nhat cua bieu thdc sau: 
_ A = \x + 2000| -jy/l'x + y + 4| + \2x + y — 6| 

Ldi giai. 


Ap dung bat dang thdc cd ban: |a| + |6| + \c\ > \a + b + c\ 

Ta co: 

A = \x + 2000| + \x + y + 4| + |6 — 2x — y\ > |(x + 2000) + (x + y + 4) -f (6 — 2x — y)\ — 2010 

{ x + 2000 > 0 

x + y + 4 >0 

6 — 2 x — y >0 

Co vo so cap (x'y) thoa man, vi du (1; 1), (2; 


7.2 | Cho a, 6, £ [0, 2]. Tim gia tri ldn nhat cua bieu thdc sau: 

p 8 + 6(a + b) + (a + b ) 2 

_ 4 -|- 2(a -|- b) ab _ 

Lcfi giai. 

TrPdc het, ta co the dit doan gia tri ldn nhat cua P la 3 khi (a; b) = (2; 0) hoac (0; 2). 
Do a e [0; 2] nen a (a — 2) < 0 hay a 2 < 2a. Trfdng trr ta co b 2 < 2b. 

Vi vay, 


p 8 + 6(a + 6) + (a + 6) 2 8 + 6(a + 6) + a 2 + b 2 + 2 ab 

4 + 2(a + 6) ab 4 + 2(a + 6) + ab 

^ 8 + 8(a + 6) + 2 ab ^ 4(a + b) 

4 + 2(a + 6) + ab 4 + 2(a + 6) + ab 

Ta can chilng minh -- ^ -- < 1 hay (a — 2) (b — 2) >0 

4 + 2(a + 6) + ab 

Nhung bat dang thdc tren hien nhien dung do a; b < 2.D 


7.3 | Cho ba so thdc drCOng a, b, c thoa man a + b + c = 3. Chdng minh rang: 

be ca ab 3 

_ V^T3 + + a/?+3 - 2 _ 


LcJi giai. 

Do (a + b + c ) 2 > 3 (ab + bc + ca) nen ab + bc + ca < 3. 
m be be 

Ta co: 


be 


\/ a 2 + ab + be + ca 


1 . be be , 

< -(- 1 -) 

2 a + b c + a 


y/(a + b)(a + c ) 

Tudng tu vdi cac bieu thdc con lai. Cong 3 ve bat dang thdc vda chdng minh, suy ra: 

be ca ab ^ a + b+ o 3 

Vo 2 T3 + \/PT3 + Vc 2 ^ “ 2 “ 2' 

Dang thdc xay ra khi a = b — c = 1. 
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7.4 | Cho hai so thifc a, b > 0 thoa man a + b = 2. Chlfng minh rang: 
_ a a b b + 3 ab < 4 _ 

Ldi giai. 

Ap dung bat dang thifc AM — GM suy rong, ta c6: 

a 6 , t -A t 

- T amv - t ' 1 > a« *•<$«**• 

a + 6 a + b 

Bo x + y = 2 nen: ° ^ > ai&t hay a“6 b < ( Q ^ ) 2 = (2 — a&) 2 

Vi vay, a a b b + 3a& — 4 < (2 — ab) 2 + 3 ab — 4 = ab(ab — 1) < 0 vi ab < ( ° + ^ ) 2 = 1 
Ta co dieu phai chdng minh. Dang thifc xay ra khi(a; 6) = (1; 1), (2; 0), (0; 2)..D 


7.5 | Cho hai so thifc a > b > 0. Chhng minh rang: 

_ (2«+i ; )><(2»+l)« 


LcJi giai. 

t,, . , v . „ . . , bz(l + 4“) br(l + 4 6 ) 

Bat dang thUc can chUng minh tUOng dUOng - < --- 

a b 

ln(l + 4 x ) 

Xet ham so f(x) = —--- vdi x > 0 

4l x Iti4l x — (l -|- 4: x }Iti(\ H - 4 x ) 

Ta co: f'(x) — - 2 (1 + 4^) - < n S^i c ^ bien tren khoang (0;+ oc). 

, . , „ . /n(l + 4°) ln( 1 + 4 b ) 

Ket hop a > b > 0 nen —-- - < —- - 

a b 

Dang thifc xay ra khi a = b. 


7.6 | Cho a; 6; c duong va abc = 1. Cluing minh bat dang thifc sau: 

(a 2 + b 2 ) 3 (b 2 + c 2 ) 3 (c 2 + a 2 ) 3 

_ a 3 + b 3 b 3 + c 3 c 3 + a 3 ~ _ 

LcJi giai. 

LcJi giai 1: 

Dat a = —,b= -,c— taco xyz = 1. Khi do bat dang thifc: can cluing minh tUOng duong: 

^ x 3 y 3 (x 3 + y 3 ) ~ ^ ^ x 2 y 2 {x + y)xy{x 2 — xy + y 2 ) ~ ^ 

Mat khac, ta co xy(x 2 — xy + y 1 ) < ----nen: 

y (x 2 +y 2 ) 3 >2Y 2 ( x2+ y 2 ^ 2 Y x +y 

^ x 2 y 2 (x + y)xy(x 2 — xy + y 2 ) ^ x 2 y 2 (x + y) ~ ^ x 2 y 2 

> 6 ,/fc±»A±hh±h > = n 

- V x 4 y*z 4 - 

Ta co dieu phai cluing minh. Dang thifc xay ra khi a = 6 = c = 1. □ 

LcJi giai 2: 
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Ta se chifng minh nhan xet: Vdi 2 so x,y dtfdng, 


(s 4 + y A f 

x 6 + x 6 


> 4 x 3 y 3 


That vay, 

(x 4 + y 4 ) 3 _ x 12 + y 12 + 3xY(x 4 + y 4 ) _ (x 6 + y 6 ) 2 + x 4 y 4 (x 2 - y 2 ) 2 + 2x 4 y 4 (x 4 + y 4 ) 
x 6 + x 6 x 6 + y 6 x 6 + y 6 

(x 6 + j/ 6 ) 2 + 2xV(x 4 + /) 2(x 6 + y 6 ) y^xVQ 4 + y 4 ) ,33 

— x 6 + y 6 — x 6 + y 6 — x V 


Lay x = 


^/Tf2 1 k2\3 

y/a, y = \/6, khi do ^ 3 > 4 abVab- 


a 3 + y 3 


Trtdng tit vdi cac bieu thhc con lai, ta co ^ 
Dang thhc xay ra khi a — b — c — 1. □ 


(a 2 + b 2 ) 3 
a 3 + b 3 


> 4 £ abVd) > 12 (AM - GM.) 


| 7.7 | Cho a, 6, c la cac so there ditong va k £ [0; 2] Chtmg minh rang 

a 2 — be b 2 — ac c 2 — ab > ^ 


& 2 '+ e 2 + fco 2 d 2 + c 2 -f &6 2 a 2 -M> 2 +'fcc 2 


LcJi giai. 

Can cluing minh:- 


( a 2 — bc)(b + c) 


(b 2 — ac)(a + a) 


(c 2 — ab)(a + b) 


' (b 2 + c 2 + ka 2 ) (b + c ) (a 2 + c 2 + kb 2 ) (a + c) (a 2 + 6 2 + kc 2 ) (a + 6) 

Khong mat tinh tong quat, gia sil a > 6, khi do: 


(a 2 — 6c) (b + c) — (b 2 — ac) (a + c) = (ab + c 2 ) (a — b) + c(a 2 — b 2 ) > 0 
(b 2 + c 2 + ka 2 )(b + c) — (a 2 + c 2 + kb 2 )(a + c) — (b — a)(a 2 + b 2 + c 2 — (k — 1 )(ab + bc + ca )) < 0 

Ta co cac bo so cung chieu : 

(a 2 — be)(b + c); (b 2 — ac)(a + c); (c 2 — ab)(a + b) 
va 

1 1 1 

(6 2 + c 2 + ka 2 )(b + c) ’ (a 2 + c 2 + kb 2 )(a + c) ’ (a 2 + b 2 + kc 2 )(a + 6) 

Ap dung bat dang thile Chebychev vdi chu y (a 2 — 6c)(6 + c) + (6 2 — ac)(a-be) + (c 2 — ab)(a + b) = 0, 

ta co dieu phai cluing minh. 

Dang thile xay ra khi a = b — c.D 


7.8 | Cho a, 6, c, la 3 canh cua mot tarn giac. Chilng minh rang: 

a + b-c + b + c-a + c + q-6 ^ 

_ 3 b + c — a 3 c + a — b 3 a + b — c _ 

Ldi giai. 

Do a, b, c la 3 canh cua tarn giac, dat a = x + y,b = y + z,c=z + x , bat dang thile trd thanh: 
y z x 

—--h-+-> 1 

y + 2z z + 2x x T 2y 

Bat dang thile tren co the cluing minh don gian bang Cauchy — Schwarz : 

+ + _ <£±1±Il _ = i 

y + 2z z + 2x x T 2y x 2 + y 2 + z 2 + 2 xy + 2 yz + 2 zx 

Dang thile xay ra khi a = b = c.D 
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7.9 | Cho a, 6, c la cac so thrfc khong am thoa man a + b + c > 0. Cluing minh rang: 

a b cl 

- 1 - 1 -< - 

_ _ ___ __ 4m? & _ 


Ldi giai. 

Taco: 


4a(a + 6 + c) 3ac 

4a + 46 + c 4a + 46 + c 


Bat dang thilc can chilng minh trfdng drfdng: 

ac ab be < a+ b + c 

4a + 46 + c 46 + 4c + a 4c + 4a + 6 — 9 

Ap dung bat dang thilc Cauchy — Schwarz dang Engel , ta co: 

ca ca < ca 1 2 

4a + 46 + c (26 + c) + 2(2a + 6) 9 26 + c 2a + 6 

Trfdng tit, edng cac ve bat dang thilc ta co: 

„ ca ^1 . ca 2 ca . _1„ ca „ 2ab . _a + 6 + c 

\ 4a + 46 + c “ 9 ^ 26 + c + 2a+ E = 9^ 26 + c + ^26 + C = 9 ' 

Dang thilc xay ra khi a = 6 = c hoac a = 26, c = 0 va cac hoan vi.D 


7.10 | Cho xyz — 1, x, y, z > 0. Tim gia tri ldn nhat cua bieu thilc: 

1 1 1 

_ x 2 + 2 y 2 + 3 + y 2 + 2 z 2 + 3 + z 2 + 2x 2 + 3 

Ldi giai. 

Ap dung 2 bat dang thilc ddn gian: x 2 + y 2 > 2xy va y 2 + 1 > 2 y, ta co: 

_i_<_i_ 

x 2 + 2y 2 + 3 2(xy + y + l) 

Trfdng tit vdi cac bieu thilc cbn lai, suy ra: P < - 
(Chu y dang thilc ———q—j- = ^ khi x y z = ■*■) 

Dang thilc xay ra khi x = y = z = !.□ 


7.111 Cho x, y, z khong am thoa man x 2 + y 2 + z? + xyz = 4. Chilng minh rang: 
_ 0 < xy + yz + xz — xyz < 2 _ 

Ldi giai. 


Chtfrig minh bit ding thilc vl trai: 

Tit gia thiet ta thay rang co ft nhat mot trong 3 so x, y, z < 1. (Vi dieu ngrfdc lai vo ly). Gia sil 
x < 1. Khi do ta co: 

xy + yz + xz — xyz — x(y + z) + yz( 1 — x) > 0 
Dang thilc xay ra khi (x, y , z) = (2, 0, 0) va cac hoan vi. 

Chtfrig minh bat ding thilc ve phai: 

Theo nguyen If Dirichle , ton tai 2 so ermg nam ve 1 ben so vdi 1. Gia si! 2 so do la y,z. Khi 
d6:(l — y)(l — z) >0. 

Ta co: 4 = x 2 + y 2 + z 2 + xyz > x 2 + 2yz + xyz hay yz(2 + x) < 4 — x 2 hay yz <2 — x. 
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Vi vay ta co: 


xy + yz + xz — xyz < x(y + z) + (2 — x) — xyz 

= 2 — x(l +yz — y — z) = 2 — a( 1 — b)(l — c) 
< 2 

Dang thtfc xay khi (x, y, z) — (1,1,1); (0, \/2, \/2) va cac hoan vi.D 


7.12 | Cho a,b,c> 0. CMng minh rang: 



Ldi giai. 

Gia si! a > b > c. Khi do, a + b>a + c>b + c. 

Bat dang tlnlc can chiing minh chi la he qua cua bat dang thtfc hoan vi vdi 3 bo so co dieu kien 
nhq tren: 


a>b>c 

—— > - 1 — > - 1 — 
b + c a + c a + b 

Ta co dieu phai chimg minh. Dang thtfc xay ra khi a = b = c.D 


7.13 | Cho 3 so thitc ditdrig x, y, z > 1 thoa man x + y + z = xyz. Tim gia tri nho rihat cua 
bieu thhc: 


y-2 x 
T — + - 


Ldi giai. 

Ta co 


= EK«-D(p^)i-E| 

Mat khac '■ J2~ > \ 3J2 — = \/3. Vi vay, T > \/3 — 2 
x Y X V 

Dang thtfc xay ra khi x = y — z = \/3. .□ 


7.14 | Cho a, b, c > 0, a + b + c = 1. Tim gia tri ldn nhat cua bieu thtte: 

1 + a 2 1 + b 2 1 + c 2 

_ F ~ 1 + b 2 + 1 + C 2 + 1 + Q 2 _ 

Ldi giai. 

LcJi giai 1. 

Khong mat tinh tong quat, gia sit a =max{a, b, c}. Ta co: 
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a 2 +1 2 b 2 (a 2 + 1) 

W+i = a +1 _ b 2 +1 

Throng tit vdi cac so hang con lai, ta thu drfdc: 


< a 2 + 1 - 


b 2 (a 2 + 1) 
2 


P < a 2 + b 2 + c 2 + 3 


a 2 (6 2 + 1) + 6 2 (c 2 + 1) + c 2 (a 2 + 1) 


a 2 + b 2 + c 2 - ( a 2 b 2 + b 2 c 2 + c 2 a 2 ) 


^a 2 + b 2 + c 2 + 2(ab + bc + ca) 7 

~ 2 h = 2' 


Dang thilc xay ra khi = 1, b = 0, c = 0 va cac hoan vi.D 


Lcfi giai 2. 

, 7 

Cho a = l,5 = c = 0. Khi do, gia tri ldn nhat dii doan la Diia tren dit doan do, ta co ldi giai 
nhrt sau: 

Gia sil c = min {a, b, c}, ta co 

a b c (a b 

-H-1-3 = l-H-2 

b c a \b a 

Trf do ta co: 


b + c_ 2 _b\ = (a-b) + (a — c)(b — c) Q 
c a a) ab ac 


, 1 + a 2 1 + 6 2 1 + c 2 , (a 2 -6 2 f (a 2 - c 2 )(4 2 - c 2 ) 

1 + 6 2 1 + c 2 1 + a 2 (l + a 2 )(l + 6 2 ) (1 + a 2 )(l + c 2 ) ’ 


Vdi gia sil c nam girfa a, b , ta drfdc (a 2 — c 2 )(6 2 — c 2 ) < 0 suy ra P - 3 < 


(a 2 - 6 2 ) 2 
(1 + a 2 )(l + 6 2 ) 


( ° 2 ^ - < \ hay 2(a 2 - b 2 ) 2 < (1 + a 2 )(l + b 2 ) 


(1 + a 2 )(l + b 2 ) ~ 2 

Sil dung gia thiet, ta suy ra 0 < a, b < 1, trf do suy ra bat dang thrfc tren dung vi: 


2(a 2 — b 2 ) 2 < 2 max {a 4 ,6 4 }< 2 max {a 2 ,& 2 } < max{l + a 2 ,1 + b 2 } < (1 + a 2 )( 1 + b 2 ). 
Bat dang thrfc drfdc cluing minh..D 


Nhan xet: 

Bang each cluing minh trfdng tit, ta co ket qua tong quat sau: 

Vdi moi so thrfc khong am a, b , c co tong bang 1 va vdi moi k > 1, ta co: 

1 + a k 1 +b k 1 + c k < 7 
1 + b k 1 + c k 1 + a k 2 


| | 7.15 | Cho x, y, z drfOng thoa man xy + yz + 3nz = 1. Tim gia tri nho nhat cua x 2 + y 2 + z 2 

Ldi giai. 

Nlnlng bai dang nay, chung ta co the giai bang phrfdng phap can bang he so vdi bat dang thilc 
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AM — GM, Cauchy — Schwarz hoac bat dang thtfc Holder. 0 day se dung bat dang thtfc AM — 
GM. Cach con lai xin danh cho ban doc. 

Ta co: 


x 2 + y 2 + z 2 =(ax 2 + ^ y 2 ) + ( az 2 + ^ y 2 ) + (1 - a)x 2 + (1 - a)z 2 


xy+ 2\/^yz +2(1-a)xz 


Can tim a sao cho 




ta tim drtdc gia tri nho nhat cua bieu thtfc. □ 


Nhan xet: 


Bay gid ta drfa ra 2 bai toan dang trtdng tit va cung rat thu vi, va phan chtfng minh se danh cho 
cac ban. 


1: Cho cac so thtfc khong am x\, x 2 ; x 3 thoa man x\ + x 2 c-f- x 3 = a.(a la hang so da biet) Tim gia 
tri ldn nhat cua: 


/ = k\xy + k 2 yz + k 3 xz (vdi k\]k 2 \ k 3 la hang so) 

2: Cho Xi ,...; x n > 0; x± + ... + x n — k(k la hang so). Tim gia tri nho nhat cua: 

a\x™ + a 2 x™ T ... + a n x™ 


7.16 | cho a; 6; c > 0, abc = 1. Tim gia tri ldn nhat cua bieu thtfc: 

T ab + be ca 


a + b+ ab b + c + bc c + a + ca 


Ldi giai. 


De y vdi dieu kien abc = 1, ta co: 


a + b + ab i + i + 1 
a b 


Ap dung bat dang thtfc quen thuoc x 3 + y 3 > xy(x + y), ta drfdc: 

i i ./t/./t ,/t\ ( jt ,/r\ 

“ + V + 1 > \ ~l \ -+ VI +1— y-C \ - + \ T I +1 
a b V ab \ V a \ b I \\ a \ b I 

suy ra 

1 1 yfab 


1 1 
- + T + 1 

a b 


« 3 /r 3 fl^\ , + v^&c + ^cd 

+1 


Lam trfdng trf vdi cac bieu thtfc con lai, ta co T < 1. 
Dang thtfc xay ra khi va chi khi a = 6 = c = 1. □ 
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7.171 Cho a,b,c > 0 vh a + b + c = 1. Tim gia tri nho nhat cua bieu thilc: 

__ 

Lcii giai. 

Dat a = b = c = khi do ta co: xy + yz + zx — xyz va xyz > 27 
x y z 

Ta se cluing minh: 


(4 - l)(4 - 1)(— - 1) = (xy ~ 1 )(yz - 1 )(zx - 1) > 512 

ab be ac 

•O’ x 2 y 2 z 2 — xyz(x + y + z) + xy + yz + zx — 1 > 512 
<£> 2 x 2 y 2 z 2 - 2 xyz(x + y + z) + 2 xyz > 2.513 

x 2 y 2 z 2 + [(xy + + zx) 2 — 2xyz{x + y + z)\ + 2 xyz > 1026 

^ x 2 y 2 z 2 + x 2 y 2 + y 2 z 2 + * V + 2x^ > 1026 


Mat khac, theo AM — GM, ta co: 

x 2 y 2 + y 2 z 2 + z 2 x 2 > 3 ^/x 4 y 4 z 4 > 243; x 2 y 2 z 2 > 729; va xyz > 27 
Vay P > 8. Dang thtre xay ra khi a = b = c = 


7.18 | Cho cac so ditdng a, b, c co tich bang 1. Chimg minh bat dang thii’c sau: 

a -b-i-c. io la 3 + b 3 + c 3 


_ 3 _- V _ 3 _ 

L6i giai. 

Day la mot bai toan rat kho. Ta se sii dung bo de sau: 

Bo de: Vdi moi so thhc ditdng a, b, c thi: 

729 

( a + b + c ) 6 > abc(a 3 + b 3 + c 3 + 2 abc) 

Quay trd lai bai toan. Tif bo de tren vdi chu y abc = 1, ta co : 

a + b + c _ 


> 


a 3 + b 3 + c 3 + 2 


3 “ V 5 

Mat khac theo bat dang thde AM — GM ta co: 

3 + b 3 + c 3 

+i + i^^ v 27 

Ta co dieu phai chimg minh. Dang thii’c xay ra khi a = b = c = 1. .□ 


a 3 + b 3 + c 3 + 2 = 3— 


/( a 3 + b 3 + c 3 ) 3 


7.19 | Cho x, y, z > 0 thoa x + y + z = 1. Tim GTLN cua bieu thtfc: 
_ P = x n y + y n z + z n x vdi n £ N* _ 

LcJi giai. 

Vdi n = 1 thi maxP = 

Vdi n > 1. 

Khong mat tong quat, gia sil x — max {x, y, z}, the thi: 
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y < x =>• y n z < x n 1 yz 


z < x =^- z n x < zx n 


n > 1 => 


n — 1 
n 


1 



Ta co: 


n — 1 


.z > 


n 


2 ; 

2 


_ _ 1 _ 1 „ 

P=xy+yz+zx<xy+x yz + -. 2 : x + -.2 x 


„ 2:x n 2TX n . ( z\ 

<xy + x yz+ — +—-— — x (x + z) [y +-) 



Theo bat dang thdc AM — GM thi: 

XXX x + z ( n — 1 . 

-. [y + -) < 

Jl n n v n v n 

Ttr do dem the vao (1), ta ditOc: 


, x x + z n — 1 

(n — 1).—I —+ y+ —— 


~ (n + l) n+1 

v 77, —|— 1 

Dang thdc xay ra khi x = y = -, z = 0 va cac hoan vi.D 


7.20;| ;fcho a, b, c thoa man - < a; b: c < 2.Chilng minh rang: 


b c 22 

a + b b + c c + a~ 15 


Ldi giai. 

Xet :/(a, b , c) = —^-1-—. 

a + b b + c c + a 

Khong mat tfnh tong quat gia sd a = max {a, b,c} .Ta co: 

y/a-Vb 


/(a, b, c ) — /(a, b , yfab) — (y/ab — c) 2 ( 


_ > 0 


Dat W-=x=^(-<x< 2), ta co: 


(6 + c)(c + a) ^/a + \fb 

2(x — 1)(1 — x 3 ) 


,, s _ x 2 2 . 2x 2 

; W x 2 + 1 + x + 1 ^ 1 W ~ (x 2 + l) 2 (^Tl) 2 - (x 2 + l) 2 (x + l) 2 " 

22 

Vay /(x) nghich bien =4> minf(x ) = /(2) = — 


< 0 
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7.211 Cho a, b, c drfdng va a + b + c = 1. Cluing minh rang: 

\/a 2 + abc \Jb 2 + abc V c 2 + abc < 1 

_ e + oh _ a + be _ 6 + ac ~ 2y / a&c 

Lefi giai. 


Ta co: 


a 2 + abc = a(a + 6) (a -f c) va c + ab — (b + c) (c + a) 
Vi the bat dang thde can cluing minh co the drfdc viet drfdi dang: 

, y/a(a + b)(a + c) 1 


hay 


E- 


E 


(b + c) (c + a) 2 y/ abc 


Sti dung bat dang thiic AM-GM ta drfdc: 


ayuc(a + b)(a + c) 1 
(b + c)(c + a) ~ 2' 


y/bc(a + b)(a + c) < 
Theo do ta chi can cluing minh drfdc: 


b(a + c) + c(a + b) ab + ac + 2 be 
2 “ 2 ' 


a(ab + ac + 2 be) 

(b + c)(c + a) ~ 


Bat dang thiic nay trtdng drfdng vdi 

^2 a(a + b)(ab + ac + 2bc) < (a + b)(b + c)(c +a)(a + b + c). 

Khai trien va rut gon ta drfdc 

E« 3 (Hc) + E a 2 b 2 + 5 £ a 2 bc <E4 + c) + 2E a 2 b 2 + 4 £ a 2 6c 
hay a 2 6 2 + b 2 c 2 + c 2 a 2 > abc(a + b + c). 

Bat dang thiic nay hien nhien dung. 

Dang thiic xay ra khi a — b — c — □ 


7.22 | Cho a, b, c drfdng thoa man a + b + c — 1. Chiing minh rang: 

7 

_ ab + bc + ca — 2 abc < — _ 

L6i giai. 

Viet lai bat dang thiic drfdi dang: (ab + be + ca)(a + b + c) — 2 abc < ^ 
Dat a + b + c— k , sii dung bat dang thiic quen thuoc: 

(a + b — c)(b + c — a)(c + a — b) < abc 
hay (k — 2a) (k — 2b) (k — 2c) < abc. 

Sau khi bien doi trfdng drfdng ta thu drfdc: 


4 k(ab + bc + ca) < k 3 + 9 abc 

. , . , , , 1 9a6c 

(a + b + c)(ab + be + ca) < - H-— 

Mat khac, thed AM — GM ta c6: abc < ( ° ^ C ) 3 . 

,^ . , ,. , 1 abc 7 

Vi vay (a& + 6c + ca) (a + b + c) — 2 abc < - + — < — 
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Ta co dieu phai chilng minh. Dang thile xay ra khi a = b = c — 

7.23 | Cho c>0yha + b + c— 1. Chilng minh rang: 

ab be ac > 3 

_ ab + c be + a ac + b ~ 4 _ 

LcJi giai. 

Bat dang thile can chilng minh trfdng drfdng vdi: 

E ab ^ 3 

(c + a)(c + b) ~ 4 

3(a + b)(b + c)(c + a) > 4[^ ab(a + 6)] 

Drfa vao 2 dang thile quen thuoc: 

(a + b + c) (ab + bc + ca) — abc = (a + b)(b + c)(c + a 

(a +b + c) + (ab +bc + ca) = ab(a + b) + bc(b + c) + ca(c + a) + 3 abc 


ta drfa bat dang thile phia tren ve dang: 


(ab + be + ca)(a + b + c) > 9 abc 

^-+l+->9 

abc 

Nhrfng day lai la mot bat dang thile dung, do a + b + c = 1 


I | 7.24 | Cho a, 5, c > 0 thoa a + b + c = 9. Chilng minh rang: 


LcJi giai. 

Ta co: 


/ 9 II 976 ^ 

/“ 2 +-jr + V 6 + ^' 


> V81 + 7.9 = 12 


7c 2 


> \ (a+ b + c) 2 + 7(- H-h -) 2 

w b c a 


7y/Z. r- rr r, 3 ^ 7.V3.J3(a + b + c) 3 21 3 

— (V -a + Vh + Vi) + - 2 < -^- [ + 2 = Y + 2- 

Ta co dieu phai chilng minh. Dang thile xay ra khi a = b ~ c = 3.0 
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7.25 | Cho a,b,c drfdng thoa man a + b + c — abc. Chhng minh rang: 

ab be ca 3\/3 

_ c( 1 + ab) a( 1 + be) b( 1 + ca) ~ 4 


L6i giai. 


Dat 

hay 


;b = 


1 1 

c = - => xy + yz + zx = 1 
^ y z 

x y z 3-\/3 

-+ —-— +-> 

yz + 1 zx + 1 xy + 1 4 

Xet trrfdng hdp: x> 2 />z=^?/ 2 : + l> 2 :x + l>xy + l 
Sh dung bat dang thhc Chebyshev co : 


1 


yz + 


i + j^ri + ^n-3 {x+v+z)i w+i + 


1 


yz +1 

3, . 3-\/3 

> -(x + y + z) ^'4^ 


r + - 


1 


zx + 1 xy + 1 


Xet trudng hdp:x > z > y. Bat dang thhc drfdc chhng minh tUdng tU. 

Dang thhc xay ra khi x — y — z — —= hay a = b — c — \/3. □ 
v 3 


7.26 | Chd a;6;c>Ovaa + 6 + c = y/3. Chhng minh rang: 

1 1 , 1 ^ 3\/3 


o^+T 5mWi‘ J.- 


L6i giai. 

Sh dung phudng phap tiep tuyen, ta se chhng minh: 
That vay 


1 . 5a/3 3 

= < — - *«(*) 


Va^TT “ 8 


(*) V3(5 - V3a)Va 2 + 1 > 8 

9a 4 - 30V3a 3 + 84a 2 - 30V3a + 11 > 0 

(a - -^=) 2 (9a 2 - 24\/3a + 33) > 0 
v3 


Bat dang thhc tren dung dd a e (0, \/3). 

Trfdng tit vdi cac bat dang thhc cbn lai. Cong ve vdi ve ta c6 dieu phai chhng minh. 

Dang thhc xay ra khi a = b = c = —=.□ 
v 3 


7.27 | Chd a; b; c > 0. Chhng minh: 

_ (a + 6%e) 3 (a + b — e)(b -j- c — a) (#4- a — b) < 27 a 2 b 2 c 2 _ 

Ldi giai. 

Ldi giai 1. 

Khdng mat tinh tdng quat ta gia sit b > a > c. 

De thay ta chi can chhng minh bat dang thhc thhc khi a, b, c la dd dai 3 canh cua 1 tarn giac. Dat 
2 ve cua bat dang thhc ban dau lan lrfdt la VT (ve trai) va VP (ve phai). 

Ap dung bat dang thhc AM — GM, ta drfdc: 
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3 VT = 3 (a + b + c)(a + b — c)(c + a — b) ■ (a + b + c) 2 (b + c — a) 

\ 3(a + b + c)(a + b — c)(c + a — b) + (a + b + c) 2 (b + c — a) 

“ 2 


Nhif vay ta can cluing minh: 

3 (a +b + c)(a + b — c)(c +a — b) + (a +b + c) 2 (b + c — a) < g ^ 

Rut gon mot chut: 

3(a + b + c)(a + b — c)(c + a — b) + (a + b + c) 2 (b + c — a) = 2 (a + b + c)(a 2 — b 2 — c 2 + 4 be) 
Nlnt vay, ta can cluing minh: 

(i a + b + c) (a 2 — b 2 — c 2 + 4 be) < 9 abc 
Do dieu gia sii, ta co (a — c)(a — b) <0 hay a 2 + be < a(b + c ). Suy ra: 

(a + b + c)(a 2 — b 2 — c 2 + 4 be) < (a + b + c) {ab + bc + ca — b 2 — c 2 + 2 be) 

= (a + b + c)(ab + be + ca) — (b — c) 2 (a + b + c) 


Hon rnla ta co dang thilc: 

(a + b + c)(ab + bc + ca) — 9 abc = a(b — c) 2 + b(c — a) 2 + c(a — b) 2 
Vi vay, ta can chi ra rang: 

a(b — c) 2 + b(c — a) 2 + c(a — b) 2 < (b — c) 2 (a + b + c) 

Dieu nay dung do vdi dieu gia sii b > a > c thi: 

(b — c) 2 — max {(a — b) 2 , ( b — c) 2 , (c — a) 2 } 

Vay ta co dieu phai chilng minh. 

LcJi giai 2. 

Dat: x = a + b — c,y = a + c— b;z = b + c — a 
Bat dang tinic can chhng minh trfdng ditdng: 

27(x + y) 2 (y + z) 2 (z + x) 2 > 64 xyz(x + y + z) 3 

Ma ta co: 

81 (x + y) 2 (y + z) 2 (z + x) 2 > 64(x + y + z) 2 (xy + yz + zx) 2 
> 64.3(x + y + z) 3 xyz 
Day la dieu phai cluing minh. 

LcJi giai 3. 

Ta thay rang neu (b + c — a)(c + a — b)(a + b — c) <0thi bat dang thhc hien nhien dung vi ve trai 
cua no la so am, trong khi ve phai lai la mot so drfdng. 

Tit ly luan nay suy ra, ta chi can xet tntdng hdp (b + c — a)(c + a — b)(a + b — c) > 0 la du. 

Khi do de thay b + e — a > 0, C,+ a — b> 0, a + b — c> 0. Bay gid, ta nhan 27 abc vao hai ve cua 
bat dang tlitfc va viet lai no nhit sau: 

27 abc(a + b + c) 3 (b +-c.— <i){e -i- a — b)(a + b — c) < 9 3 a 3 b 3 c 3 

hay 
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[27 ■ a(b + c — a) ■ b(c: + a — b) ■ c(a + b — c)] (a + b + c) 3 < 9 3 a 3 b 3 c 3 . 

Sue dung bat dang thhc AM — GM, ta co: 

27 • a(b+c — a) ■ b(a.'- j- a — b) ■ c(a + b — c) < [a(b + c — a) — b(c — a — b) — c(a + b — c)] 3 . 
Do do ta chi can chilng minh ditdc: 

(a + b + c) [2 (ab + bc + ca) — a 2 — b 2 — c 2 ] < 9 abc. 

hay 

Qnhr 

a 2 + b 2 + c 2 H- - -> 2 (ab + bc + ca) 

a + b + c 

Nhung day lai chinh la bat dang thtfc Schur quen thuoc. Ta co dieu phai chimg minh. 

Ldi giai 4. 

Khong mat tmh tong quat, gia sii a > b > c. 

Ta viet bat dang thilc lai nhit sau: 


<=> (a + b + c) 3 [abc — (a+ b — c)(b+ c — a)(c +a — b)\ + abc [27 abc — (a + b + c) 3 >0 

(a + b + c) 3 [(a — b) 2 (a + b — c) + c(a — c)(b — c)] — abc(a + b + c)[(a — b) 2 + (a — c)(b — c)] > 0 


(a — b) 2 .M + (a — c)(b — c).N > 0 


vdi M = (a + b + c) 3 (a + b — c) — abc(a + b + c) vh N = (a + b + c) 3 c — abc(a + b + c). 

Ta chi can chimg minh M, N deu khong am la diidc. That vay, ta co: 

M = (a + b + c) 3 (a + b — c) — abc(a + b + c) — (a + b + c) [(a + b + c) 2 (a + b — c) — abc] 

> (a + b+ c)(a 2 .a — abc) > 0. 


N = (a + b + c) 3 .c — abc(a + b + c) — c(a + b + c) [(a + b + c) 2 — ab] 

— c(a + b + c) [a 2 + b 2 + c 2 + 2 (be + ca) + ab] > 0. 

Phep chiirig minh hoan tat.D 


7.28 I Cho a, b, c la cac so thefe ditdng thoa man — + — + — = 1. Tim gia tri ldn nhat cua: 
- ' a 2 b 2 c 2 

1 1 1 

_ V5a 2 + 2ab + 2b 2 Vhc 2 + 2bc + 2c 2 \Jhc 2 + 2ca + 2a? _ 


Ldi giai. 

Ta co danh gia: 5a 2 + 2 ab + 2 b 2 > (2a + b) 2 . (Bat dang thile tPdng ditdng: (a — b) 2 ) 
Th danh gia tren , ta co: 




Mat khac, ta co: 


Vi vay, P < —=. 

V 3 


2 a + b 9 a + a + b 3 v a b 


14 1 T 

^^(- + 7 + 7 ) 


111 1,1 1 1 r 

- + 7 + 7 ^ \ ^ 
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Dang thilc xay ra khi a = b — c = . □ 

v 3 


7.29 | Cho cac so thilc a, b , c thoa man a 2 + b 2 + c 2 — 6va ab + bc + ac= —3. Tim gia tri ldn 
nhat cua bieu thilc: 

_ P = a 6 + fr 6 + c 6 _ 


Ldi giai. 


Tit gia thiet de dang suy ra: 
Tit do, ta co: 


a + b + c — 0 

a 2 b 2 + b 2 c 2 + c 2 a 2 = (ab + bc+ ca ) 2 = 9 

a 4 + b 4 + c 4 = (a 2 + b 2 + c 2 ) 2 - 2(a 2 b 2 + b 2 c 2 + c 2 a 2 ) = 18 


a 6 + £> 6 + c 6 — 3a 2 b 2 c 2 = (a 2 + b 2 + c 2 )(a 4 + 6 4 + c 4 - a 2 6 2 - 6 2 c 2 - c 2 a 2 ) = 54 
Nhit vay, ta chi can tim cite tri cua P = a 2 b 2 c 2 . 

De dang co P > 0. Dau bang xay ra khi a = 0, b = a/3, c = — a/ 3- 
Cong viec con lai ta can tim gia tri ldn nhat cua P. 

Ap dung Cauchy Schwarz, ta difdc: 


6 = a 2 + b 2 + c 2 >a 2 + 


(b + c) 2 
2 


3a 2 

~ 2 ~' 


Suy ra — 2 < a < 2. Bang each titdng tit ta cung c6 —2 <b,c< 2. Suy ra: 

(a — 2)(b — 2)(c — 2) < 0 va (a + 2)(6 + 2)(c + 2) > 0 
Khai trien va dita vao cac dang thilc da co, ta ditdc —2 < abc < 2 suy ra a 2 b 2 c 2 < 4. 
Dau bang xay ra khi a = 2, b — c — —1 hoac a = —2, b = c — 1. 

Den day bai toan ditdc giai quyet.D 
Nhan xet: 


Ta c6 mot bai toan titdng tit nhitng thu vi hdn nhit sau: 

Cho a, b , c la cac so thitc thoa man dong thdi a + b + c = 0 va a 2 + b 2 + c 2 = 3. Chitng minh rang: 
a 5 b + b 5 c + c 5 a < -3 


7.30 | Cho cac so khong am a, b, c thoa man a + b + c— 1. Tim gia tri nho nhat cua bieu thilc: 

1 1 1 

. —» -- - — _ W 4.%Vv W* -- -A 


Ldi giai. 

Sil dung gia thiet ta suy ra b 2 + be + c 2 + 3a = (a + b) 2 + (a + b) (a T c) + (a + c) 2 . 

Til do dat x = a + b,y = b + c, z = c + a, ta di tim gia tri nho nhat cua bieu thilc 
1 1 1 

x 2 + xy + y 2 y 2 + yz + z 2 z 2 + zx + x 2 

vdi x + y + z = 2. 

Then thilc te ta co bat dang thilc rat quen thuoc sau va co le cung khong can phai chilng minh 
lai: 


1 


1 


1 


9 


x 2 + xy + y 2 y 2 + yz + z 2 z 2 + zx + x 2 (x + y + z) 2 
9 , 1 

Vay ta co P > Dang thilc xay ra khi a = b — c — 
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7.31 Cho cac so thifc x\ y; z > Q thoa man xy + yz + zx = S.Chtfng rninh bat dang thtfc: 
1 | _4_ > 3 

_ xyz (x + y){§4-z)(z + x) ~ 2 _ 


L6i giai. 

StjC dung bat dang thtfc AM — GM, ta co: 

3 = xy + yz + xz > 3 y/x 2 y 2 z 2 hay xyz < 1 

fxz + yz + xy + zx + zy + xy 

Va {xz + yz) {xy + zx) {zy + xy) < I --- 

Ttf 2 bat dang thtfc tren, ta co: 


3 

= 8 . 


1 4 

xyz {x + y){y +z){z + x) 


1 

2 xyz 



1 4 

2 xyz {x + y){y + z){z +x) 

' 2 

{xz + yz) {yx + zx) {zy + xy) 


Bat dang thtfc difdc chtfng minh. Dang thtfc xay ra khi x — y — z — 1M 


■ -7:32 | Cho a, b, c, d thoa man: 
Chtfng minh rang : abed < (1 — a 


a, b, c, d > 0 
a 2 + b 2 + c 2 + d 2 = 1 
){l-b){l-c){l-d). 


Ldi giai. 

Ta di chtfng minh: (1 — a) (1 — b) > cd. 

That vay, bat dang thtfc tren tifdng difdng vdi: 


1 — a — b + ab> cd 

a 2 + 6 2 + c 2 + d 2 — 2a — 2 b + 2 ab — 2 cd +1^0 
(a + b — l) 2 + (c — d) 2 > 0 

Tifdng trf, ta cd: (1 — c)(l — d) > ab. Nhan 2 ve cua 2 bat dang thtfc vtfa chtfng minh, ta difdc ket 
luan. 

Dang thtfc xay ra khi a = b — c — d=~. □ 


7.33 | Cho a; b; c > 0. Chtfrig minh rang: 

( “ , (_^ )2 , ^_ > 2 

_ ^b + c V c + a ^a + b {a + b){b + c)(c + a) 

L6i giai. 

Dat 

Ttf dang thde (a + b) (b + c) (c + a) 


2 a 2b 2c 

x = bT-c ]y= ^- a ]Z =^b- 
= ab{a + b) + bc{b + c) + ca{c + a) + 2abc , ta co dang thtfc sau : 


4 ab Abe Aca 8 abc 

xy + yz + zx + xyz + + + (c + a)(a + &) + (6 + c)(a + &) + (a + 6)(6 + c)(c + a) 

= 4 
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Bat dang thdc can chtfng minh trd thanh: x 2 + y 2 + z 2 + bxyz > 8. 

Den day neu danh gia x 2 + y 2 + z 2 > xy + yz + zx thi tat nhien khong di tdi ket qua. Vi vay, ta 
nghl den moi quan he vdi xyz, tit do ta se nghl den bat dang thutc Schur (chu y den dau = xay 
ra 6 2 diem ) co dang: 

x 2 + y 2 + z 2 -\ -— > 2 ( X y + yz + zx) 

x+y+z~ v * 

Mat khac, ta co: 


t 2 t 33 

4 = xy + yz + zx + xyz < — + — 
«^(W-3)(t + 6) 2 >0 
^t> 3 


vdi t — x + y + z. 

Tit do, ta viet lai ve trai bat dang thitc can chitng minh ditdi dang: 


9 9 9 9 xyz 

>x+y+z-\ -b 2 xyz 

x + y + z 

> 2 (xy + yz + zx + xyz) = 8. 


Dang thdc xay ra khi x — y — z — 1 hoac x = 0; y — z — 2 va cac hoan vi . 
Suy ra a = b = c hoac a = 0; b = c va cac hoan vi. □ 


7.34 | Chtfrig minh rang vdi moi a, b, c > 0 ta deu co : 


a 3 + b 3 + c 3 — 3abc > 2 


b + c 


Ldi giai. 

■ \ 3 

^ C — a J . Ta co: 

,, , . ,( b + c b + c\ 3 (b - c) 2 (b + c) 3 a(b - c) 2 

f(a,b,c) - f («, —) =-j-+ 

Dodo, /(o,6,c)>/ tii:, ~^~)‘ 

Mpldifc f(a,^, b -±^ = 3a(a- b -±S\\ 0 . 

Vay, ta co dieu phai chilng minh. Dang thitc xay ra khi a = b = c.D 


7.35 | Cho a, b , c la cac so ditong thoa: a + b + c— 3. Tim gia tri nho nhat cua: 

p _ a 3 + b 3 b 3 + c 3 c 3 + a 3 

_ ab + 3 _ be + 3 _ ca + 3 _ 

Ldi giai. 

Ta co 2 bat dang thde sau: 

0,3 _|_ ^ _|_ ° 3 > ( a + b + c) 3 
x y z ~ 3(x + y + z) 
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, , (a + b + c) 2 

ab + bc+ ca < - --- — = 3 


Ap dung bat dang tlitfc tren, ta co: 


a 3 b 3 c )[' 

ab + 3 +be+ 3 +ca+ 3J \a& + 3~^5c + 3~^ca + 3 
2(a + 6 + c) 3 


‘ 3 (ab + bc + ca + 9) 


>? 

“ 2 


Vi vay, gia tri nho nhat cua F = - 


Nhan xet: 


Tif bai toan tren, ta dua ra mot bat dang tlitfc tong quat co nhieu ting dung: 

Cho a*; b t (i = 1; 2; k) la cac so thuc duong va so nguyen n > 2. Ta co bat dang tlitfc sau: 

a l . a 2 , a k y (°1 + °2 + ••• + «fc) n 

h h h ~ k n ~ 2 {b 1 + b 2 + ... + b n y 

Bat dang thilc nay co the chitrig minh trite tiep bang bat dang tlitfc Holder. Viec chtfng minh se 
de lai cho ban doc. 


7. 36 | Cho cac so thuc drfdng a, b, c. Cluing minh rang: 

_ 2 (a 2 + 1) ( b 2 + 1) (c 2 + 1) > ( abc + 1) (a + 1) (b + 1) (c + 1) _ 

Ldi giai. 

Nhan xet vdi moi s6 thne dudng a ta c6 (a 2 + l) 3 > (a 3 + 1) (a + l) 3 . Dang thhc c6 khi a = 1. 
Chtfng minh bat dang thuc nay kha ddn gian, xin danh cho ban doc. 

Ap dung cho b va c ta co 
(b 2 + l) 3 > (b 3 + 1) (b+ l) 3 
(c 2 + l) 3 > (c 3 + l) (c+1) 3 

Tif do suy ra VT > (a + 1) (b + 1) (c + 1) yj(a 3 + 1) (b 3 + 1) (c 3 + 1) 

Mat khac theo BDT Hoder ta co (a 3 + 1) (b 3 + 1) (c 3 + 1) > abc + 1. 
vay, ta co VT >VP. Dang thtre co khi a — b — c— 1.0 


7.371 Cho" cac so thife a, 6, c, x, y , z thoa man (a + b + c) (x + y + z) — 3 va 

(a 2 + b 2 + c 2 ) ( x 2 + y 2 + z 2 ) — 4. Chtfng minh rang: 

_ ax + by + cz > 0 _ 


LcJi giai. 


a 2 + b 2 + c 2 


j x 2 + y 2 + z 2 
2 + b 2 + c 2 = 2 1 2 
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Bat dang tlitfc can chtfrig minh tilling difdng vdi: 

(j +fa )'f (l +% ) + (f +te ) - 4 

Nhifng ta co: 


2 lfa + 6 + c 


+ t (x + y + z)\ > - (a + b + c) (x + y + z) 


Vay, bat dang tlitfc difdc chtfrig rninh.D 


T.38 | Cho a, b, c la do dai 3 canh mot tam giac. Chtfng minh rang: 
abc [2 ^a 2 (b + c) — 2 Y2 a 3 + 3 abc] > (a + b + c) (b + c — a) (c + a — b) (a + b — c) (ab + bc +ca) 

Ldi giai. 

Ap dung hang dang tlitfc: 

(a + b — c) (c + a — b) (b + c — a) — ^ a 2 (b + c) — ^ a 3 — 2 abc 
Suy ra bat dang tlitfc tren luting difdng vdi 

2 abc U(b + c-a) + 7a 2 b 2 c? > (a + b + c)Y[ (b + c — a) (ab + be + ca) 

Tuy nhien, ta cd mot s6 dang tlitfc tam giac sau day: 

1 6S 2 = (a + b + c) n (b T: c — a) 
abc = 4 SR 
S = pr 

Th do de dang difa bat dang tlitfc ve dang: 

1 ^ + 7 > 4 sin A sin L? 

•O 4 cos A + 3 > sin A sin B 
<0 4 cos A cos B < 3 

3 

Nhifng bat dang tlitfc tren hien nhien dung vi cos A < -. 

Vay, ta co dieu phai chtfrig minh. Dang tlitfc xay ra khi a = b — c.O 


7.39 | Cho a, b, c la cac so nguyen khong am thoa man (a + b) (b + c) (c + a) = 2. Chtfng minh 
rang: 

_ (a 2 + be) (b 2 + ca) (c 2 + ab) < 1 _ 


Ldi giai. 

Khong mat tinh tong quat ta cd the gia sd c la so nam giffa a va b, Khi do (a — c) (b — c) < 0. 
Ta cd: 


(a + b) 2 [(6 + c) (c + a)] 2 — 4 


trfdng difdng 


(a + b) 2 (c 2 + ab + ca + cb) =4 


Hdn ntfa, 


Do vay 


(c 2 + ab + bc + ca) >4 (c 2 + ab) (be + ca) 
(c 2 + ab) (be + ca) (a + b) 2 < 1 
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c (a + 6) (c 2 + ab) < 1 

Vay ta chi can chhng minh 

(a 2 + 6c) (6 2 + ca ) (c 2 + a6) < c (a + 6) 3 (c 2 + a6) 

ttfdng dtfdng 

ab [(a — c) (6 — c) — 2ac — 2 be] < 0 

Vay ta co dieu phai chdng minh. Dang tilde co khi va chi khi a = 0, 6 = c = 1 va cac hoan vi.D 

7.40 | Cho a, 6, c la cac so there dcfdng. Chimg minh rang: 

_ (a 2 + l)(6 2 + l)(c 2 + l) > ^(a + 6 + c+l) 2 _ 

L6i giai. 

Ap dung bat dang thtfc Cauchy-Schwarz ta co: 

(a + b + c + l) 2 = ^a.l + —^=.\/2i(6 + c) + -^=.\/2^ < (a 2 + 1)[3 + 2(6 + c) 2 ]. 

Khi do ta can chhng minh bat dang there sau: 

^[3 + 2(6 + c) 2 ] < (6 2 + l)(c 2 + 1) 


166 2 c 2 + 6(6 2 + c 2 ) + 1 > 20a6. 

Bat dang there tren hien nhien dung theo bat dang there AM-GM: 

166 2 c 2 + 1 > 86c, 6(6 2 + c 2 ) > 126c 
Dau dang there xay ra khi va chi khi a = b — c = 
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3.8 Bai 8.1 den bai 8.40 


8.11 Tim hang so k tot nhat (ldn nhat) de bat dang thufe sau dung vdi moi so thufe a,b,c 
khong am: 

1 Y] a 3 + k ( ab + be + ca) (X) a) A ab (a + b) + be (b + c) + ca (c + a) + k (a 2 + b 2 + c 2 ) (a + b + c) 
Left giai. Cho c = 0,a = 6 = t>0=>4f 3 + 2 kt 3 > 2 1 3 + 4 kt 3 => k < 1 => k max — 1 

Khi k = 1 ta can chufng minh: 

2 ^2 a 3 + (a + b + c)(ab + be + ca) > ab(a + b) + 6c(6# c) + ca(c + a) + (a + b + c)(a 2 + b 2 + c 2 ) 
tufting dufdng 

a 3 + b 3 + c 3 + 3a£>c > a£>(a + 6) + 6c(6 + c) + ca(c + a) 

( Dung theo bat dang thufe Schur). □ 


8.2 | Cho x,y,z > 0 thoa man x 2 + y 2 + z 2 > 1.Chufng minh: 

t + * + *>i 

y z x 


Loti giai. Lefi giai 1 . Ap dung bat dang thufe Cauchy - Schwarz, ta co: 

" " ,3 | | z3 ^x 2 + y 2 + z 2 ) 2 ' 

y z x xy + yz + zx 

Mat khac, ta cuing co x 2 + y 2 + z 2 > xy + yz + zx va + y 2 + z 2 > 1 

theo dieu kien nen ta suy ra: 


- + — + — > 1. 


Phep chufng minh hoan tat. □ 


L5i giai 2. Sue dung bat dang thde AM-GM ta co: 

7-3 7-3 

- + -+!/*> 3x 2 
V V , 

Thiet lap 2 bieu thufe tufdng tuf, sau do cong ve theo ve, ta dufdc: 


2 f— + y~ + — ^ 4 ,# + y 2 -t #> 3 far 2 +## z 2 ) 

V v z ) 


hay 


- + — + — >x 2 + y 2 + z 2 >l 


Bai toan dufdc chufng minh.Dang thufe xay ra khi va chi khi x = y = z = 
Lcii giai 3. Sue dung bat dang thufe Holder ta co: 


u/3 


(- + 4 +'-) (- + ~ + z i)(y 2 + z i + x 2 )> (x 2 + y 2 + z 2 ) 
\y z % J \y z ) 


— + — + —>x 2 + y 2 + z 2 > 1 
y z x 

Bai toan dufdc chufng minh.Dang thufe xay ra khi va chi khi x = y = z = —=.□ 

v 3 


8.3 | Cho a, b, c > 0 thoa man a 3 + b 3 + c 3 = 3. Chufng minh rang: 

a f> c 

- + - + 7 ^a + b + c 

_ c _ a _ b _ 
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Ldi giai. Goi (a, b, c)la mot hoan vi cua bo (x, y , z) sao cho a > b > c =>• a" -1 > 6 n_1 > c n_1 ; ab > 
ac > be 
Ta co: 
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x n y + y n z + z n x — x n ~ 1 xy + y n ~ x yz + z 1l ~ 1 zx 

< a n ~ l ab + b n ~ l ac + c n ~ l bc 
= b(a n + acb n ~ 2 + c n ) 

< b(a" — a" l c + c") 

< 6(a + c) n 

= 6(a + c) n 

= —nb(a + c) n 
n 

< 1 /n(a + 6 + c)\ n+1 

— n \ ra + 1 / 

ra n 

~ (n + l) n+1 

Dau = xay ra khi(x, y, z) la hoan vi cua ( ——0 ) .□ 

\n + 1 n + 2 / 


8.6 | Cho a, b, cla cac so thrfc thoa man 3a 2 + 2b 2 + c 2 < 6. Tim GTLN va GTNN cua bieu 
thrfc sau: 

_ P = 2(g + b + c) — abc _ 


Ldi giai. Ap dung bat dang thrfc Cauchy-Schwarz: 

[2(a + b + c) - abc] 2 = [a(2 - 6c) + 2 (b + c)] 2 < (a 2 + 2) [(2 - be) 2 + 2(6 + c) 2 ] = (a 2 + 2)(6 2 + 2)(c 2 + 2) 
Lai theo bat dang thrfc 

(a 2 + 2 )(b 2 + 2)(c 2 + 2 ) = ^(3a 2 + 6)(26 2 + 4)(c 2 + 2) < i ( 3 ° 2 + 2ft2 + c 2 + 12 ) < 36 
trfdng drfdng [2(a + b '+ c) — a&c] 2 < 36 => — 6 < 2(a + b + c) — abc < 6 


Dau "=" xay 
tUdng dudng 


ra khi va chi khi:-| 

I" a — 0; b — 1; c = 
a = 0; b = —1; c = 


a(b + c) = 2 — be 
3a 2 + 6 = 26 2 + 4 = c 2 + 2 
2 

-2 


6 


Vay: 

Min(2(a + b + c) — abc) = — 6 a = 0; b = —1; c — — 2 
Max(2(a + b + c) — abc ) = 6 a = 0; b = 1; c = 2..D 


8.7 | Cho a, b, c > 0 thoa man a + b + c — LChrfng minh rang: 

ill / T 

,— H— -j= H—j= V 2 + \ 22 H—— 
_ V ab Vbc yea _ V aoc 


Ldi giai. Nhan Vabc cho moi ve, ta drfdc bat dang thrfc trfdng drfdng la: 


Va + Vb + \[c > 2 Vabc + V22 abc + 1. 
Binh phrfdng hai ve, ta drfdc bat dang thrfc trfdng drfdng la 


a + b + c + 2 (Vab + Vbc + Vcaj > 26 abc + 1 + ^Vabc(22abc + 1). 
Vi a + 6 + c = 1 nen bat dang thrfc tren trfdng drfdng vdi 
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Vab + Vbc + sfca > 13 abc + 2y/abc(22abc + 1). 
Ap dung AM-GM cho ba so duong a, b, c ta co ngay dieu sau 


abc < 


a + b + c\ 1 


27' 


Nhu vay, ta co 


2^abc(22abc + 1) < 2J abc + 1^ = ^^(abc) 1 ^ 2 . 


Ta cung co theo AM-GM 

Vab + Vbc + s/ca > 3 \JVab ■ Vbc ■ \fca = 3 (abc) 1 / 3 . 

Noi each khac, ta can chi ra rang 

3 (abc) 1 / 3 > 13a6c^|d— ^(abc) 1 ^ 2 . 

3y 3 

Hay tUdng dudng vdi (rut gdn (abc) 1 / 3 hai ve) 

14 

“ITT 

Vi abc < 127nen bat dang thile tren la mot bat dang thile dung, that vay, ta co 

13( * )2/s+ wz (abc)1, ° ^ 3 {bT + ^ (b) 1/6 - 3 - 

Ta co dieu phai cluing minh. □ 


8.8 | (USA TST 2011)Cho a, b, c £ [0,1] thoa man a + b, b + c, c + a > 1. chilng minh: 

1 < ( l -») 2 + (1 - 6) 2 + ( l - c ) 2 + - 7 =^ 2 
___ Va z + b z + c z _ 


L6i giai. Viet lai bat dang thile nhu sau: 

a 2 + b 2 + c 2 + 2 f ■ 

Ap dung AM-GM, ta co 


Vo 2 +'P~'+Jtf 


^ 2(a + 6 + c). 


2(tt + 6+C )<h±t±A + 2 . 


Nen ta chi can cluing minh dude 

a 2 + b 2 + c 2 + 


Va 2 + b 2 + c 2 2 


Hay 


A\/2abc 
\fa z — b 2 — c l 


> 2 (ab + bc + ca) — (a 2 +b 2 + c 2 ). 
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Bat dang thile da cho la thuan nhat, do do ta co the chuan hoa a 2 + b 2 + c 2 — 2. 
Bat dang thile trd thanh: 

4 abc > 2 (ab + be + ca) — 2 


Hay 


2 abc + 1 > ab + bc + ca 

Gia sil co 1 so ldn hdn 1, chang han la a, ta co bat dang thile tren titdng ditdng: 

4 bc(a — 1) + (a — b — c) 2 > 0 
Xet tritdng hdp ngitdc lai, bat dang thile titdng ditdng: 

(1 — a)(l — be) + a( 1 — 6)(1 — c) > 0 
Vay bat dang tlitfc ditdc cluing rninh.D 


8.9 | Chd 3 s6 a, b, c thda man dieu kien a + b + c+ abc = 0; a, b e [—11]. Chilng minh rang: 

_ \Ja 4~ 1 4~ \fb + 1 + Vc + 1 < 3 _ 

Ldi giai. Khdng mat tmh tdng quat, c6 the gia sit ab > 0 thed nguyen li Dirichlet. 

Khi d6, tit gia thiet ta ditdc: 

(1 + c) < (1 + c)(l + ab) — (1 - a)(l - b) 

Vl + c < \/(l- a)(l - b) 

Ap dung bat dang thile Cauchy-Schwarz: 

s/ — a) (1 — b) + a + \f \ + b < yj{\ — a + l + a + l)(l — 6+1 + 1 +6) = 3 
Bai tdan ditdc chilng rninh.n 


8.10 | Chd a, b , c la cac s6 ditdng. Chilng minh: 

i . [C — ‘2(1 rr 

y —g— — \/ a A Vb + \Jc 

Ldi giai. Binh phitdng hai ve, bat dang thile can chilng minh titdng ditdng vdi: 

E \/(o + 2 b) (b + 2c) > 3 E 's/cib 
Ap dung bat dang thilcCauchy-Schawrz, ta c6: 

y/{a + 2b) (b + 2c) > \J ( Vab + 2 Vbc) 2 = Vab + 2 Vbc 
Lap cac bat dang thile titdng tit rdi cpng ve thed ve, ta c6 bat dang thile can chilng minh. □ 



8.111 Chd cac s6 thitc ditdng x, y, z thda man xy + yz + zx = 3. Chilng minh rang: 

1 _4_ 3 

xyz (x + y)(y + z)(z + x) ~ 2 


Lcii giai. 

Lcfi giai 1. Tritdc tien, ta de dang c6 xyz < l..Ap dung AM-GM lien tuc, ta se c6 
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1 

xyz 


(x + y)(y + z)(z + x) 2 xyz [2 xyz (x + y){y + z)(z + x 

> 1 _u 2^2 

~~ 2 xyz y/xyz(x + y)(y + z)(z + x) 

1 2y/2 


2x V z y/(xy + xz) (yz + yx) (zx + zy) 


& 


2V2 


f xy + xz + yz + yx + zx + zy 


3 

2 ' 


Ta co dieu phai cluing minh. □ 

Ldi giai 2. De thay xyz < l.Sil dung AM-GM ta co: 

4 xyz 4 xyz 

(xy + xz)(yz + yx)(zx + zy) ~ ^xy + xz + yz + yx + zx + zy^ 3 

Nhu! vay chi can cluing minh: 

1 _ xyz > 3 
xyz 2 ~ 2 


Nhung BDT nay dung vi: 

VT — 

Phep cluing minh hoan tat.D 


1 

2 xyz 




1 



+ 1 = 


3 

2 


.True 


xyz 

2 


8.12 | Cho~E b, c > 0. Chilng minh rang: 

E I ° >2 

__ 

Lcfi giai. Bat dang thilc tUOng ditcing vdi 

a b c ^ ^ 

y/4b 2 + be + 4c 2 \/4 c 2 + ca + 4a 2 \/4a 2 + 06 + 46 2 — 

Ap dung lien tiep bat dang thilc Cauchy Schwarz, ta co 

a ^ (a + b + c) ^ (a + b + c) 

^ \/ 46 2 + 6c + 4c 2 — ^ a\/46 2 + 6c + 4c 2 — \/(E a ) IE a(4& 2 + be + 4c 2 )] 
Noi tom lai, ta chi can cluing minh rang: 

(a + b + c ) 3 > ^ a(4b 2 + be + 4c 2 ). 

Khai trien ra, ta se co ngay bat dang thilc 

a 3 + b 3 + c 3 + 3abc > ab(a + b) + bc(b + c) + ca(c + a). 

Day chinh la bat dang thilc Schur. Ta co dieu phai cluing minh. □ 
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8.13 | Cho 3 so khong am a, b , c thoa man a + b + c = 1. Chilng minh rang: 

a 2 + b 2 + c 2 + a/12 abc < 1 


Ldi giai. Lofi giai 1. Bat dang thrfc trfdng drfdng 

(a + b + c) 2 — 2 (ab + bc+ ca ) + \/l2abc < 1 
trfdng drfdng ab + be + ca > y/3abc 

trfdng drfdng (ab + bc+ ca) 2 > 3 abc(a + b + c) 

trfdng drfdng (ab — be) 2 + (be — ca) 2 + (ca — ab) 2 > 0 Dilng 

._ [be [ca [ab 

Lcfi giai 2. Dat x — \ — , y = \ — z — \ — 

- V a V b \ c 

Khi do a = yz, b — zx, c = xy va xy + yz + zx = 1 
Bat dang thrfc trfdng drfdng 

x 2 y 2 + y 2 z 2 + z 2 x 2 + 2y/Zxyz <1 x + y + z > v^3(*) 

Trt dieu kien ta thay ton tai tarn giac ABC nhon sao cho : 

x = tan j, y = tan f ,z = tan j 

(*) O tan j + tan f + tan j > \/3 

Bat dang thrfc tren hien nhien dung, ta co dieu phai chilng minh. □ 


8.14 | Cho a, b, c la 3 so thrfc khong dong thdi bang 0. Chilng minh rang: 

I _3 o + 6 | <6 

\ y/a 2 + 2b 2 + c 2 | “ 

LcJi giai. Ap dung Cauchy Schwarz, ta co ngay 


30 + 6 <r qi 

f'ST' (3a + b) 2 \ 

^ y/a 2 + 2 b 2 + c 2 - \ 

a 2 + 2 b 2 + c 2 )' 


Tiep tuc dung Cauchy Schwarz, ta se ngay dieu phai chilng minh 
v- (3a + b) 2 , ^ ( 9a 2 b 2 


\ ^ (3a + b) < \ ^ 

a 2 + 2 b 2 + c 2 ~ ^ 


v 3a + b 


('ST' (3a + bf \ 

^ y/a 2 + 2b 2 + c 

5 “T 

a 2 + 2 b 2 + c 2 ) 


< V3- 12 = 6. 


8.15 | (IRan 2011)Tim so thrfc k nho nhat sao cho vdi moi so thrfc x, y, z khong am ta co bat 
dang thrfc: 

Xy/y + yV* + Z V% < ky/(x + y)(y + z)(z + x) 
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Sh dung bat dang thilc Cauchy Schwarz : 

VT 2 = (y/xy/xy + y/Vy/yz + yfzyfzx) 2 < {x + y + z){xy + yz + zx) 
Ta chi can di cluing minh 

8(x + y + z) (xy + yz + zx) < 9(x + y) (y + z) (z + x)True 
Ta co dieu phai cluing minh .Dang thilc xay ra khi va chi khi x — y — z.O 


8.16 | Cho a; b] c > 0 thoa man a + b + c= 1. Tim gia tri ldn nhat cua bieu thilc: 


' be + a V ca + b 


L6i giai. Ap dung bat dang thilc AM-GM,Ta co: 

I ]/ (c +a] 


ab 


Suy ra: 


ab 


ab 


ab + c Y ab + c(a + b + c) 


1. a b . 


■)(c + 6) 2 v c + a a + c 
b 


/ ab / be I ca < 1 .a + b a c „ ^ . _ , 

lab + c \bc + a \ca + b~2 K c + a c + b b + a b + c a + b b + c 2 


8.17 | Cho a, b, c la cac so thilc khong am thoa man a + b + c — 1. Tim gia tri ldn nhat cua 
bieu thilc 

1 + a 2 1 + b 2 1 + c 2 

_ ~ 1 + b 2 + 1 + c 2 + 1 + a 2 _ 


LcJi giai. Trildc het th gia thiet, ta suy ra 0 < a, b, c < 1, th do co a 2 , b 2 , c 2 < 1. 
Ta viet lai bieu thilc P nhil sau: 


p = y 1 

^ l + a 2 ^ 1 + 6 2 ’ 


th do ket hpp vdi hai danh gia sau: 


1 1 + 1-a 2 _ 2 - a 2 

a 2 ~ 1 +a 2 + 1-a 2 ~ 2 : 


1 + b 2 ~ 


ta suy ra 




2 ' 2 * 

Mat khac, de y rang do a,b,cE [0,1] nen a 2 + b 2 + c 2 < a + b + c — 1, do vay ma 

^3 + i 4 

7 „ 7 

Cuoi cung vdi a = b = Q vb c ~ l (thoa man dieu kien) thi P — - nen ta ket luan - la gia tri ldn 
nhat cua bieu thilc P. 

Bai toan ket thuc.D 


8.18 | Cho a, b, c la cac so thilc dildng thoa man a + y/b + yfc = 3. Chilng minh rang 
_ A = y/l + a 4 + (a - b) 2 + y/l + b 2 + (b - c) 2 ■+ a/ 1 #h+ (c - a) 2 > ?>y/2 
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Ldi giai 1 . Ap dung bat dang thilc Minkowski, ta 


A> \J (\/l + a 4 -|cAfl + b 2 + vT+c ) 2 4- (| a — b\ + \b — c\ + \c — a\) 2 > y 9 + (a 2 + b 
Den day ta sil dung danh gia cd ban sau vdi moi ba so thilc duong x, y, z 

x > + y 2 + z >> (£±l±ll (,) 


A > J 9 + ( n + x4+ ■^ 4 =v ^ T 9 = 3v ^. 


Phep chiUig minh hoan tat.C 


Ldi giai 2. Til bieu dien cua A ta suy ra 

A > Vl + a 4 + Vl + b 2 + vTTc. 

Den day ta sil dung danh gia cd ban sau vdi moi hai so thilc dildrig x, y 

x * + y i>(£±«Z 

de co 

1 + a 2 1 + 6 1 + y/c 3 + a 2 + b + y/c 

A > —= -7=-—. 

- y/2 y/2 y/2 y/2 

Tiep tuc sil dung danh gia (*) d tren, ta suy ra 


Phep chilng minh hoan tat.D 

8.19 | Cho a, 6, c, d la cac so thuc khong am. Chilng minh rang 

a — 6 + c — (I lab + ac + ad + bc + bd + cd 3 labc + abd + acd + bed 
4 ll 6 -V 4 


1. Chilng minh --- + \l ---. 

_4_ V_ 6_ 

De y rang ta cd dang thilc sau: 

2 (ab + ac + ad + bc + bd + cd) = (a + b)(c + d) + (a + c)(b + d) + (a + d)(b + c) 

(rj, _|_ y\2 ^ 

Th day ta ap dung danh gia cd ban xy < --- de cd 


i + b + c + d ^ ab + ac + ad + be + bd + cd 


2 (ab + ac + ad + bc + bd + cd) < 
va do do ta cd bat dang thilc can chilng minh. 


3(a + b + c + g ?) 2 
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„ , 3 / abc + abd + acd + bed u ,—- 

2. Chung minh y--- > Vabed. 


Sd dung bat dang tlitfc AM-GM, ta co ngay dieu phai chbng minh: 


abc + abd + acd + bed 


3. Cluing minh 


ab + ac + ad + be-\-bd + cd _ 


> \J \/a 3 b 3 (?d? = yfabed. 


abc + abd + acd + bed 
4 


Bat dang thhc can chhng minh tUdng dUdng vdi 

. 2 (ab + ac +ad + bc +bd + cd) 3 


(i abc + bed + eda + dab) 2 < - 

Bat dang tilde nay mang tinh doi xhng giUa cac bien, nen khong mat tinh tong quat, ta gia 
sii a > b > c > d. Vdi dieu kien do, ap dung bat dang thtre Cauchy-Schwarz, ta co 

(abc + bed + eda + dab) 2 < (ab + bc + cd + da)(abc 2 + bed 2 + eda 2 + dab 2 ) 

= (ab + bc + cd+ da) [ac(bc + da) + bd(ab + cd)\. (*) 


Mat khac, tha> 6 >c><ita suy ra ac > bd va 

bc + da — (ab + cd) = (a — c)(b — d) > 0, 
hay bc + da> ab + cd. Do vay theo bat dang tlitfc Chebyshev, ta cd 

ac(bc + da) + bd(ad + cd) < ^(ac + bd)(bc + da + ab + cd). (**) 

Ket hop hai danh gia (*) va (**), ta dupe 

(abc + bed + eda + dab) 2 < ^(ac + bd)(bc + da + ab + cd) 2 

= ^- 2 (ac + bd)(bc + da + ab+ cd)(bc + da + ab + cd). 


Den day ta ap dung bat dang tilde AM-GM de cd 


(abc + bed + eda + dab) 2 < 


1 [2(ac +bd)+ 2(ab +bc +cd + da)~\ 3 

4 [ 3 J 

2 (ab + ac + ad + bc + bd + cd) 3 

27 ' 


Phep chdrig minh hoan tat.O 


8.20 | Cho a, 6 , c la do dai ba canh cua mot tarn giac. Chiing minh rang 
a ^ b ^ c ^9 

_ Va 2 + 3 be Vb 2 + 3ca Vc 2 + 3ab~4: _ 

Ldi giai. TrUde het, do bat dang thhc can chiing minh mang tinh doi xhng giUa cac bien, nen 
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khong mat tmh tong quat, ta gia sil c = max{a , b, c}. 

Ap dung bat dang thile Cauchy - Schwarz, ta co 

0 + b + C > ( Q + b + c ) 2 

y/a 2 + 3bc y/b 2 — 3ca y/c 2 + 3 ab ay/ a 2 + 3 be + by/b 2 + 3 ca + ctf c 2 + 3 ab 

Mat khac cung theo bat dang thile Cauchy - Schwarz thi 

ay/a 2 + 3 be + by/b 2 + 3 ca + cV c 2 + 3 ab = \fa\/ a 3 + 3 abc + VbVb 3 + 3abc + y/cV c 3 + 3 abc 
< y/(a + b + c)(a 3 + b 3 + c 3 + 9 abc), 


do do ta suy ra 

a ^ b ^ c ^ (a + b + c ) 2 

y/a 2 + 3bc a/ 6 2 + 3ca y/c 2 + 3 ab ~ y/(a + b + c) (a 3 + b 3 + c 3 + 9 abc) 

Nhrf vay de ket thuc chilng minh, ta can eh! ra rang 

(a + b + c) 3 > 9 

a 3 + b 3 + c 3 + 9 abc ~ 4 ’ 

Thitc hien phep bien doi trfdng drfOng ta thu drfdc 

12[a6(a + b) + bc(b + c) + ca(c + a)] > 5(a 3 + 6 3 + c 3 ) + 57 abc. 

De y rang theo bat dang thtre AM-GM thi a 3 + b 3 + c 3 > 3 abc, do vay 

6(a 3 + b 3 + c 3 + 9 abc) >5 (a 3 + b 3 + c 3 ) + 57 abc. 

Do vay ta chi can chilng minh 

2[a6(a + b) + bc(b + c) + ca(c + a)] > a 3 + b 3 + c 3 + 9 abc, 

hay (3c—a—6)(a—6) 2 +(a+6—c)(c—a)(c—6) > 0. Tuy nhien danh gia nay dung do c = max{a, b, c} 
va do a, b, c la do dai ba canh cua mot tarn giac. Do vay bat dang thile ban dau drfdc chilng minh. 


Bai toan ket thuc.D 


8.211 Cho a, b , c la cac so thitc ditOng thoa man a 2 + b 2 + c 2 — 3 . Chilng minh rang 
abc 

— p H — 7= H — 7= A o + b + c 

_ y/b y/c y/a _ 


Lofi giai. Ap dung bat dang thile Cauchy - Schwarz, ta co 

a b c (a + b + c) 2 

- 1 - 1 -> -----. 

y/b y/c y/a ay/b + byfc + Cyfa 

Nhrf vay de ket thuc chilng minh, ta can chi ra rang 

ay/b + byfc + cyfa < a + b + c. 
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Blnh phrfdng hai ve va chu y rang theo bat dang thrfc Cauchy - Schwarz: 

(aVb + b\fc + cy/a ) 2 < (ab + be + ca)(a + b + c), 

ta can chrfng minh 

a + b + c > ab + be + ca. 

Tiep tuc binh phrfdng hai ve va de y tdi danh gia cd ban (a + b + c) 2 > 3 (ab + bc+ ca), ta can 
phai kiem tra danh gia sau 

ab + bc + ca < 3. 

Tuy nhien danh gia tren dung do ab + be + ca < a 2 + b 2 + c 2 = 3. Do vay bat dang thrfc ban dau 
drfdc chrfng minh xong. 

Bai toan ket thuc.D 


8.22 | Cho x, y la cac so thrfc drfdng thoa man xy + x + y = 3. Tim gia tri ldn nhat cua bieu 
thilc 

„ 3x 3y xy „ „ 

P = -r + ——— + -x 2 -y 2 

_ y + 1 x + 1 x + y _ 


^ _ y ^ 

LcJi giai. Tir gia thiet, ta suy ra x = -The vao P, khai trien va rut gon, ta drfdc 

- y +1 

p = - {y - 3 ) y ( y 4 + 2 y 3 + 12 y 2 + 1% + 19) = ~ (y - 3 ) y [{y - l) 4 + 6 (y + 1) (y 2 + 3 )] 
4 (y + if (y 2 + 3 ) 4 (y + l) 2 (y 2 + 3 ) 

Trf d6, ta srf dung danh gia hien nhien (y — l) 4 > 0 de c6 

. -(y-3) y. 6 (y + 1) (y 2 + 3 ) _ 3 \-y (y - 3)1 


P < - 


Den day chu y rang 


4 (y + l) 2 (y 2 + 3) 2[ y+ 1 


-y (y - 3 ) _ x = -{y- 1) 2 < Q 
y +1 y +1 “ ’ 


3 3 

Cu6i cung vdi x = 1 va y = 1 (thoa man dieu kien) thi P = - nen ta suy ra - la gia tri ldn nhat 
cua bieu tliilc P. 


Bai toan ket thuc.D 


8.23 | Cho a, b, c la cac so thrfc thay doi trong doan [0,1], Tim gia tri ldn nhat cua bieu thhc 
^ a b c 

P = - -— + --h -- - - abc 

_ 1 + be 1 + ac 1 + ab _ 


LcJi giai. Chu y rang trf gia thiet ta cd abc > 0 va 


< 


< 


2a 


1 + be 1 + abc 2 +abc 
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do vay ta suy ra 


p < 2 (a + b + c) 
— 2 + abc 


Den day trd 2 vao moi ve de co 

p 2 < 2 (a + 6 + c- abc-2) _ 2[(1 - a)(l - 6 ) + (1 - c)(l - ab)] 

~ 2 + abc 2 + abc 

nhung de y rang (1 — a) (1 — b) + (1 — c)(l — ab) > 0 do a,b,ce [0,1]. Do vay ta suy ra 

P-2 <0, 

hay P <2. 

Cuoi cung vdi a = b =1 va c = 0 (thoa man dieu kien) thi P = 2 nen ta ket luan 2 la gia tri ldn 
nhat cua bieu thdc P. 

Bai toan ket thuc.D 


8.24 | Cho a, b, c la cac so thrfc thay doi bat ki. Chdrig minh rang 
_ (a 2 + 1 ) (b 2 + 1 )(c 2 + 1 ) > (ab + be + ca — l ) 2 _ 

Ldi giai. De y rang ta co dang thde sau 

(b 2 + 1 )(c 2 + 1 ) > (b — c ) 2 + (be - l) 2 , 

do vay (a 2 + 1 )(b 2 + l)(c 2 + 1) = (a 2 + 1)[(6 + c ) 2 + (be — l) 2 ]. Den day ta ap dung bat dang thde 
Cauchy - Schwarz de co 

(a 2 + 1 )(b 2 + 1 )(c 2 + 1 ) > [a(b + c) + bc— l ] 2 = (ab + bc + ca — l) 2 . 

Phep chitng minh hoan tat. □ 


8.25 | Cho x, y, z la cac so thrfc thay doi trong khoang (0; 1], Chitrig minh rang 
1 1 1 < 5 

_ 1 + xy l + i \)z 1 + xz ~ x + z _ 

Ldi giai. Bat dang tlntc can cliimg minh mang tmh doi xilng giha cac bien, do do khong mat tmh 
tong quat, ta gia sri0<z<y<x<l. Khi do: 

l + yz<l + zx<l + xy. 

Do vay ta co danh gia 

1 | 1 ( 1 < x+y+z 

1 + xy 1 + yz 1 + xz ~ 1 + yz 

Mat khac de y rang 

x + y + z = x-l-(y-l)(z-l)-yz g 
1 + yz 1 + yz 
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nen tif gia thiet ta suy ra X ^ Z < 2. Nhu! vay 
1 + yz 


1 

l 

1 

1 + xy 

i + yz 

l+xz 

Hdn nifa, ta cung co dang thifc 




z + x\ 

_ (1-: 

V 1 + xy) V 1 + yz) V 

1 + zx) " 

1 

tif day ta ket hdp vdi gia thiet de co 



x + y_ 

y + z 

z + x 


w 


1+yz 


< 3. 

1 + xy 1 + yz 1 + zx 
Cong ve theo ve hai danh gia (*) va (**), ta drfdc 

x + y + z x + y + z x + y + z 


(**) 


1 + xy 1 + yz 

va do do ta thu drfdc bat dang thifc ban dau. 
Phep cluing minh hoan tat.D 


- + - 


l + xz 


8.26 | Cho X, y la cac so thiic dcfdng thoa man x + y > 4. Tim gia tri nho nhat cua bieu thii’c 
_ 3x 2 + 4 2 + y 3 

_ Ax + y' 2 _ 


L6i giai. 

Ta viet lai bieu thii’c P nhrt sau: 


p 2z 2 + (z 2 + 4) : 2y 3 + (y 3 + y 3 + 8 ) 

Ax Ay 2 

Tit day ta ap dung bat dang thifc AM-GM de co x 2 + A > Ax va y 3 + y 3 + 8 > 6 y 2 , do vay 


> 2x 2 + Ax 2y 3 + 6y 2 _ x + y 5 
— Ax Ay 2 2 2 

9 

Den day ta sii dung gia thiet x + y > A de drfdc P > 

9 9 

Cuoi cung, vdi x = 2 va y = 2 (thoa man dieu kien) thi P = - nen ta ket luan - la gia tri nho 
nhat cua bieu thifc P. 


Bai toan ket thuc.n 


Cho a, b, c la cac so time drfdng thoa man — \= + ~^= + ~^= = 2. Cluing minh rang 

\/a Vb V c 
1 1 1 

— , — , H— , < 1 

_ \/a + 3b \/b + 3c \/c + 3a _ 
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LcJi giai. Ap dung bat dang thrfc Cauchy - Schwarz, ta co 


(4 + ^)(° + 3& ) - + 2^ 2 ’ 

trf do suy ra \/a +3b > ^ + ^Vb } a p ( |anh gia tuong tit va cong lai, ta dude 


1 1 1 
= + ,, + - 


2 2 2 
F + —-— + - 


(*) 


Vo + 36 Vb + 3c V c + 3o y/a + 3 Vb y/a + 3 Vb y/a + 3 Vb 

Lai ap dung bat dang thrfc Cauchy - Schwarz, ta co danh gia 
1 11 1 > 16 
V® Vb Vb Vb V® + 3 Vb 

hay —+ -^= > - ——-=. Cong danh gia nay vdi hai danh gia trfdng trf khac, ta suy ra 


V® Vb Vo + 3 Vb 


1 1 1 
= + -p + - 


1 1 1 

= + —F -7= + - 


V® Vb Vc \_y/a-\-3Vb V6 + 3Vc V^ + 3VoJ 
Ket hop hai danh gia (*) va (**) cho ta 


(**) 


1 


1 1 

' 


1 r 1 1 1' 

+ = 1 - 


y/a + 3 b yfb + 3 c y/c + 3 a 2 yfb 

Phep cluing minh hoan tat.D 


8.28 | Cho x, y, z la cac so thrfc khong am thay doi bat ki. Chrfng minh rang vdi moi so thrfc 

a,b,c thay doi thoa man 0 < a < b < c, ta luon co 

(ax + by + cz)(- + | + -) < ^ + ^ (x + y + z) 2 
_ a _ b e _ Aon _ 

Ldi giai. Bat dang thrfc can chrfng minh tUdng dudng vdi 

4(ax + by + cz)(cx + + az ) > [(a + c)(x + y + z)] 2 . 

Ap dung danh gia cd ban 4 uv < (u + v) 2 , ta co 

A . . . acy . . acy . 2 

4(ax + by + cz) (cx H—-— b az) < (ax + by + cz + cx H—-— b az) . 

Nhrf vay de ket thuc chrfng minh, ta can chi ra rang 

i ac V . w \ 

ax + by + cz + cx H—-— b az < (a + c)(x + y + z). 

Thrfc hien phep bien doi trfdng drfdng, ta thu drfdc y(c — b)(b — a) > 0. Tuy nhien day la danh gia 
dung do 0 < a < b < c. Do vay bat dang thrfc ban dau drfdc chrfng minh. 

Bai toan ket thuc.D 
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8.29 | Cho a, b, c la cac so thifc drfdng thay doi bat ki. Chtfng minh rang 
a 2 b 2 c 2 ^ 3 

_ (q + c ) 2 + (b + o ) 2 + (c + fr) 2 ~ 4 _ 

Ldi giai. Dat x — y — y,z = Khi do x,y,z > 0, xyz = 1 va bat dang thifc can chtfng minh 

- a b c 

trfdng drfdng vdi 


rb) + (rb.' + 


, > 3 . 

l + z - 4 


De y rang ta co dang thilc sau 


i v + i 


xy(x - yf + (1 - xyf 


\l+x) \l + yj 1 + xy (1 + x 2 )(l + y 2 )(l + xy)' 
tif do ta sit dung gia thiet cua x, y, z de co 


1 

1 + x 


1 + y J 1+xy z + 1 


Nhrf vay de ket thuc chilng minh, ta can chi ra rang 

2 1 ^ 3 

J+l + (l + z) 2 - 4' 

Thrrc hien phep bien doi trfdng drfdng, ta thu drfdc mot danh gia hien nhien dung 

(z- l ) 2 > 0 , 

do vay bat dang thifc ban dau drfdc chhng minh. 

Bai tdan ket thuc.D 


8.30 | Cho x,y,z la cac so thrfc drfdng thoa man xyz = 1. Chtfng minh rang 
1 1 1 ^ 3 

_ (l + x)3 + (l + y)3 + (l + ^)3-8 _ 

Lofi giai 1. Trrfdc het ta se chtfng minh bat dang thifc sau: 

---1- - -1---1---> l. h) 

(1 + x ) 3 (1 + y) 3 (I + 2) 3 (x + l)(y + l)(z + 1 ) 

Dat a = — —b = —— c = ——m = x + y + z: n = xy + yz + zx. Khi dd a, b,c,m,n> 0 va 
x+1 y+1 z + 1 

trf gia thiet xyz — 1 , ta suy ra 

abc — (1 — a)(l — b)( 1 — c ), 

hay 2 abc = n — m + 1. Ben canh do de y rang ta cung co dang thifc sau: 

a 3 + b 3 + c 3 — 3 abc = m 3 — 3 mn. 

Trd lai viec chilng minh bat dang thifc (*), ta thay rang no trfdng drfdng vdi moi bat dang thifc 
trong day sau: 

a 3 + b 3 + c 3 + babe > 1 , 
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a 3 + b 3 + c 3 — 3 abc + 8 abc > 1 , 
m 3 — 3mn + 4 (n — m + 1) > 1, 
m 3 — 4m + 3 > n(3m — 4). (**) 

De chrtng minh danh gia (**), ta xet cac trrfdng hdp cua m nhir sau: 

Trddng hdp 1. m < 1. 

Khi do m 3 — 4m + 3 = (1 — m)(3 — m — m 2 ) > 0 > n(3m — 4). 

4 

Trhdng hdp 2. 1 < m < -. 

Khi do de y rang do 2a6c = n — m + 1 nen n > m — 1 > 0, do vay 

m 3 — 4m + 3 — n(3m — 4) > m 3 — 4m + 3 + (4 — 3m)(m — 1) = (m — l ) 3 > 0. 

4 

Trrfdng hdp 3. m > 

Khi do tif danh gia cd ban 

(x + y + z) 2 > 3 (xy + yz + zx), 

ta suy ra m 2 > 3n. Do vay 

o . o m 2 (3m — 4) (2m — 3 ) 2 

m 3 - 4m + 3 - (3m - 4)n > m 3 - 4m + 3- y — -- = --—— > 0. 

Tom lai, trong moi trrfdng hdp, danh gia (**) luon dung. Tif dd bat dang thtfc (*) drfdc chifng 
minh xdng. 

Den day ta sii dung danh gia (x + y)(y + z ) (z + x) > 8 xyz = 8 de cd 

1 1 1 5 ^ 

(l+x) 3 + (l + y) 3 + (l + z) 3 + 8- ’ 

va dd vay ta da chhng minh drfdc bat dang thrfc ban dau. 

Bai toan ket thuc.D 


Ldi giai 2. Ap dung bat dang thrfc Holder, ta co 


3 r 1 

1 1 T* 

- 1 - - 1 - > 

[ 1 

1 1 T 

L(i +^) 3 

(1 + yf (l + z) 3 \ 

L(l + x ) 2 

+ (l + y) 2 + (1 + Z ) 2 \ 

theo mot ket 

qua da chifng minh d bai 

8.13 thi 



1 1 

1 

_> 3 


(1 + x) 2 ' (1 + y) 2 

(i + z) 

2 - 4’ 

suy ra 

3 f 1 + 1 

l 

I 2 27 


L(l + x ) 3 (1 + y) 3 

(! + z)' 

" 64’ 
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tUdng dUdng 


1 1 3 


(1 + x ) 3 (1 + yf (l + zf-% 

Phep cluing minh hoan tat.D 

8.311 Cho x, y, z la cac so thuc thoa man 2x 2 + y 2 + xy > 1. Tim gia tri nho nhat cua bieu 
thug 

_ P = x 2 + y 2 _ 

Ldi giai. Truck: het ta dat 


Vdi y = 0 thi Q = tut do P = Q(2x 2 + y 2 + xy) > 

Vdi y ^ 0, ta chia ca tut va mau cua bieu thiic Q cho y 2 de co 


„ / x \ x 
- ( ) #:l“ + 1 

\yj y 


t 2 +1 

" 2t 2 + t + 1 ’ 


trong do t = Tit day ta thuc hien phep bien doi tUdng dUdng de thu dude 

y 

(2 Q — l)t 2 + Qt + Q — 1 = 0. 

Xem bieu thiic tren la phudng trinh theo an t. De phudng trinh nay c 6 nghiem, ta can cd 

A = -Q 2 + 12Q -4 > 0, 

* 6 — 2\[2 „ 6 + 2\[2 _ 
tu do suy ra--- < Q < ---. Do vay 


P = Q( 2x 2 + y 2 + xy)>- 


r , , 1 6 — 2\[2 „ 6 - 2^2 
bo sanh - va---, ta suy ra P > -—-. 


U+y/2 . I8-5V2 .. _ D 

Y ——— va y = y —^— (thoa man dieu kien) thi P = 


Cuoi cung, vdi x = y —^— va y = y —^— (thoa 

6 - 2y/2 , 

ket luan ---la gia tri nho nhat cua bieu thiic P. 


Bai toan ket thuc. I 


8.32 | Cho a, 6 , c la cac so thuc dudng thay doi bat ki. Chifng minh rang 
1 + 1 + 1 < a + b + c 

_ a 2 + bc b 2 + ac c 2 + ab ~ 2 abc _ 
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Ldi giai. Ap dung bat dang thilc AM-GM, ta co 


a 2 + bc> 2aVbc. 

Nhit vay ——— < - 7 =. Thiet lap hai bat dang thtfc tUcing tit va cong lai, ta ditdc 

« 2 ~ be 2d \/be 

1 1 1^1 1 1 Vbc + y/ca + \/ab 

a 2 + be b 2 + ac c 2 + ab ~ 2 aVbc 2 byfca 2 eVab Zabc 

Cuoi cung, ta chi can chitng minh 

Vbc + Vea + Vab <a + b + c, 

tuy nhien day lai la mot danh gia cd ban. 

Phep chitng minh hoan tat.D 


8.33 | Cho a, b, c la cac s6 thitc ditdng thoa man a 2 + b 2 + c 2 < Tim gia tri nho nhat cua 
bieu tlihe 

_ P = (a + b) (b + c) (c + a) + — + — + — _ 


Ldi giai. Ap dung bat dang thtfc AM-GM, ta c 6 

a 2 a 

1 4 

tit d 6 ta suy ra — >-4. Cong danh gia nay vdi hai danh gia titdng tit khac, dong thdi luu y 

a z a 

rang ta co danh gia cd ban sau: 

(a + b) (b + c ) (c + a) > 8 abc, 


„ „ , 4 4 4 / 1 1 1 \ 7 (\ 1 1 

P > 8 abc H--12— I 8 abc + -—^^7 + ^“) + o( _ + T + _ 

abc V 2a 2b 2c / 2 V a b c 


Den day ta ap dung bat dang thtfc AM-GM, ta cd 

8 abc + — + ^7 + — >4. 

2 a 2b 2c 

111 9 

Dong thdi ta cung co danh gia - + - + - > ---. Tit day 

a b c a + b + c 

.... 63 


2(a + b + c) 


9 3 

Lai luu y rang (a + b + c ) 2 < 3(a 2 + b 2 + c 2 ) < - nen a + b + c < -, do vay 


P > 4+ y = 25. 
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Cuoi cung vdi a = b = c — - (thoa man dieu kien) thi P = 25 nen ta ket luan 25 la gia tri nho 
nhat cua bieu thiic P. 

Bai toan ket thuc.D 


8.34 | Cho a, 5, c la cac so thuc dudng thay doi bat ki. Cluing minh rang 
(a — b — c ) 2 (b — c — a ) 2 (c — a — b ) 2 1 

_ 2 a 2 + {b + c ) 2 + 2b 2 + (c + a ) 2 + 2 c 2 + (a + b) 2 ~ 2 _ 

Ldi giai 1 . Bat dang thiic can chilng minh mang tfnh thuan nhat nen ta chuan hoa a + b + c = 3. 
Khi do bat dang tlitfc diMc viet lai thanh 

(3 - 2a ) 2 (3 - 2b) 2 (3 - 2c ) 2 ^ 1 

3a 2 - 6 a + 9 + 3b 2 - 6b + 9 + 3c 2 - 6 c + 9 “ 2 

Theo nguyen li Dirichlet, trong ba so a, b , c luon co hai so nam cung phia so vdi 1 tren true so. 
Gia sh hai so do la b va c. The thi 

(b — l)(c — 1 ) > 0 , 

th do suy ra b 2 + c 2 < 1 + (b + c — l ) 2 = 1 + (2 — a) 2 . (*) 

Mat khac theo bat dang tlihc Cauchy-Schwarz ta co 

(3 - 2b) 2 (3 - 2c ) 2 ^ (6-2 b- 2c ) 2 _ 4a 2 

3 b 2 -66 + 9 + 3c 2 - 6 c + 9 “ 3(5 2 + c 2 - 26 - 2c + 6 ) “ 3(6 2 + c 2 + 2a) 

Ket hdp hai danh gia (*) va (**), ta suy ra 

(3 - 2b) 2 (3 - 2c ) 2 ^ 4a 2 _ 4a 2 

36 2 - 66 + 9 + 3c 2 - 6 c + 9 “ 3[1 + (2 - a ) 2 + 2a] “ 3(a 2 - 2a + 5) 

Nhu! vay, de ket thuc cluing minh, ta can chi ra rang 

(3 - 2a ) 2 4a 2 ^ 1 

3a 2 - 6 a + 9 + 3(a 2 - 2a + 5) “ 2' 

Thuc hien phep bien doi tUdng dudng, ta thu dude danh gia dung sau: 

(a — l) 2 (13a 2 - 18a+ 45) > 0. 


Phep chiing minh hoan tat.D 


Ldi giai 2. Day bat dang thiic sau la tUdng dudng vdi bat dang tluic can chiing minh: 
|"a 2 + (6 + c) 2 — 2 a (6 + c) 


E 


2 a 2 + (6 + cy 

E a(a + 26 + 2c) 5 

2 a 2 + (6 + c ) 2 — 2 


“ 2 ’ 
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Chu y rang theo bat dang thrfc Cauchy - Schwarz, ta co 

(2a 2 + (b + c) 2 )(2 + 4) >4 (a + b + c) 2 . 


Do do ta suy ra 


E 


a(a + 2 b + 2 c) 
2 a 2 + (5 + c ) 2 


3 a(a + 2 b + 2c) 
- 2 ^ (a + b + c ) 2 


3 (a + b + c) + 2(ab + 6 c + ca) 
2 (a + b + c ) 2 


Cuoi cung, can phai chi ra rang 

(a + b + c ) 2 + 2(ab + bc + ca) < 5 
(a + b + c ) 2 _ 3 

Tuy nhien bat dang thrfc nay trfdng drfdng vdi mot danh gia cd ban: 


(i a + b + c) 2 > 3 (ab + bc + ca), 
do vay bat dang tlitfc ban dau drfdc chimg minh xong. 


Bai toan ket thuc.D 


Lcfi giai 3. Sd dung danh gia cd ban (b + c ) 2 < 2 (b 2 + c 2 ), ta suy ra 
2 a 2 + (b + c ) 2 < 2 (a 2 + 6 2 + c 2 ). 


Nhif vay 


(a — b — c ) 2 


(a — b — c ) 2 


2 a 2 + (b + c) 2 - 2 (a 2 + 6 2 + c 2 ) 


. Thiet lap hai danh gia trfdng tit, ta suy ra 


(i a — b — c) 2 + (b — c — a) 2 ^ (c — a — b ) 2 ^ (a — b — c ) 2 + (b — c — a) 2 + (c — a — 6) 2 


2 (a 2 + 6 2 + c 2 ) 


2 a 2 + (6 + c ) 2 26 2 + (c + a ) 2 2 c 2 + (a + 6 ) : 

Cu 6 i cung, ta can chi ra rang 

(a — b — c ) 2 + (b — c — a) 2 + (c — a — b) 2 > a 2 + b 2 + & 


hay a 2 +b 2 + c 2 > ab + bc+ ca. Day la mot danh gia dung, do vay bat dang tliifc ban dau drfdc 
chifrig minh xong. 

Phep chdng minh hoan tat. □ 


8.35 | Cho a, b, c la cac so thrfc drfdng thoa man a 2 + b 2 + c 2 = 3. Chrfng minh rang 

_ a 2 + b + c l + c + a~^\/c 2 + a + 6 ~ ^ _ 

Lcfi giai. Ap dung bat dang thilc Cauchy-Schwarz, ta c 6 

(a 2 + b + c)(l + b + c) > (a + b + c) 2 , 

rp“ nJ\ 

trf do ta co 


a\/1 + b + c 
a 2 + b + c ~ a + b + c 


Thiet lap hai danh gia trfdng trf, ta suy ra 


b 2 c 2 a\/\ + b + c + b\J 1 + c + a + cyj\ + a + b 

a 2 + 6 + c^p 2 + c + a^|c 2 + a + 6 — 

Mat khac cung theo bat dang thrfc Cauchy - Schwarz thi 


a + b + c 
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as/\ —b — c-h b\/T+~c+~a + cy/l + a + b — y/aVa + ab + ac + Vb\/b + bc+ba + yfcveA- ca + cb 
< y/(a + b + c)[a + b + c + 2 (ab + bc + ca)], 


do vay ta suy ra 


r. -- rz - /-- 7 \/(a + 6 + c)[a + 6 + c + 2 (ab + be + ca)] 

aVTT6+S+ 6 \/l + c + a + c\/l + a + b < ^-------- 

a + b + c 

r 2 (ab + bc+ ca) 

=V 1+ a+6+c ' 


Nhrf vay, de ket thuc chrfng minh, ta can chi ra rang 

ab + bc + ca < a + b + c. 

Binh phrfdng hai ve va de y tdi danh gia cd ban (a + b + c ) 2 > 3 (ab + bc + ca), ta drfpc 
ab + bc + ca < 3. 


Tuy nhien danh gia tren dung do ab + bc + ca < a 2 +b 2 + c 2 — 3. Do vay bat dang thrfc ban dau 
drfpc chrfng minh xong. 

Bai toan ket thuc.D 


8.36 | Cho a, b, c la cac so thifc drfdng thoa man abc = 1. Chrfng minh rang 
_ a 3 + b 3 + c 3 > a + b + c _ 

L5i giai. Ap dung bat dang thifc AM-GM, ta co 

a 3 + 1 + 1 > 3a. 

Thiet lap hai danh gia trfdng trf cho b va c va cong lai, ta drfpc 
a 3 + 6 3 + c 3 + 6 ^ 3(a + b + c). 

Mat khac, cung theo bat dang thifc AM-GM thi a + b + c > 3 ^fabc = 3, do vay 
a 3 H-& 3 -l-c 3 -|-6 >a.-b 6 -bc-b 6 . 

Rut gon 6 6 hai ve ta thu drfpc bat dang thrfc can chrfng minh. 

Bai toan ket thuc.D 


8.37 | Cho a, b, c la cac so thrfc khong am thoa man a 2 + b 2 + c 2 = 1 . Chrfng minh rang 
111111 
_ 1 — a 2 ~^l — 5 2 1 — c 2 1 — 5c 1 — ca^~l — ab ~ ^ _ 

LPi giai. Bat dang thrfc can cluing minh trfdng drfdng vPi 

a 2 b 2 c 2 be ca ab 

1 — a 2 + l — 5 2 + 1 — c 2 ^"l — 5c ^ 1 — ca + 1 — ab ~ 
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Ap dung bat dang thile Cauchy - Schwarz, ta co 


y. a 2 | y. be > E q2 + Z ] &C ) 2 _ _ (J2 a2 + J2 b tf _ 

1 — ° 2 l —be ^ a 2 (l — a 2 ) + ^ 6 c(l — be) ^ a 2 ( 6 2 + c 2 ) + beja 2 + b 2 + c 2 — be) 

Nhu vay, de ket thuc chilng minh, ta can chi ra rang 

a 2 + ^ 6 c ) 2 > 3 ^ a 2 ( 6 2 + c 2 ) + 3 ^ 6 c(a 2 + b 2 + c 2 — be). 

Khai trien va rut gon, ta thu ditdc 

a 2 (a — b)(a — c) + b 2 (b — a)(b — c) + c 2 (c — a)(c — b) > 0. 

Tuy nhien day chinh la bat dang thile Schur bac bon nen do la mot danh gia dung. Do vay bat 
dang tliilc ban dau drfOc cluing minh xong. 

Bai toan ket thuc.D 


8.38 | Cho a, 6 , c la cac so there thay doi bat ki. Cluing minh rang 


a 2 + b 2 + c 2 > ab + be + ca + 


(a — b) 2 (6 — c) 2 (c — a) 2 
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2009 


Lefi giai. Day bat dang thile sau la titdng drfOng vdi bat dang thile can chilng minh: 


2 2 2 \ r. (a — 6) 2 (6 —c ) 2 2 (c —a ) 2 

2 (a +b + c) >2ab+2bc+2ac-\ -—- 1 - - - 1 -vxxx— 


(a — 6) 2 + (b — c ) 2 + (c — a ) 2 > 


i2 ^ (a-b) 2 , (b — c) 2 2 (c — a ) 2 


13 


12 (a-b) 2 2 (b-c) 2 2007(c-a) 2 

13 + 3 + 2009 “ 


Danh gia cuoi cung hien nhien dung cho moi so thuc a, b,c, do vay bat dang thile ban dau dude 
chilng minh xong. 

Bai toan ket thiic.D 


8.39 | Cho a, b, c la cac so thuc thoa man dong thdi a < b < c,a + 6 + c = 6 va ab + be + ca = 9. 
Chilng minh rang 

_ 0<Q<1<6<3<C<4 _ 

LcJi giai. Trude het, til gia thiet ta co 

a 2 + 6 2 + c 2 = (a + 6 + c ) 2 — 2(a6 + be + ca) = 6 2 — 9.2 = 18. 

Dau tien, ta chilng minh a, 6 , c la cac so there drtOng, nhd sil dung danh gia 

9 = ab + be + ca < a(b + c) 4- ^ = a (6 — a) + ^ ^ . 
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Danh gia nay trfdng drfOng vdi 

3 a 2 

— -3a < 0, 

4 

tit do ta suy ra 0 < a < 4, do vay 0 < a < b < c. Khi do ta cung co 

18 = a 2 + b 2 + c 2 < ac +be + c 2 — c(a + b + c) — 6 c, 


hay c > 3. 


Bay gid ta se cluing minh c < 4 bang phan chilng. Gia sil rang c > 4, khi do c 2 > 4c. Til day ta 
suy ra 


2 j 2 2 (a + b ) 2 (6 — c ) 2 

18 = a 2 + b 2 + c 2 > -—+ 4 c = -—+ 4c ’ 


trfdng drfOng 

c 2 

- 2 c < 0 , 

2 


hay 0 < c < 4, trai vdi dieu gia sil. Mau thuan nay chilng to dieu gia si! la sai, do vay c < 4, cung 
co nghla a < b < c < 4. 


Ta tiep tuc chilng minh a < 1 cung bang phan chilng. Gia sil rang 1 < a < 6 < c < 4, khi do ta 
co cac danh gia 

(a — l)(a — 4) < 0, 

(6 — 1)(6 — 4) < 0, 

(c — 1) (c — 4) < 0 

Cong ve theo ve cac danh gia tren, ta se drfOc 

a 2 + b 2 + c 2 < 5(a + b + c) — 12, 

th do ket hop vdi dieu kien de co 18 < 5.6 — 12 = 18. Dieu vo If nay chilng to dieu gia sil la sai, 
do vay a < 1 . 

Tit a < 1 va c < 4, ta suy v&b = 6 — a — c >6 — 4 — 1 = 1. Nhrf vay, de ket thiic chilng minh, ta 
chi con phai chi ra rang b > 3. Gia sil ngrfdc lai, tile la b > 3, khi do ta co 


(b — 3)(c — 3) > 0, 


trfdng drfOng 
Tit day ta suy ra 


be > 3(6 + c) — 9 = 3(6 — a) — 9 = 9 — 3a. 

9 = ab + be + ca = a(b + c) + be > a(b + c) + 9 — 3a, 


hay 


a(b + c — 3) < 0. 

Tuy nhien do lai la mot danh gia sai, do vay dieu gia si! ban dau cua chung ta la sai, nen b < 3. 
Tom lai, ta da chilng minh drfdc 0 < a < 1 < 6 < 3 < c < 4, do vay bai toan ket thuc.D 
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8.40 | Cho a, 6 , c la cac so time dcfdng thay doi bat ki. Chdng minh rang 

~i Y~ 


Ldi giai. Dat a = x 3 ,b = y 3 ,c — z 3 . Khi do x,y,z > 0 va bat dang thdc can chdng minh trd 
thanh 


/ y 3 + z 3 z 3 + x 3 V x 3 + y 3 ' 
Tru’d c het ta se chilng minh rang 


y 3 + z 3 


y 2 + z 2 


(*) 


That vay, bat dang thilc nay titdng ditdng vdi moi bat dang thdc trong day sau 


(y 3 + z 3 ) 2 (y 2 + z 2 ) 3 ' 

{y* + z 2 ) 3 >{y 3 + z 3 )\ 
3y 2 z 2 (y 2 + z 2 )>2y 3 z 3 . 

Tuy nhien danh gia cuoi cung dung theo bat dang thdc AM-GM: 

3y 2 z 2 (y 2 + z 2 )>6y 3 z 3 >2y 3 z 3 , 
dd vay bat dang thdc (*) ditdc chdng minh. 

Td dd ta suy ra 

i r - 
y 3 


I y 3 + z 3 y z 3 + x 3 y x 3 + y 3 y y 2 A z 2 y z 2 + x 2 
Mat khac, theo bat dang thdc AM-GM, ta suy ra 


x 2 + y 2 


2x 2 


I y 2 + z 2 y/x\y 2 + z 2 ) x 2 + y 2 + z‘ 

Ket hdp (**) vdi (* * *) va hai danh gia trfdng td khac, ta suy ra 

- 3 2(x 2 + y 2 + z 2 ) 


(***) 


I y 3 + z 3 y z 3 + x 3 y x 3 + y 3 x 2 + y 2 + z 2 
Phep chdng minh hoan tat.D 
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3.9 Bai 9.1 den bai 9.40 

9.11 Cho x, y, z la cac so thifc thay doi trong khoang [0,1], Cluing minh rang 
_ 2(x 3 + y 3 + z 3 )-(x 2 y + y 2 z + z 2 x)<3 _ 

L 6 i giai. Sil dung gia thiet, ta suy ra 

(l-x 2 )(l-y) > 0 , 

hay 1 + x 2 y > x 2 + y. Cong danh gia nay vdi hai danh gia tUdng tit khac, ta suy ra 
3 + x 2 y + y 2 z + z 2 x > x 2 + y 2 + z 2 + x + y + z. (*) 

Mat khac, cung th gia thiet ta co 

x(l + 2x)(l — x) > 0, 

hay x 2 + x > 2x 3 . Thiet lap hai bat dang thilc tUdng tit va cong lai, ta drfdc 
x 2 + y 2 + z 2 + x + y + z> 2(x 3 + y 3 + z 3 ). (**) 

Ket hpp (*) va (**), ta suy ra 

3 + x 2 y + y 2 z + z 2 x > 2{x 3 + y 3 + z 3 ), 
th do ta thu drfpc bat dang thilc can cluing minh. 

Bai toan ket thuc.D 


9.2 | Cho a, b, c la cac so thuc thay doi trong doan 1 . Cluing minh rang 


2<^±t + t±£ + £±^<3 

_ 1 T C 1 + <2 1+5 _ 


'3 

L6i giai. Dat x — a+l,y — b+l,z — c+1. Khi do x,y,z & -, 2 va ta can chilng minh 


2 < X + j, ~ 2 + B + "~ 2 + " +I ~ 2 < 3. 


Trrfdc het ta se cluing minh bat dang thilc 6 ve trai. Ta viet lai bat dang thilc do nhit sau 

(x + y + z —2) (- + - + -) >5. 

\x y zj 

Dat s — x + y + z, khi do theo mot danh gia quen thuoc, ta co 

1 1 19 

-1-*|N— ^ — • 

x y z s 


Nhtf vay, ta can chilng minh 


9(s-2) , 
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do vay bat dang thilc can chilng minh. 

Bay gid ta se chilng minh bat dang thilc 6 ve phai. Bat dang thilc nay trfdng drfdng vdi 


x y (x 2\ _ (2-y)(x 2 -2y) 


y x \2 xj 2: 

do do - + - < ^ H—. Hoan toan trfdng trf, ta cung co 
y x 2 x 


y 2 y’ 


Cong ve theo ve cac danh gia tren lai, ta dnoc 


Cuoi cung, ta can chi ra rang 


4 y 2 2 2 2 

-f — 4— < 3 H-1-1—, 

x 2 y x y z 


2 y 2 

x + ~ + ^ <3+-. 
x 2 z 


Day la mot danh gia dung vi la he qua cua hai danh gia i 


i + 2 _ 3 = (*- 1 ^- 2 ) 


Do vay bat dang thtfc ban dau drfdc cluing minh xong. 

Tom lai ca hai bat dang thilc da deu drfdc chilng minh hoan tat. Bai toan ket thuc.l 


9.3 | Cho a, b, c la do dai ba canh cua mot tarn giac. Chilng minh rang 
_ Va + b — fc# y / 6 + c — a + Vc + a — b < -y fa + Vb + A 
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Ldi giai. Sue dung danh gia cd ban (x + y) 2 <2 (x 2 + y 2 ), ta drfdc 


(Va + b — c + Vb + c — a) 2 < 2 (a + b — c + b + c — a) — 4b, 

tif do suy ra \/a + b — c + \/b + c — a < Cong bat dang thifc tren vdi hai danh gia trfdng tit 
khac, ta thu drfdc bat dang thifc can chilng minh. 

Bai toan ket thuc.D 


9.4 | Cho a, b, c la cac so thrfc thay doi trong khoang [1, 2], Chihig minh rang 
_ a 3 + b 3 + c 3 < 5 abc _ 

Lbi giai 1. Bat dang thhc can chilng minh mang tinh doi xhng gifra cac bien, do do khong mat 
tinh tong quat, ta gia sii 2 >a> 6 >c>l. 

Dat f(a, b, c) = a 3 + b 3 + c 3 — 5 abc. Xet hieu sau 

/(a, 6 , c) — /(a, 6 , 1 ) = c 3 — 5 abc — 1 + 5 ab — (c — 1)(1 -hq+ c 2 — 5 ab). 

De y rang c — 1 > 0 va 

1 + c d- c 2 — 5 ab < 1 + c — 4c 2 = —4(c — l ) 2 — 3c + 1 < 0, 
do vay (c — 1)(1 + c + c 2 — 5 ab) < 0 hay f(a, b, c) < f(a, b, 1 ). 

Tiep tuc xet hieu sau: 


/(a, 6 ,1) — /(a, 1,1) = (b — 1)(1 + b 2 + b — 5a), 

va vdi chu y (l + b 2 + b— 5a) < 1 — 4 b+b 2 = (b—l)(b—2) — b—l < 0 , ta suy ra /(a,5, 1 ) < /(a, 1 , 1 ). 
Nhu vay 

f(a, b, c) < f(a, 1,1) = a 3 - 5a + 2 = (a - 2)(a 2 + 2a - 1), 
th do ta suy ra /(a, b, c ) < 0, hay a 3 + b 3 + c 3 < 5 abc. 

Bai toan ket thuc.D 


Ldi giai 2. Bat dang thhc can chilng minh mang tinh doi xhng giila cac bien, do do khong mat 
tinh tong quat, ta gia sii2>a>5>c>l. Khi do de thay 

(b — a)(b — c) < 0 , 

hay b 2 < b(a + c) — ac. Tif day ta suy ra 

b 3 <b [b(a + c) — ac] = b 2 (a + c) — abc 

< [b(a + c) — ac] (a + c) — abc = b(a + c ) 2 — ac(a + c) — abc. 
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Nhrf vay, de ket thuc chrfng minh, ta can chi ra rang 

a 3 + c 3 + b(a + c ) 2 — ac(a + c) — abc < 5 abc, 

hay 

(a — c) 2 (a + c) + b(a + c ) 2 < 6 abc. 

Lrfu y rang do a,b,c e [1, 2] nen a < 2 < 2c < b + c, trf do dan den 
0 < a — c < b. 

Va nhrf vay ta da chhng minh drfdc danh gia tren vi 

(a — c) 2 (a + c) + b(a + c) 2 < b(a — c)(a + c) + 6 (a + c ) 2 = 2ab(a + c) < 2ab(2c + c) = 6 abc. 
Chilng minh hoan tatn 


Lcfi giai 3. Bat dang thtrc can chihig minh trfdng drfdng vdi 

a 2 b 2 c 2 

~r~ H-1—r — 5- 

be ca ab 

Bat dang tlitfc nay mang tinh doi xhng giha cac bien, do do khong mat tinh tong quat, ta gia sii 
1 < a <b < c <2. Khi do ta co danh gia 

(i a — b){b 2 — (?) > 0 , 


th day suy ra b 3 < ab 2 + be 2 — c 2 a hay 


Mat khac ta cung co 


b 2 b c 
— < - + - 


a < a a 

be ~ ca c’ 


c 2 < 2c < 2c 
ab ~ ab ~ b 


Th cac danh gia tren, ta thu ditOc 


Vi b < c < 2 nen — > 1 va r > 1 > -. Do vay 
c b 2 


“-1 


i-2)^ 


, b c 5 TT a c 5 , , , , 

hay - + 7 < Hoan toan trfdng trf, ta cung cd ^ 4- - < Trf hai danh gia nay, ta drfdc 
c b 2 ' c a 2 


^ + — + -r < - + t 
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Phep chiing minh hoan tat.D 


9.5 | Cho a,b,c la cac so thuc khong am thay doi bat ki. Cluing minh rang 


1 + + 


a + cj \ 


1 + ^ 25 
b + a 1 


LPi giai. Day bat dang thilc sau la trfdng drfdng vdi bat dang thilc can chiing minh 


(4 a + b + c)(46 + c + a)(4c + a + b) > 25(a + b)(b + c)(c + a), 

a 3 + b 3 + c 3 + 7 abc > ab(a + b) + bc(b + c) + ca(c + a). 

Danh gia cuoi cung dung do abc > 0 va bat dang thilc Schur bac ba, do vay bat dang thilc ban 
dau dupe chiing minh xong. 


Bai toan ket thilc. □ 


9.6 | Cho a, b, c la cac so thuc dUOng thoa man q^4- b 2 + c 2 — 3. Chiing minh rang 
ab 2 + be 2 + ca 2 <2 + abc 

LPi giai. Bat dang thilc ban dau mang tinh hoan vi giua cac bien nen khong mat tinh tong quat, 
ta gia si! b nam giUa a va c. Th do ta co danh gia 

a(b — c)(b — a) < 0, 

hay ab 2 + ca 2 < a 2 b + abc. Nhu vay, de ket thuc chiing minh, ta can chi ra rang 
a 2 b+ be 2 < 2 . 

Thay a 2 + c 2 bdi 3 — b 2 , dong thdi thuc hien bien doi tUdng dUOng, ta dupe danh gia 

b 3 + 2 > 3b. 

Day la mot danh gia dung bdi theo AM-GM, b 3 + 1 + 1 > 3-v^ ■ 3b. Do vay bat dang thilc ban 
dau dupe chiing minh xong. 

Bai toan ket thuc.D 


9.7 | Cho a, b. c la cac so thuc dUOng thay doi bat ki. Chiing minh rang 
( 2 a + b + c ) 2 (a + 2b + c) 2 (a + b + 2 c ) 2 ^ Q 
_ 2 a 2 + (& + c ) 2 + 2b 2 + (c + af + 2c 2 + (a + b) 2 ~ 


Ldi giai 1. Bat dang thilc ban dau mang tinh thuan nhat nen ta chuan hoa a + b -b c — 3. Khi 
do bat dang thilc can chiing minh trd thanh 

a 2 + 6 a + 9 b 2 + 6b+ 9 c 2 + 6c + 9 ^ o 
3a 2 — 6 a + 9 + 3b 2 - 6b + 9 + 3c 2 - 6 c + 9 “ 
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De y rang ta co danh gia sau 

a 2 + 6 a + 9 _ 1 T 2(4a + 3) 1 ^ 4(a + 1) 

3a 2 - 6 a + 9 ~3f + 2 + (a - 1) 2 J “ 3 ' 

Thiet lap hai danh gia tufting tut va cong lai, ta dufdc 

a 2 + 6 a + 9 b 2 + 6b + 9 c 2 + 6 c + 9 ^ 4(a + b + c+ 3) 

3a 2 - 6 a + 9 + 3b 2 - 6b + 9 + 3c 2 - 6 c + 9 “ 3 

Phep chutng minh hoan tat. □ 


LcJi giai 2. Chu y rang 

(2 a + b + c) 2 _ 2 (b + c-a) 2 
~ 2 a 2 + (6 + c ) 2 2 a 2 + (6 + c ) 2 ’ 

do do ta can phai chilng minh 

(b + c — a ) 2 (c + a — 6) 2 (a + b — c ) 2 1 

2 a 2 + (b + c ) 2 2b 2 + (c + a ) 2 2 c 2 + (a + b) 2 ~ 2 

Tuy nhien day la mot ket qua da dufdc chutng minh d bai 8.18 | . □ 


_., ^ b + c c + a 

Ldi giai 3. Dat x — - ,y = —-— 

- a b 


. Khi do bat dang thilc can chutng minh trd thanh 


(x + 2) 2 (y + 2) 2 (z + 2) 2 
z 2 + 2 2/ 2 + 2 z 2 + 2 ~ ’ 


hay 

(. t - 1) 2 ( y - 1) 2 (*- l ) 2 1 

x 2 + 2 2/ 2 + 2 z 2 + 2 - 2' 

Ap dung bat dang thdc Cauchy-Schwarz, ta co: 

(*-i ) 2 (y-if ( Z-1) 2 (x + u/ + ^-3 ) 2 
x 2 + 2 y 2 + 2 z 2 + 2 ~ x 2 + y 2 + z 2 + 6 

Nhuf vay, de ket thilc chutng minh, ta can chi ra rang 


2(x + y + z — 3 ) 2 >x 2 + y 2 + z 2 + 6 , 


hay (x + y + z — 6) 2 + 2 (xy + yz + zx — 12) > 0. Tuy nhien day la mot danh gia dung nhd danh 
gia sau: 

(x + y + z- 6) 2 >0 

va danh gia co dufdc thed bat dang thilc AM-GM: 


xy + yz + zx = 


(b + c)(c + a) 


ab ab 

(a + b)(b + c)(c + a) 
abc 


(b + c)(c + a) + (b + c)(c + a) 
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do vay bat dang thilc ban dau ditdc chilng minh xong. 
Bai toan ket thiic.D 


9.8 | Cho x , y , z la cac so thitc dildng thoa man 13x + 5 y + 12z = 9. Tim gia tri ldn nhat cua 
bieu thilc 

p xy 3yz 6 xz 

_ 2 x + y 2y + z x + z _ 

LcJi giai. Ta viet lai bieu thdc P nhir sau: 


p = _|_I_ 

2 2 11 1 ' 

y x 3x 3 y 3x 6 z 


De y rang ta co danh gia cd ban sau 


a + b + c ^ 

9 T 

a 


1 

T 

b 


1 ’ 

c 


tif do ta ap dung de co 


p ^ 2y + x + 6z + 3y + 12x + 6 z 13x + 5 y + 12 z ^ 

~ 9 ~ 9 _ 

3 

Cuoi cung, vdi x = y — z = — (thoa man dieu kien) thi P = 1 nen ta ket luan 1 la gia tri ldn 
nhat cua bieu thhc P. 


Bai toan ket thuc.D 


9.9 | Cho a,b,c la cac so thrfc khong am thoa man a + b + c = 1. Cluing minh rang 
_ 10(q 3 + b 3 + c 3 ) - 9(a 5 + b 5 + c 5 ) > 1 _ 

Ldi giai. Day bat dang thilc sau la trfdng drfOng vdi bat dang thiic can chilng minh: 

(I0q 3 - 9q 5 - q) + (10 b 3 - 9 b 5 - b) + (10c 3 - 9c 5 - c) > 0. 

q(l — q 2 )(9q 2 — 1) > 0. 

De y rang ta cd danh gia sau 

(1 + q)(9q 2 — 1) — !j-(3q — 1) = ^.(3q + 5)(3q — l ) 2 > 0, 
th do ta drfa bai toan ve viec chilng minh 

q(l - q)(3q - 1) + 6(1 - 6)(36 - 1) + c(l - c)(3c - 1) > 0, 
hay 4(q 2 + b 2 + c 2 ) — 3(q 3 + b 3 + c 3 ) > 1. Sil dung gia thiet ta thu drfdc bat dang thilc 

4(q 2 + b 2 + c 2 )(a + b + c) — 3(q 3 + b 3 + c 3 ) > (q + b + c) 3 . 
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Thrfc hien phep bien doi trfdng drfdng, ta thu drfdc danh gia cd ban sau 
ab(a + b) + bc(b + c) + ca(c + a) > 6 abc. 

Do vay bat dang thrfc ban dau drfdc cluing minh xong. 

Bai toan ket thuc.D 


9.10 | Cho a, b, c la cac so thrfc trong khoang [1; 2]. Cluing minh rang 
(a + 6 + c)(—h "r H—) < 10 

____ la _ h _ cl _ 


Lcfi giai 1 . Trrfdc het ta co 

. , W 1 11 N n a b b c c a 

(a + 6 + c)( —) = - 1 - 1 - H— 4- — • 

abc b a c b a c 

Bat dang tlitfc ban dau mang tinh doi xdng gida cac bien nen khong mat tinh tong quat, ta gia 
siS2>a>6>c>l. Til day ta co cac danh gia sau 


Nhif vay ta suy ra 


c b c (b \/c \ 

- i - ti - -1 , -1 > 0- 

a a b \a J \b / 


. , W 1 1 1 N _ „.a c. 

(a + b + c)(—h - H—) < 5 + 2(—I—), 


va do do de ket thuc chimg minh, ta can chi ra rang 


hay (2a — c)(a — 2c) < 0. Tuy nhien day la danh gia dung do 2a > c va a < 2 < 2c, nen bat dang 
tilde ban dau drfdc chilng minh xong. 


Bai toan ket thuc. □ 

Nhan xet: Khi cac bien a, b, c thuoc doan[m, n] nao do, ta thrfdng hay danh gia 
(a — m)(b — m)(c — m) >0 hoac (a — n)(b — n){c — b) <0 de tim ra cac moi lien he khac. Danh 
gia tren co the drfdc xem la "du manh" (khong phai tat ca trrfdng hdp deu dung drfdc), vi dau 
bang xay ra khi mot bien bang m hoac n. (co hieu qua khi cluing minh bat dang thrfc doi xilng 
ma dau bang dat tai bien). 

Lbi giai 2. Bat dang thrfc ban dau mang tinh doi xrfng girfa cac bien nen khong mat tinh tong 
quat, ta gia sdl<a< 6 <c< 2 . 

De thay bat dang thrfc ban dau trfdng drfdng vdi moi bat dang tlnlc trong day sau: 


(a + b + c)(ab + bc + ca) < 10 abc, 
ab(a + b) + bc(b + c) + ca(c -i- a) < 7 abc, 
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(a — b)(b — c)(c -f- a) + b(2a — c)(2c — a) > 0. 


Tuy nhien danh gia cuoi cung dung do a < b < c, dong thdi c < 2 < 2a va a < 2 < 2c. Tit do ta 
suy ra bat dang thilc ban dau drtdc cluing minh xong. 

Bai toan ket thuc.D 


9.11 | Cho x , y, z la cac so thuc dudng.Cluing minh vdi moi 0 < a < b < c, ta co: 

(ax + by + cz)(- + | + -) < ^ + ( x + y + x) 2 . 

_ _ a b c _ Aon _ 

L6i giai. 


Ap dung bat dang thilc AM-GM ta co: 

4 ac(ax + by + cz)(- + | + -) < ^ (ax + by + cz) + ac(- + ^ + -) 
Khi do ta can chilng minh: 

TUcing dUOng vdi: 


ax + by + cz + ac(- + % + -) < (a + c)(x + y + z) 
a b c 


ay + cy > by + —r~ O y(a - b)(b - c) > 0 
b 


9.12 | Cho ba so thitc khong am a,b,c thoa man ab + be + ca = 1. Chilng minh rang: 
a 2 + b 2 + c 2 + 3 > 5 
a + b + c — abc ~ 2 


Ldi giai. 

Bien doi nhu sau: 

a 2 + b 2 + c 2 + S — a 2 + b 2 + c 2 + 3(a6 + be + ca) — (a + b)(b + c) + (b + c)(c + a) + (c + a)(a + b) 

a + b + c — abc = (a + b + c)(ab + be + ca) — abc = (a + b)(b + c) (c + a) 

Ta dita bat dang thilc ve dang: 

1 1 i > 5 

a + b b + c c + a ~ 2 

Khong mat tinh tong quat, gia si! c = max {a; b; c} 

Khi do: (a + b) 2 < 2 c(a + b) <2=>a + 6<2. Bay gid de y: 

1 a + b a 2 (a + b) a(a + b) 1 , b(a + b) 

-= —y =a + b -\—-A > a + b- - - >a + b- y n J 

c + a a 2 +1 a 2 + l 2 b + c 2 

2 

Ta quy ve chilng minh:—b x(A — x) > 5 vdi a + b = x 
Titdng ditdng:(x — l) 2 (x — 2) < 0 (dung) 

Ta cd dieu phai chilng minh. Dang thilc xay ra chi khi c=l;a = l;6 = 0va cac hoan vi.D 


9.13 | Cho ba s6 thilc ditdng a, b , c thoa man a 2 + b 2 + c 2 < 3. Chilng minh rang: 

a 2 + b 2 + c 2 + 3abc < 2 (a + b + c) 

L6i giai. 

Dau tien ta xet trrfdng hdp a 2 + b 2 + c 2 — 3 

Khi do, ta cd: 3(a 2 + b 2 + c 2 ) > (a + b + c) 2 > a 2 + b 2 + c 2 +> 3> a + b + c > a/3 
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Bat dang thilc can chdng minh titdng ditdng vdi: 


a + b + c — 3 abc >3 — (a + b + c) Hay |(a + b + c)(a 2 + b 2 + c 2 ) — 3 abc >3 — (a + b + c) 


Taco: ~(a+b+c)(a 2 +b 2 +c 2 ) —3abc > 


a 3 + b 3 + c 3 — 3 abc (a + b + c) ( a 2 + b 2 + c 2 — ab — be — ca) 


Va: 3 — (a + b + c) — 


3 (a 2 + 6 2 + c 2 ) — (a + b + c ) 2 2(a 2 + 6 2 + c 2 — a6 — 6c — ca) 


3 — a — 6 — c 


3 + a + b + c 


Nhit vay ta chi can chdng minh: (a + b + c)(a + b 4 *# + 3) > 6 
Dieu nay hien nhien dung do \/3(\/3 + 3) > 6 
Dau bang chi xay ra khi a = b = c — 1 

Neu a 2 + b 2 + c 2 < 3 thi ton tai k > 1 sao cho: (ka) 2 + (kb) 2 + ( kc ) 2 = 3 

Theo tren, ta co: k 2 (a 2 + b 2 + c 2 ) + 3 k 3 abc < 2 k(a + b + c) 

hay k(a 2 + b 2 + (?) + 3 k 2 abc > 2 (a + b + c) 

Ma k > 1 nen a 2 + b 2 + c 2 + 3abc < k(a 2 + b 2 + c 2 ) + 3 k 2 abc 
Vay ta co dieu phai chilng rninh.D 


9.14 | Cho ba so thitc a, b, c £ [0; 1]. Chdng minh rang: 

a b c . . 5 

-- z —h -h - t + abc < — 

1+bc 1 + ac 1 + ab 2 

Ldi giai. 

Ta co cac bat dang thde sau: (1 — a)(l — be) + (1 — 6)(1 — c) > 0 abc + 2 > a + b + c 

—-— < v —-— 

1 + bc 1 + abc 

oc | 2 5 

Nhif vay ta chi can chilng minh:-1- x < - vdi x = abc 

x + 1 2 

Tuong ditOng: (x — l)(2x + 1) < 0 Dang thilc chi xay ra khi a = b = c— !.□ 


9.15 | Cho cac so thrfc khong am a; 6; c thoa man a + b -h i = 1- Tim gia tri ldn nhat cua bieu 
thde: 

_ 1 + a 2 1 + 6 2 1 + c 2 

1 + b 2 1 + c 2 1 + a 2 

Ldi giai. 

Dat x = a 2 + l,y = b 2 + 1, z = c 2 + 1 

Tit gia thiet ta co: a,b,ce [0,1] x, y, z e [1,2] 

Tim Max: M — — + — + — 
yzx 

Khong mat tinh tong quat: 

Gia s&x>y>z+>(y — x)(y — z)<0<+- + -<- + 1 

y z z 

Do x,y,z e [1, 2] (2x — z)(2z — x) > 0 - + - < ^ do do: M < ^ + 1 = 

9.16 | Cho cac so thrfc ditOng a; 6; c thoa man abc = l.Ctiling minh rang: 

1 1 1 < 
a + b 2 + c 3 b + c 2 + a 3 c + a 2 + b 3 

Ldi giai. 

Ap dung bat dang thitc Cauchy-Schwarz, ta co: (a + b 2 + c 3 )(a + 1 + -) > (a + b + c) 2 
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Do do 


a 4- h 2 4- o 3 


° + l+ c + ^2ab + 3 v 

-— — —-—- vi abc = 1 


' a + b 2 + c 3 ^ (a + b + c) 2 (a + 6 + c) 

Bay gid chung ta chi can chrfng minh: 

Y 1 a + Y 1 Q b + 3 < ^ ^ _|_ c t 2 > a _|_^_|_ c _|_ a ^_|_^ c _|_ ca _|_3 

it (* + b + cf ~ 

Trfdng drtdng a 2 + b 2 + c 2 + ab + be + ca > a + b + c + 3 Bat dang thric cuoi dung vi: 

2,72, 2 ^ ( a + + c ) 2 ^ 3 \/abc(a + b + c) _ , , 0 3 / ^.aro o 

a 2 + b 2, + c 2 > 2 ---— > -^-- = a + b + c va ab + bc + ca> 3v a 2 6 2 c 2 = 3. 

Dang tilde xay ra khi va chi khi a = b = c — !.□ 


Cau hoi md:Cae ban co the giai quyet bai nay theo each tren drfdc khong? Vi sao? 
Cho cac so thrre drfdng a; b ; c thoa man abc = 1.Chrfng minh rang: 

a b c 

a + b 2 + c 3 + b + c 2 + a 3 + c + a 2 + b 3 ~ 


9.17 | Cho cac so three khong am a; b ; c thoa man a 2 + frf j--c 2 = 1. Chrfng minh rang: 

1 1 1 9 

1 - a 2 + 1 - b 2 + 1 - c 2 “ 2 

Ldi giai. 

Chung ta drfa bat dang thufc ve : 

ab be ca 3 
1 — ab^ l — bc + l — ca ~ 2 
Ap dung bat dang thrfc Cauchy Schwaz: 

ab 2 ab < 2 ab < 1 (a + b) 2 < l a 2 b 2 

1 — ab (1 + c 2 ) + (a — b) 2 ~ 1 + c 2 — 2' (c 2 + a 2 ) + (c 2 + 6 2 ) — 2' c 2 + a 2 c 2 + b 2 

Trfdng tit ta co : £ - T n 

1 — ab 2 

9.18 | Cho cac so thitc drfdng a; b] c thoa man a 3 + b 3 + c 3 = 3. Chrfng minh rang: 

4(- + t + “) + 5(a 2 + 6 2 + c 2 ) > 27 
abc 

Ldi giai. 


Ta co danh gia sau: 


4 +8a 3- 2a 3 _ 7 , (a- 1 t(4 + «-2 a ^ Q 


Bat dang thde tren dung do a < v^3 nen 4+a—2a 2 = a 2 + - — 2^ > a 2 — 2^ >0. 


Trfdng trf ta co: 

Cong cac bat dang thrfc tren lai, ta drfdc: 


- + 5a 2 > 2a 3 + 7. 
a 

t + 5b 2 > 2 b 3 + 7; - + 5c 2 > 2c 3 + 7. 
b c 


4 (a + \ + c) + 5 ^ + ^ + ^ - 2 ^ 3 + ^ + + 21 = 27 ' 
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Ta co dieu phai chilng minh. Dang thiic xay ra khi va chi khi a = b — c — 1. □ 


9.19 | Cho cac so there ditdng a; 6; c thoa man a + b + c < 6. Tim gia tri ldn nhat cua bieu 
thiic: 


a — 36 — 2c b + 3c + 2 a ®-+ 3 a + 2 b 


LcJi giai. 

Sd dung bat dang thiic Cauchy-Schwarz ta co: 

9 _ (1 + 1 +1) 2 


< 


Do do: 


1 1 1 

a + 36 +2c 6 + c + c + a + 26 — 6 + c + c + a + 26 
ab 1 / ab ab ab\ 

a + 36 +2c — 9 \ 6 + c + c + a + 26/ 


Xay ditng cac bat dang thiic trtdng tit, roi cong lai ta drtdc: 

, „ 1 / ab ab \ a + b + c 

, T . , „ „ / a6 ab \ 

Mat khac: V - -4-= a + 6 + c 

\b + c c-a) 


Nhrt vay, gia tri ldn nhat cua A = 1 khi a = b — c — 2.0 


9.20 | Cho cac so thrrc ditdng a; 6; c. Chilng minh rang: 

a 6 

v / o 2 + 6 2 \jb 2 + c 2 yA 

LcJi giai. 

Dat x = a 2 , y = b 2 , z — c 2 . Khi do ta can chilng minh: 

I ^ ^ ^ ^ 

\Jx + y \Jy + z \z + x~^ 

Ap dung bat dang thiic Cauchy Schwarz: 


3 


4(x + y + z) (xy + yz + xz) 
(x + y)(y + z(z + x) 




' (x + y)(x + z) 

Vay ta chi can chilng minh: 

8(x + y + z) {xy + yz + xz) < 9(x + y) (y + z) (x + z 
Day la bat dang thiic quen thuoc . Vay ta co dieu phai chilng minh. 


9.211 Cho cac so thitc ditdng x; y; zc thoa man abc = 1. Chilng minh rang: 

x 3 + 1 y 3 + 1 z 3 + 1 - 

7 = + 7 = + 7 = > 2v^y + yz + zx 

y/x 4 + y + z yV + z + x ^ 4 + x + y _ 


LcJi giai. 

De y rang x 4 + y + z = x [x 3 + yz(y + z)\ Ap dung bat dang thiic AM-GM, ta co: 


E; 


x 3 + 1 


: = E; 


x 3 +1 


'* 2 • a/x 4 + y + z • ^JxipAyzA^zx sy m 2 • v /x 3 + y 2 :(y + 2 :) • v /x 2 (y + z) + xyz 

> £ - x3 + 1 - 

a: 3 + J/*(y + ^) + a; 2 (y + z) + xyz 

= E ++--t = E , 2 x3 + xyz -- = Y, --- = l-Dieu phai chilng 

sym +yz)(x + y + z) sym {x 2 + yz){x + y + z) sy mX + y + z 
minh. □ 


9.22 | Cho cac so thiic ditdng a; 6; c . Chilng minh rang: 

a 4 6 4 c 4 


(6 — l) 2 (c-1) 2 (a — l) 2 : 
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L6i giai. 

Ap dung bat dang thifc Cauchy-swachz, ta co: 

r, 4 b 4 

7 + 7-TTX + 


A A 


Ta chifng minh: 
Taco: 

Tif do ta co: 


b- 1 


(b — l) 2 (c-1) 2 (a — l) 2 “ 3 ' 

a 2 

> 4 ^ — > 12 (Dung theo AM-GMD 


9.23 | Cho cac so thifc dUdng a ; b ; c thoa man:a + b + c = 3. Chtfrig minh rang: 

a b c 3 

6 2 + 1 + c 2 T 1 + a 2 + 1 “ 2 

L6i giai. 

Ap dung kl thuat Cauchy ngudc dau ta co: 

a ab 2 ab 2 ab 

i + lP =a ~T+^- a ~^b =a ~Y 

Tudng tit vdi 2 bat dang thifc con lai, ta co: 

a b c , aH5c+co 3 

rT65 + ir^ + rT^-“ +6+c 2 -2 

Dang thifc xay ra khi va chi khi a — b — c — 1. 


9.24 | Cho cac so thifc dUdng q; 6; c thoa man a + b + c = 3 . Chiing minh rang: 


LcJi giai. 




T 1 0 OA • i / 

^2(a + 3) 

J 2 

a + c \ 

-L d tu. \ / 

a + bc 

V \a 2 + be 

a 2 + be) 

Nhu vay 

ve trai khong nho hdn: 




Y,cyc' 

/am f 


1 1 


/a + be y/b + ca 


\/a +be 

Nhu vay chi can chiing minh: 


/b+ c 


2y/2 


, + bc + b + ca y/(c+ l)(a + b) 


v—-— > A 

^ Vc+ 1 ^2 

Bat dang thifc nay dude suy ra tif 2 bat dang thifc: 


1 

/ c + 1 


= > 


\/c • 1 + Vb — 1 + Vi/ — 1 


Va \/a + 1 -~-i/ : b — 1 . + \/c + 1 < v^3(o + b + c + 3) — 3\/2 

Dang thifc xay ra chi khi a = b — c = l.D 

NHAN XET: Bat dang thifc tong quat sau cung dung vdi cung dieu kien va k > 0 

ii±iy + (V±iy + A±iY 

a + bcj \b + caj \<pS ab J 


> 3 


Chiing minh triicJng hdp tong quat: 

Sii dung bat dang thifc cosi cho 3 so, ta chi can chiing minh: 
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(a + 1 )(6 + l)(c + 1) > (a + bc)(b + f/e)(c'-*- ab) 

StjC dung bat dang thile co si cho 2 so : 

(a + 1 )(b + c) — (ab + c) + (ac + b) > 2\J(ab + c)(ac + b ) 

(b + 1) (a + c) — (ab + c) + (be + a) > 2y/(ab + c)(bc + a) 

(c + 1 )(a + b) — (ac + b ) + (be + a) > 2 yj(ac + b)(bc + a) 

Nhan ve theo ve ta chi can chilng minh: 

(a + b) (b + c) (c + a) <8 

Vay bat dang thile dude cluing minh.Dang thile xay ra khi a = b — c — !.□ 


9.25 | Cho cac so thne khong am x\y\zc thoa man x + y + z = 3.Tim gia tri ldn nhat cua 
bieu thhc: 

_ x 2 + x + 2?j-#j3;z _ 

Ldi giai. 

Ta co: x 2 + x + 2y + 3z < x 2 + x + 3(y + z) = x(x — 2) + 9 < 3.(3 — 2) + 9 = 12 

Dau bang xay ra khi va chi khi x — 3-,y = z = 0. □ 

9.26 | Cho cac so there duong a; 6; c . Chimg minh rang: 

(b + c) + b 3 (a + c) + c 3 (a + b) < ^(a 2 + b 2 + c 2 ) 2 

Ldi giai. 


Bat dang tilde can chdng minh trfdng drfOng vdi: 

2(a 4 + b 4 + c 4 ) + 4(a 2 6 2 + b 2 c 2 + (?a 2 ) > 3 ab(a 2 + b 2 ) + 3 bc(b 2 + c 2 ) + 3ca(c 2 + a 2 ) 
Ta tach ra de chdng minh ddn gian vdi 2 bien nhu sau 

a 4 + b 4 + 4 a 2 b 2 > 3 ab(a 2 + b 2 ) & (a — b) 4 + ab(a — b) 2 > 0 
Tnong tn ta cung co: a 4 + c 4 + 4 a 2 c 2 > 3 ac(a 2 + c 2 ) va b 4 + c 4 + 46 2 c 2 > 3 bc(b 2 + c 2 ) 

Vay bat dang tilde dude chdrig minh.Dang tilde xay ra khi va chi khi a = b = c.D 


9.27 | Cho cac so there duong a;b;c . Chdrig minh rang: 

a 2 — ab+ b 2 b 2 — be + c 2 c 2 — ca + a 2 > 3\/2 
_ a/ 6 4 + c 4 _ a/c 4 + a 4 _ Vb 4 + c 4 ~ 2 

Ldi giai. 


Ap dung bat dang tilde AM-GM ta co: 

VT > 3 


(a 2 — ab + b 2 ) (b 2 — bc+ c 2 ) (c 2 — ca + a 
yj (c 4 + a 4 ) (b 4 + c 4 ) (c 4 + a 4 ) 


Nen ta eh! can cluing minh: 

8[(a 2 — ab + b 2 )(b 2 — bc + c 2 )(c 2 — ca + a 2 )] 2 > (c 4 + a 4 )(b 4 + c 4 )(c 4 + a 4 ) 
Ta co bat dang thile: 2 (a 2 — ab + b 2 ) 2 > a 4 + b 4 <=> (a — b) 4 > 0 
Nhan 3 bat dang thile nay lai ta drfdc: 

8[(a 2 — ab + b 2 )(b 2 — bc + c 2 )(c 2 — ca + a 2 )] 2 > (c 4 + a 4 )(b 4 + c 4 )(c 4 + a 4 ) 
Phep chilng minh hoan tat.D 
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9.28 | Cho cac so thitc ditdng a: b:c . Cluing minh rang: 

, „i / 32 ab „ / a 

15 * / —- . . -—r- + 6 ?! — -— < 18 


Ldi giai. 

Ap dung AM-GM ta co: 


(3a + 5) (5a + 35) V 5a + 35 


4a 85 8a 

VT < o-7 + - TyT + 13 + --T + 2 

3 a + 5 5a + 35 5a + 5 


Bay gid ta cluing minh: 

The la 8(a + 5)(3a + 5) < (5a + 35) 2 (a — 5) 2 > 0. (Luon dung)D 


4 a + 8(a + 5) < g 
3a + 5 5a + 35 


9.29 | Cho hai so thitc duong a; 5 thoa man a 9 # -| 9 — 2. Chilng minh rang: 


w 5 2 
- + ->2 


Ldi giai. 


Bat dang tilde can cluing minh titdng ditdng vdi: 
a 3 + 5 3 ^ 2a5 3(a 3 + 5 3 ) 4 ^ 8.3a 3 5 3 (a 3 + 5 3 ) 

Titdng ditdng 


Titdng ditdng 


3(a 3 + 5 3 ) 4 > 8((a 3 + 5 3 ) 3 - a 9 - 5 9 ) 


3(a 3 + 5 3 ) 4 + 16 ^ 8(a 3 + 5 3 ) 3 

Dung thed Cd si 4 so).Dang thhc xay ra khi va chi khi a = 5 = !.□ 


9.30 | Cho hai s6 thitc dudng a; 5 . Chilng minh rang: 

(V5+^)(^Aa + ^r 5 'S2 

_ y a + 35 v 5 + 3a _ 


Ldi giai. 

Ap dung bat dang thitc AM-GM, ta co: 


2 yfa < a + a + b 


Cong lai ta ditdc: 


Lam titdng tit edng lai c6 ngay: 


\/ a + 35 a + 5 a + 35 

2\/5 1 25 

Va -i- 35 2 a + 35 

Va + \/5 < 3 a 
Va + 35 ^ 4 + 2(a + 5) 


(Va + v / 5)(- 


a + 36 v6 + 3a 


9.311 Cho ba s6 thitc khong am a; 5; c thoa man a 2 + 5 2 + c 2 + (a + 5 + c) 2 < 4. Chilng minh 
rang: 

y- a6+1 > 3 

_ ^(a + 5) 2 ~ _ 


Ldi giai. 

Ta co: 


207 







4 ab + 4 ^ 4 ab + a 2 + 6 2 + c 2 + (a + 6 + c) 2 _ 0 „ (c + a)(b + c) 

^ (a + 6) 2 ~ ^ (a + 6) 2 “ ^ (a + 6) 2 

Nhrf vay chi can tilling minh: 

(a + 6)(6 + c) 

^ (c + a) 2 - 

Bat dang thdc cuoi dung theo AM-GM. 

\/3 

Dang tilde xay ra khi va chi khi a = 6 — c — . □ 


+ 6 


9.32 | Cho ba so thrfc a; 6; c doi mot khac nhau. Chdng minh rangT 

( £± V ^‘±£). + ( £±£)* 41 

_ a — c _ b — a _ c — 6 _ 


LcJi giai. 

Dat x = °^-]y = ^ 
a — c b- 

Khi do: 


xyz = {x - l)(y - 1 ){z - 1) = 


(a + b)(b + c)(c + a) 


( a — c)(6 — a)(c — b) 
Suy ra: xy + yz + zx — x + y + z — 1 

Tit bat dang thdc: (x + y + z — l) 2 > 0, ta drfdc: 

x 2 + y 2 + z 2 > 2(x + y + z — xy — yz — zx) — 1 
Hay x 2 + y 2 + z 2 >1 

Phep chdng minh hoan tat. □ 


9.33 | Cho hai so thrtc drfdng a; b ; c thoa man a + b + c — 2. Tim gia tri ldn nhat cua bieu 
thdc: 


\/ab + 2c \/bc + 2 a \/ca + 2b 


Ldi giai. 


Theo bat dang thdc AM-GM: 

ab ab ab < _i_ a ^ 

Vab~+2c ab + c(a + b + c) (6 + c) (c + o) 2(6 Ac) 2(c-t-o) 
La titdng tit cho cac bieu thde con lai, vdi chu y: 

ab ca a 

2(6 + c) 2(6 + c) 2 

Ta tim drfdc max cua P = 1 dat drfdc khi va chi khi a = 6 = c.D 


9.34 | Cho hai so thrfc drfdng a; 6; cthoa man - + j + - = 1 . Chdng minh rang: 

a 2 + b 2 + c 2 > a + b + c 

11 - _ _ fep jS6 ~ A ** _ 

Ldi giai. 

Td gia thiet ta c6: 


Tac6: 

Do do ta co: 


ab + be + ca = abc 


vt = y: 


: = E7 


a 2 + abc (a + b)(a + c) 

3 a + 6 6 + c 3 . , 

H-—-1-—— > — (a + 6 + c) 


(a + 6)(a + c) 8 


6 2 c 2 a + b + c 

- 1 - 1 -> - 

a + be b + ca c + ab 4 
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Phep chhng minh hoan tat.D 


9.35 | Cho ba so tilde dudng q; 6; c thoa mang + b + c = 3. Chhng minh rang: 

V_ 1 _ ^ _ - _ 

1 ab 2 (yfa 4- \Jb 4- yfc .) _ 


L6i giai. 

Bat dang thhc da cho trtdng dhdng vdi: 

^^—< 2 , - 9 - 

1 + ab 2(y/a + Vb + y/c) 

Ap dung bat dang thhc AM-GM, ta co: 

ab ab 1 ^ r~r 

E TT^.- E 2VS = 2 E ' /;S 

Bay gid ta chi can chhng minh: 

Vab 4 -t=-< 6 

\fa + \/b + yfc 

De ddn gian ta dat x — yfa ; y = Vb] z = yfc .Khi do: x 2 4-y 2 4- z 2 = 3 va: 

9 

xy 4- yz 4- zx -\ -< 6 

x + y + z 

, (x 2 + y 2 + z 2 )J?>(x 2 + y 2 + ~ 2 ) 2 2 2 \ 

Tildng ditong xy + r/z + ^ + ---- v ---- < 2 hr 2 + y 2 + z 2 ) 

a; + y + ^ 

(Dem thuan nhat bat dang thhc). Do bat dang thtrc thuan nhat nen chuan hoa a+ b + c= 1. 

1 2 

Dat xy 4- yz 4- zx — A. Ta co:x 2 + y 2 + z 2 — 1 — 2A, A < - < - 

3 5 

Bat dang thhc drfdc viet lai: 

A + ( 1 ~ 2A )V 3 ( 1 zM < 2(1 - 2 A) 

Trtdng ditdng 3(1 - 2A) 3 < (2 - 5A) 2 trtdng drfdng 0 < (1 - 3A)(1 + A - 8A 2 ) 

Bat dang thhc cudi dung vi 1 - 3A > 0; 1 + A - 8A 2 > 1 - 9A 2 > 0 
Dang thhc xay ra khi va chi khi a = b = c — !.□ 


9.36 | Cho hai s6 thrfc x; y thoa man xy ^ 0 va xy(x 4-y) — x 2 — xy + y 2 . Tim gia tri ldn nhat 
cua bieu thhc: 



L6i giai. 

Vdi chu y: 


A = _1_ 1 = x 3 4-y 3 = (x 4- y)(x 2 - xy 4- y 2 ) = /1 1 \ 2 

x 3 y 3 x 3 y 3 x 3 y 3 \x y) 

Dat a = -, b = -.Dieu kien cua bai toan co the viet lai nhiT sau : 
x y 

a 4- b = a 2 — ab + b 2 va ta can tim gia tri nho nhat cua bieu thhc :A — (a + 6) 2 vdi danh gia: 

a 2 - ab 4-b 2 = ^(a 4- b) 2 + |(a - b) 2 > ^(a + b) 2 
Ta thu drfdc :a + b > ^(a + 6) 2 hay la0<a + 6<4 

Th do suy ra A < 16. Vay gia tri nho nhat cua A lal6 dat drfdc khi a = b hay x = y = 
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9.37 | Cho bai so thrfc drfdng x: y: zc thoa rnanxy + yz + zx — xyz . Cliff rig rnirih rang: 

1 1 1 > 3 3 3 

_ x 2 y 2 z 2 ~ x 2 y y 2 z z 2 x _ 


Lcfi giai. 


Dat a=-,&=-,c=-thia + & + c= l 
xyz 

Bat dang thrfc da cho trfdng drfdng vdi: 
a 2 + b 2 + c 2 > 3 (a 2 b + b 2 c + c 2 a) 

+$ (a 2 + b 2 + c 2 )(a + b + c) > 3 (a 2 b + b 2 c+ c 2 a ) (dd a + b + c= 1). 

•O' (a 3 + ab 2 ) + ( b 3 + be 2 ) + (c 3 + ca 2 ) > 2a 2 6 + 26 2 c + 2c 2 a(dung thed bdt Cauchy chd 2 s6 drfdng).□ 


9.38 | Cho hai s6 thitc drfdng a: b; c . Chifrig minh rang: 

1 1 1 1 > (a + b + c + \fabc) 2 

_ a + b b + c c + a 2\fahc ~ (a + b)(b + c)(c + a) 

Ldi giai. 

Ap dung bat dang thiic cauchy-Schawrz, ta co: 

1 1 1 1 _ c 2 \fabc (a + b + c + \fabc) 2 

a + b b + c c + a 2 \fabc c 2 (a + b) 2 abc (a + b)(b + c)(c + a) 

Phep chifrig minh hoan tat.D 


9.39 | Cho hai so thrfc a; b; c thoa man \Ja 2 + b 2 + c 2 = \/ab + bc+ ac . dicing minh rang: 
_ a + b + c< a/3 _ 

LcJi giai. 

De thay ab + bc +ca < a 2 + b 2 + c 2 
Trf do ta co: 

\/a 2 + b 2 +~S < \/a 2 + b 2 + q 2 


trfdng drfdng vdi 
trfdng drfdng 
trfdng drfdng 

hay a + b + c< \/3. □ 


(a 2 + b 2 + c 2 ) 3 < (a 2 + b 2 + c 2 ) 2 
a 2 + b 2 + c 2 < 1 
l > a 2 + 6 2 + c 2 > (a + b + c) 2 


9.40 I Cho ba s6 thrfc drfdng a; 6; c cung ldn hdn 2 va than man - + - + - = 1. Chrfng minh 

xyz 

rang: 

_ xyz + 9 > l.(x - y + z) _ 


Ldi giai. 

Trong 3 so x, y, z phai co 2 so cung ldn hdn hoac cung nho hdn sd vdi 3, gia sff dd la x va y. 
Khi dd (x — 3)(y — 3) ^ 0 <0 xy + 9 ^ 3(x + y) 

Mat khac trf gia thiet suy ra xyz = xy + z + zx 
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Do vay ta co xyz + 9 ^ z(x + y) + 3(x + ?/) 

Ta can chilng minh z(x + y) + 3(x + y) ^ 4(x + y + z) 
tj ^ z + y 

Hay 2 : ^ -- 

x + y - 4 

Gia sil ngtfdc lai 2 ; < — xJr V ^hi khi do: 

x + y — 4 

11111 x+y—4 4 x+y—4 

1 = -H-1 > I-1-—-> —!-1-,-= l(vo ly) 

x y z x y x + y x + y x + y 

Do vay ta co dieu phai cluing rninh.D 


3.10 Bai 10.1 den bai 10.40 

10.11 Cho ba so thitc khong am a; b: c . Cluing minh rang: 

a 2 + b 2 + c 2 4 abc 

-1-> 2 

-..— + T &c+p4a *+.&Sc - _= 

L6i giai. 

Khong mat tmh tong quat, gia sut b la so nam giila avac. Khi do ta co: 

a 2 b + b 2 c + c 2 a + abc = b(c + a) 2 + c(a — b)(c — b) < b(c + a) 2 
Ta can cluing minh bat dang thilc: 

a 2 + b 2 + c 2 + 4ca > ^ 

ab + bc + ca (c + a) 2 ~ 

a 2 + b 2 + c 2 2 (c 2 + a 2 ) 

- 

ab + bc + ca ~ (cT a) 2 
a 2 + b 2 + c 2 2 (ab + bc + ca 

^ c 2 + a 2 ~ (c + a) 2 
b 2 a 2 + c 2 2b 

^ c 2 + a 2 (c + a) 2 — c + a 
<+ (ab + bc — a 2 — c 2 ) 2 > 0 


Bat dang thilc nay hien nhien dung . Dang thilc chi xay ra khi a = b = c.D 


10.2 | Cho hai so thcfc ditOng x; y thoa rrianx + y = 2. Cluing minh rang: 

(x < + y* ){x * + y> r< J+ 

LcJi giai. 

Cach gia 1: 

(x 4 + y 4 )(x 2 + y 2 ) 4 x 10 y 10 = ^(x 4 + y 4 )(x 3 y + xy 3 ) 4 .(2x 2 y 2 f < ^ ((X - 32 (Theo co si 8 

so) 

Cach giai 2:” 

Bat dang thilc tren thife chat la he qua cua 2 bat dang thilc sau: 1) x 6 y 6 (x 4 + y 4 ) < 2 
2) xy(x 2 + y 2 ) <2 

Chilng minh 2): Ta c o:xy(x 2 + y 2 ) < + V* + 2x v) 2 _ 2 
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Chiing minh 1): Ta co :x 6 y 6 (x 4 + y 4 ) < 
Tit do ta co dieu phai chiing minh. 
Dang thiic chi xay ra khi x = y = !.□ 


x 4 y 4 (x 4 + y 4 + 2 x 2 y 2 ) 2 
8 


(xy(x 2 + y 2 )) 4 
8 


< 2 


10.3 | Cho ba so thuc khong am a,b,c thoa man 

a 2 + b 2 + c 2 = 3. 

Chiing minh rang: 

_ a 3 b 2 + b 3 c 2 + c 3 a 2 < 3 


Ldi giai. 

Goi (x; y\ z) la mot hoan vi cua (a; 6; c) sao cho x >y > z. 

Khi do theo bat dang thhc hoan vi ta co: 

a 3 b 2 + b 3 c 2 + c 3 a 2 < x 3 y 2 + x 2 yz 2 + z 3 y 2 
do 2 day x\ y, z va x 2 y 2 \z 2 x 2 ;y 2 z 2 ddn dieu cung chieu. 

Nhu vay ta se chiing minh: 

x 3 y 2 + yx 2 z 2 + z 3 y 2 < 3 

Ap dung bat dang thiic AM-GM: 

2 x 3 y 2 < y(x 4 + x 2 y 2 ) 

2z 3 y 2 < y(z 4 + z 2 y 2 ) 

Chi con can chhng minh (vdi chu f x 2 + y 2 + z 2 = a 2 + b 2 + c 2 — 3): 

y{x 4 + x 2 y 2 ) + y(z 4 + z 2 y 2 ) + 2 yz 2 x 2 < 6 
y(x 2 + z 2 )(x 2 + y 2 + z 2 ) < 6 
^y(3-y 2 )<2 
^(y-l) 2 (y + 2)>0 

Bat dang thiic cuoi luon dung, nen ta co dieu phai chiing minh. 

Dang thiic xay ra khi va chi khi x = y = z hay a = b = c = !.□ 


10.4 | Cho ba so thijc duong a, b, c thoa man a + b+ c — 1. Tim gia tri ldn nhat cua 



Ldi giai. 

Vdi gia thiet a + b + c = 1 thi: 


ab 




h ab V 1 — a — b + ab 
Theo bat dang thiic AM-GM ta co: 

ab 
- ab 

Tudng tU ta cung co: 

be 1 f b 


Cong ve vdi ve cua 3 bat dang thiic tren ta dupe: 
ab I be 

p 4- ab V (i — be \J b— 

Do chinh la dieu can chiing minh, 


1 ab 

/ 

(l-a)(l-b) 

-\l(b + , 

Z< U— 

+ —) 

a) 2 \c + a 

b + c) 

1 ca ^ 1 

(- + - 

’ Y b + ca ~ 2 

\b+ c ( 

b b 

c 

b+c b+a 

c + b 


ab 


a + b 


+ b a a + b 


3 

2 
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Dang thiic xay ra khi va chi khi a — b — c — □ 


10.5 | Cho ba so thitc diftjng a, b , c. Chhng minh rang: 
_ (a 2 + b 2 + c 2 ) 2 > 3(a 3 b + 6 3 s » c 3 a) 


L6i giai. 

LcJi giai 1. 

Bat dang thdc can chilng minh titcfng drfdng vdi: 

2 (a 2 + b 2 + c 2 ) 2 - 6 (a 3 b + b 3 bMt c 3 a ) > 0 
(° 2 — 2a6 + be — c 2 + ca) 2 > 0 

Dieu nay hien nhien dung. Bat dang thile ditdc chiing minh. 

Dau dang thde xay ra khi a = b — c hoac trong bo 3 so sau va cac hoan vi (a, b, c) — 
k( sin 2 f,sin 2 f,sin 2 f).a 

LcJi giai 2. 

Ta da biet vdi moi so thrtc x,y,z thi 

(x + y + z) 2 > 3 (xy + yz + zx) 


chon 


x — a 2 + be — ab, y = b 2 + ca — be, z — c 2 + ab — ca 


ta thu drfdc 

E(a 2 + be — ab)] 2 > 3 ^(a 2 — be — ab)(b 2 + ca — be) 
Mat khac, ta thay rang 


^2(a 2 + bc — ab) = a 2 + b 2 + c 2 


va 


a 2 — be — ab) ( b 2 + ca — be) — a 3 b + b 3 c + c 3 a 

Nen ta co 


(a 2 + b 2 + c 2 ) 2 > 3 {a 3 b + b 3 c + c 3 a). 

Phep cluing minh hoan tat. 

Dau dang thhc xay ra khi a = b — c hoac trong bo 3 so sau va cac hoan vi (a, b, c) — 
k (sin 2 ^,sin 2 ^ i sin 2 |).P 

L6i giai 3. 

Bang each xet hieu hai ve cua bat dang thhc, ta drfdc 


(E“ 2 ) -3'E a% 
= E [l 


= E 
= E 


3 y/5 

4 + X 


1 VT5 

2 + 6 

3 \/29 


.ab + —ca + 


y/5 1 

~T~4 


•f- 2 +l|-T 

4 4 


7 , 1 X 

■ 1c - | 4 + T 


, Vl5 
.ab H —— >ea + 

, i \/29 

ab H- —.camH 

4 


yT5 _ 1 

plx 6 

\/29 1 


1 _ VT5 

2 6 

3 \/29 


6 6 


1 y/29 


Ttf do suy ra dieu phai chrfng minh. 
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Dau dang tilde xay ra khi a = b — c hoac trong bo 3 so sau va cac hoan vi (a, b, c) 
/.• (sin 24 *, sin 2 2 *, sin 2 *) .□ 


10.6 | Cho ba so there dcTdng x, y, z thoa man 

xy + yz + zx — 3. 

Chiing minh rang: 


xyz {x + y){y + z)(z + x) 2 


Lcfi giai. 

Theo Bat dang thdc AM-GM ta co: 

1 4 1 1 4 

xyz (x + y)(y + z) (z + x) 2 xyz 2 xyz (x + y) (y + z) (z + x) 


1 

> --+ - 


2V2 


' 2x V z yjxyz(x + y)(y + z) (z + x) 

Mat khac, cung theo Bat dang thilc AM-GM ta thay rang: 

,_ . fxy + yz + zx\ 

xyz = y/xy.yz.zx < < / | --- ) = 1 


xyz(x + y)(y + z) {z + x) = (xz + yz) (yx + zx) (zy + xy) 

{xz + yz + yx + zx + zy + xy 


> 


2y/2 


xyz (x + y)(y + z){z + x) 2xyz yj X yz{x + y)(y + z)(z + x)' 

1 2y/2 

- 2 + vr 

3 


Bai toan drfdc chiing minh xong. 

Dang tlitfc xay ra khi va chi khi x = y = z = !.□ 


10.7 | Cho ba so thrfc ditdng x, y, z thoa man 


x + y + z < - 


Tim gia tri nho nhat cua: 


F _Z V /j,2 + ^ + ^ + \/ i/2+ ^ + ^ + V /22+ ^ + 


LcJi giai. 

Sit dung lan lrfdt bat dang thhc Mincopski, Cauchy-Schwarz, AM-GM va ket hop vdi gia thiet, ta 
co: 
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P>\l(x + y + z) 2 +( 1 -+ 1 -+ 1 -) +(- + -+ 2 
w \x y zj \x y z 


> \ (x + y + z) 2 + 


81 


324 


(x + y + z) (x + y + zY 


(x + y + z) 2 + 


, 9 6399.4 

^' /2 -i + w 

27 

: ~ 2 ~‘ 


81 

16(x + y + z)“ 


Dang thilc xay ra khi va chi khi x = y = z = 

27 2 1 

Vay gia tri nho nhat cua P la — khi x — y = z = 


6399 

16(x + y + z) 2 


10.8 | Cho ba so thitc drfdng a, b , c 
Cluing minh rang: 

ab be ca < a + b + c 

_ a + 9b + 6c b + 9c + 6a c + 9a + 6b ~ 16 


LcJi giai. 

Sil dung bat dang thilc Cauchy-Schwarz, ta co: 

16 (1 + 3) 2 1 3 

o + 95 + 6c (3c + a) + 3(3 b + c) 3c + o 3b + c 

Trt do ta suy ra 

ab < 1 f ab 3 ab \ 

a + 9b + 6c — 16 \3c + a 3b + c) 

Chilng minh trfdng tit vdi 2 bieu thilc con lai, sau do cong ve vdi ve, ta co: 
ab be ca 

a + 9b + 6c b + 9c + 6a c + 9a + 6b 
< 1 / ab 3 ab be 3 be ca 3 ca 

~ 16 \3c + a 36 + c 3a + b 3c + a 36 + c 3a + b 

a + b + c 


Bai toan drfdc chilng minh xong. 

Dang thilc xay ra khi va chi khi a = b = c.D 


10.9 | Cho q; 0; c drfdng va a + b + c = 3. Chilng minh rang 

A /2a 2 + Tm + \f‘ 2 b 2 + + \ f' 2c 2 H-7— + a^ > 6 

_y_ a + 1 _ Y _ o+l _ Y _ c + 1 _ 

LcJi giai. 

Sil dung bat dang thilc Minkowski, ket hdp vdi bat dang thilc AM-GM va gia thiet, ta drfdc 


215 





2 ° 2 + ^TT + 64 + V 262 + 6TT + c4+ \/ 2c2 + ?TI + “ 4 

>^2(„ + 6 + c) 2 + 2(- 7 =L= + -^L= + - 7 =L=) + (a + 6 + c) 2 


= W 27 — 2 


1 1 

= + 


\Az + 1 “I” 1 + 1 


27 + 2 

= J 27 + 


>A 27+- 


•^/(a + 1)(6 + 1 )(c + 1) 
18 

^/(a + 1)(6 + l)(c + 1) 

54 


Nhir vay ta co dieu phai cluing minh. 

Dang thilc xay ra khi va chi khi a = b = c — !.□ 


10.10 | Cho tam giac ABC' nhon. Chilng minh rang 

'A-B\ ( B-C\ fC-A\ V 2 ( a + b b + c c + a 

cos I —-— + cos —-— + cos —-— < —— . H— , + - 


2 \y/a 2 + b 2 \Jb 2 + c 2 \/c 2 + a 2 


Ldi giai. 

Bang 1 so phep bien doi lifting giac trong tam giac, ta co: 


. c 


sm- 


cos A + cos B 


1 1 — cos C 


V 2 


6 2 + c 2 - a 2 a 2 

+ c 2 -b 2 

2bc 

2 ac 


2 \ 

l a 2 + b 2 — c 2 

2 ab 

2 

(a + 6)(c 2 - (a - 6) 2 ) 

abc 

J 

c 2 — (a — 6) 2 

2 V 

ab 

(a + b 

)\A 2 — (a — b) 2 

2c\fah 


Ta se chilng minh 
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(a + 6) Y c 2 — (a — b ) 2 

2cVab ~ yf\ 

2abc 2 9 , 9 

<(=t-9 > a 2 + b 2 

c 2 - (a - 6) 2 “ 

2ab(a -b) 2 2 

---Aj > (a - by 

c 2 -(a-b) 2 ~ K J 

& a 2 + b 2 > c 2 . 

Bat dang thilc cuoi luon dung do ABC la tam giac nhon. 


V 2 / — v 2(a 2 + b 2 ) 

Thiet lap 2 bieu thilc ttfdng tit va cong ve vdi ve, ta co: 

fA — B\ (B-C\ (C-A\ y/2 f a + b 

003 {—) + {—) + ^ {—) - T ItfTF ■ 

Do chfnh la dieu ma ta can cluing min h.D 


10.111 Cho ba so thitc ditcing a, 6, c 
Chilng minh rang: 


--h — > yja 2 — ab + b 2 + yjb 2 — bc + c 2 + yfc 2 

b c a 


Sil dung Bat dang thilc AM-GM ta co: 

a 2 — ab + b 2 


+ b> 2\/a 2 — ab + b 2 


Tudng tit ta cung c 


- +c> 2 yjb 2 — bc + c 2 


Cong ve vdi ve ba bat dang thilc tren, ta ditdc: 

+ — + — > 2 Cy/a 2 — ab + b 2 + y/b 2 — be + c 2 + \Zc 2 H 
b c a 

Lai co theo Bat dang thilc Mikowsyki, ta cd: 

Va 2 — ab + b 2 + y/b 2 — bc + c 2 + Vc 2 + a 2 — ac > \l(a — ^ + b- 


Tif do ta co dieu phai chilng minh. 

Dang thilc xay ra khi va chi khi a = b = c.D 
Cach 2: 

Ta viet bat dang thilc can chilng minh lai nhif sau: 

2 (+ — + —^ > 2 (y/a 2 — ab+b 2 + y/b 2 — bc + c 2 - 
\b c a) v 

Sil dung bat dang thilc Cauchy-Schwarz, ta cd: 
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b 2 c 

- + — + - 


(a + b + c) 2 


= a + b + c 


b c a a + b + c 
Vay de cluing minh bai toan ta can chtfng minh bat dang thiic manh hdn sau day : 

— + — +a + b + c>2 (Va 2 — ab + b 2 + Vb 2 — bc + c 2 + \jc 2 — ca + a 2 ) 
b c a 

hay la: 

f a 2 — ab + b 2 \ fb 2 — bc + c 2 \ ( c 2 — ca + a 2 \ 

(- 1 - + 6 ) + C-^- + C ) + (-«- +a ) 

> 2 ^ Va 2 — ab + b 2 + \/b 2 — be + c 2 V V c 2 — ca + a 2 ^ 

Bat dang thiic cuoi cung hien hien dung theo bat dang thtfc AM-GM nen ta co dieu phai chimg 
minh. 

Dang thtfc xay ra khi va chi khi a = b = c. □ 


10.12 | Cho ba so thife a,b,ce (0; 1). 

Ctiling minh rang: 

_ (a — a 2 )(b — b 2 ){c — c 2 ) > (a — bc)(b — ca)(c — ab) _ 

Ldi giai. 

Ta co: 

(a — a 2 ) (b — b 2 )(c — c 2 ) = abc — abc 2 + abc. (ab + bc + ca) — abc. ( a + b + c ) 
va: 

(a — be) (b — ca)(c — ab) = abc — abc 2 + abc.(a 2 + b 2 + c 2 ) — ( a 2 b 2 + b 2 c? + c 2 a 2 ) 
Khi do, bat dang thtfc tifdng dating vdi: 

<S=i> abc.(a 2 + b 2 + c 2 ) — (a 2 b 2 + b 2 c 2 + c 2 a 2 ) < abc.(a + b + c) — abc.(a + b + c) 

<+> abc. (a 2 + b 2 + c 2 ) — abc.(ab + bc + ca) < ( a 2 b 2 + b 2 c 2 + c 2 a 2 ) — abc. (a + b + c) 

abc.[(a — b) 2 + (b — c) 2 + (c — a) 2 ] < b 2 .(c — a) 2 + c 2 .(a — b) 2 + a 2 .(b — c) 2 

& S a .(b - c) 2 + S b .(c - a) 2 + S c .(a - b) 2 > 0 (1). 

Vdi: S a — a 2 — abc, S b — b 2 — abc, S c = c 2 — abc. 

Ma: 

S a + S b + S c — a 2 + b 2 + c 2 — 3a 2 b 2 c 2 > 3.(a&c)§ — 3 (abc) 2 > 0.(do: abc e (0,1)). 
Va: 

S a .S b + S b .S c + S c .S a — ° 2 ^ 2 + 3 a 2 b 2 c 2 — 2 abc.(ab + bc + ca) > 0. 

(vi: a 2 b 2 + a 2 b 2 c 2 > 2 a 2 b 2 c, b 2 c 2 + a 2 b 2 c 2 > 26 2 c 2 a; c 2 a 2 + a 2 b 2 c 2 > 2 c 2 a 2 b) 

Nen theo dinh li S.O.S ta co Bat dang thde (1) dung. 

Do do ta co dieu phai chilng minh. 

Dang thhc xay ra khi va chi khi a = b — c. □ 


10.13 | Cho ba so thrfc drfOng a, b, c. 

Tim gia tri nho nhat cua: 

p a + b b + c c + a 

_ a + b + c b + c + 4a c + a + 16 b 

Lcfi giai. 

Dat 
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{ a + b + c — x 
b + c + Aa = y 
c + a+ 16 b = z 


a = 
b = 
c — 


y-x 

3 


z — x 


2#J- 


5 y- 


a + 6 — 
b + c — 
c + a = 


Khi do ta co: 

y Ax z 16x 4 

3x 3 y 15x 15z 5 

Sh dung bat dang thdc AM-GM, ta co: 

y_ _ l y Ax 4 

3x 3 y 3 [ x y ’ ~ 3 


5y + z — 6x 

a 15 
Ax — y 

16x — z 
15 


va 

Do do: 

Dang thhc xay ra Ax = 2 y 


z 16x 1 z 16x > 8 
15x + 15l = 15 x + ~T> ~ 15 


p>^+A_l 

- 3 15 5 

5 b 5c 


16 

15' 


10.14 | Cho ba so thuc ducing a, b, c thoa man abc = 1 
Cluing minh rang: 


L6i giai. 

L6i giai 1. 

Theo bat dang thiic AM-GM ta co: ab + be + ca > 3 
Mat khac, cung theo bat dang t litre AM-GM thi 


2o 


yj\p- + 3 V6 2 "+ ab + bc-\- ca y/(b + a)(b + c ) a + 26 + c 

Thiet lap 2 bieu there tnong tU, roi cong ve vdi ve, ta co: 

a 6 c 2a 26 2c 

+ , „ „ + , 0 > , n , , + , , 0 , + 


s/6 2 -?f: 3 \|isp+ 3 y/a 2 + 3 a + 26 + c 6 + 2c + a c + 2a + 6 
Ma theo bat dang thiic Cauchy-Schwarz ta co: 

2o 26 2c 2(o + 6 + c) 2 


a + 26 4 


- + 


- + - 


6 + 2c + a c + 2a + b a 2 + b 2 + c 2 + 3 (ab + be + ca) 
2 (a + 6 + c) 

(a + 6 + c) 2 + (ab + bc + ca) 


Do do ta co dieu phai cluing minh. 

Dang thiic xay ra khi va chi khi a = b = c — 1. □ 


~ 2 


LcJi giai 2. 

Vi a 2 6 2 c 2 = 1 nen ta co the thay bo (a, 6, c) bdi 
Khi do ta drfa bat dang thiic ve dang dong bac la 
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\j3xy + yz \j3yz + zx ^/3zx~+xy 2 

StjC dung bat dang thilc Holder, ta co 

\ 2 

E x ( 3x v + v z )\ >(x + y + z) 3 


' \/3 xy + yz 
Vay, ta can cluing minh dude 

(x + y + z) 3 > —{x 2 y + y 2 z + z 2 x + xyz) 
Gia sil z la so nam gida 3 so x, y, z. Khi do ta co: 

x(z — x)(z — y) < 0 
<+■ xz 2 + x 2 y < x 2 z + xyz 

Si! dung danh gia tren va ket hop vdi bat dang thilc AM-GM, ta dupe: 

9 9 9 / 2 am-gm 4 / x + y 

xy^yr%+zx + xyz<z\x + y) < — lz + 2 .—-— 

Bai toan dupe chilng minh xong. 

Dang thilc xay ra khi va chi khi a = 6 = c = 1. □ 


4(x + y + z) 3 
' 27 ' 


10.15 | Cho ba so thdc duong a, 6, c. 

Chilng minh rang: 

2(a 3 + b 3 + c 3 ) 9 (a + b+ c) 2 


abc 


a 2 + b 2 + c 2 


Ldi giai. 

Lbi giai 1. Bat dang thilc can chilng minh tUdng dudng vdi: 

2 ( a 3 + b 3 + c 3 — 3abc) > g3(o 2 + b 2 + c 2 ) — (a + b + c) 2 


abc 

<S=^ (a 2 + b 2 + c 2 — ab — be — ca) 


a 2 + b 2 + c 2 
a + b + c 


> 0 


abc a 2 + b 2 + c 2 ) 

<3- (a 2 + b 2 + c 2 — ab — be — ca) [(a + b + c) (a 2 + b 2 + c 2 ) — 9 abc] > 0 
Day la 1 dieu hien nhien dung theo AM-GM, do do phep chilng minh cua ta hoan tat. 
Dang thilc xay ra khi va chi khi a = b = c.O 
Ldi giai 2. Dat p = a + b + c, q = ab + be + ac,r = abc 
Bat dang thilc can chilng minh tUdrig drfdng vdi: 


2 P°-3pq + 3r | p p z 


2 q - 


- > 33 


^ /(/- 3«) +9 ? A > 27 

r p 2 — 2q 


Ta co r < — nen: 


Ta se chilng minh 


2 P(p 2 -3q) +9 _ 


- > 18--— + 9(1 + - 


2 q 


-2 q 


p 2 — 3q 
18--- + 9 1 + - 


2 q 


P 
> 4 


<+> (p 2 — 3q) >0 

Bat dang thilc cuoi dung, vay ta co dieu phai chilng minh. 
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Dang thiic xay ra khi va chi khi a = 6 — c. □ 


10.16 | Cho ba so thijc drfdng a, 6, c. 

Cluing minh rang: 

a + b + c 8 abc 

-1-> 4 

_ abc _ (a + b)(b + c)(c + a) _ 

Ldi giai. 

Bat dang thiic co the viet lai nhrf sau 

a + b b — c #+ a 8 abc > ^ 

2 </abc 2 \fabc 2 \fabc (a + b) (6 + e) (a# a) 

Hien nhien dung theo bat dang thiic AM-GM. 

Dang thhe xay ra khi va chi khi a = b — c.D 


10.17 | Cho ba so there defOng x, y, z. 

Chiing minh rang: 

x + y + z ^_ 4 xyz _ > ^ 

_ <tfxyz x 2 y + y 2 z + z 2 x + xyz ~~ _ 

L6i giai. 

Gia sii z la so nam girfa 3 so x, y, z. Khi do ta co: 

x(z — x)(z — y) <0 
O xz 2 + x 2 y < x 2 z + xyz 

Sil dung danh gia tren va ket hop vdi bat dang thiic AM-GM, ta drfpc: 


x 2 y + y 2 z + z 2 x + xyz < z(x + y) 2 


27 V 


z -\- 2. — 


Sii dung ket qua tren, va theo bat dang thiic AM-GM, ta co: 


x + y + z 


Axyz 


xyz x 2 y + y 2 z + z 2 x + xyz 
Bai toan drfpc chiing minh xong. 

Dang thiic xay ra khi va chi khi x = y = z.D 


27 xyz 

3 \fxyz [x + y + z) 3 


10.18 | Cho ba so thrfc khong am a, b, c thoa man a + b + c — 3. 

Chiing minh rang: 

q+1^6+l^c+l < 25 

_ 6 + 1 c+1 a + 1 ~ 3\Z4ab + 46c + 4ca _ 

Lcfi giai. 

Sii dung bat dang thiic AM-GM, ta co 

3-y4(a6 + bc + ca) < 2 + 2 + (ab + bc+ca) < abc+ab + bc+ca + a + b+c+1 = (a + l)(6+l)(c+1). 

Vay, ta can chiing minh drfpc 

q + 1 6+1 c+1 < 25 

6+1 c+1 a + 1 (a + 1) (6 + 1) (c + 1) 

Hay la 

(q + l) 2 (c + 1) + (6 + l) 2 (q + 1) + (c + 1) 2 (6 + 1) < 25 

•O oh 2 + be 2 + ca, 2 + (q + 6 + c) 2 + 3(q + 6 + c) + 3 + 25 

O ab 2 + be 2 + ca 2 < 4 

Bay giP ta gia sii 6 la so nam girfa 3 so a, 6, c. Khi do ta co: 
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a(b — a)(b — c) <0 
<+> ab 2 + a 2 c < abc + a 2 b 

Sil dung danh gia tren, ket hop vdi bat dang there AM-GM, ta dcTdc: 

ab 2 + be 2 + ca 2 < a 2 b + be 2 + abc = b(a 2 + ac + (?) 

< b(a + c) 2 

■+‘ 
4 (a + b + c) 3 
= 27 


= 4. 

Phep chilng minh hoan tat. 

Dang there xay ra khi (a, b, c ) la mot hoan vi cua (0,1, 2).D 


10.19 | Cho ba so there a, b, c thoa man a 2 + b 2 + c 2 = 2. 

Cluing minh rang: 

_ | a 3 + b 3 + c 3 - abc\ < 2\[2 _ 

Ldi giai. 

(J? ~|“ b^ 1 o? -\- }P“ 

Dat t = ab thi ta c 6 t = ab ; \t\ < —-— < ---= 1 

Sil dung bat dang thilc Cauchy-Schwarz ta co: 

[a 3 + b 3 + c(c 2 — ab )] 2 < [(a + b ) 2 + c 2 ] [(a 2 — ab + b 2 ) 2 + (c 2 — ab ) 2 j 

= 2(1 + t) [(c 2 — ab) 2 + (2 — c 2 — a&) 2 J 
= 2(1 + t) (2c 4 + 2 a 2 b 2 + 4-4c 2 - 4 ab) 

= 4(1 + t) [t 2 - 2t + 2 + c 2 (c 2 - 2)] 

< 4(t+ l)(t 2 -2t + 2) 

Do do ta chi can chilng minh 

(t + l)(t 2 - 2t + 2) < 2 t 2 (t - 1) < 0 
Bat dang thilc cuoi luon dung, phep chilng minh hoan tat. 

Dang thilc xay ra khi va chi khi a = b = 0, c = ±\/2.n 


10.20 | Cho ba so there duong a,b,c. 
Chilng minh rang: 

a 4 + b 4 + c 4 

_ ab + bc + ca 


3 abc 2. 9 , 9 

- r -> ~(a 2 + b 2 + c 2 ) 

a + b + c 3 _ 


Ldi giai. 

Trude het, ta co 2 bat dang thilc phu sau: 

Ta co: 

a 3 + + (? 1/7 7 v 2 . o j 2 2\ 

-;-1- ~(ab + bc + ca) > -(a + b + c ) 

a + b + c 3 v ’ ~ 3 V ’ 

3(a 3 + 6 3 + c 3 ) + (o + b + c)(o& + be + co) > 2(o + b + c)(o 2 + b 2 + c 2 ) 
<+> a 3 + 6 3 + c 3 + 3a6c > a6(a + b) + bc(b + c) + ca(c + a) 

Luon dung theo Schur bac 3. 
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CL + b + C Z 2 7 2 

—- 7 - 1 - -(ab + be + ca) > a +b - 

ab + bc + ca 3 


3(gt# b 4 + c 4 ) + 2(ab + be + ca) > 3 (a 2 + b 2 + c 2 )(a& + be + ca) 
a 4 + b 4 + c 4 + abc(a + b + c) > ab(a 2 + 6 2 ) + 6 c( 6 2 + c 2 ) -f ca(c 2 + a 2 ) 

Bat dang thde cuoi dung do sd dung Schur bac 4 va vi a 4 + b 4 + 2a 2 b 2 = (a 2 + b 2 ) 2 > 2ab(a 2 + b 2 ) 
Trd lai bai toan, bat dang thde cua bai toan ma ta can chdng minh tUdng dudng vdi 
a 4 + b 4 + c 4 a? b 3 + c 3 a? + b 3 + — 3 abc 2 . 2 , o 2 \ 

—- 7 -h- 7 - > - 7 -h -(a 2 + b 2 + c 2 ) 

ab + be + ca a + b + c a + b + c 3 

a 4 + b 4 + c 4 a 3 + b 3 + c 3 5 , 2 ,2 2 \ 

—— -1---1- ab + be + ca > -(a +b +c ) 


- + - (a 2 + b 2 + c 


O —- 7 - 1 - 7 - 1 - ab + be + ca > - (a 2 + b 2 + c 2 ) 

ab + be + ca a+ b + c 3 

That vat bat dang thde nay dung sau khi cong ve theo ve cua 2 bat dang thde phu ma ta da 
chdng minh d tren. 

Phep chdng minh hoan tat. 

Dang thde xay ra khi va chi khi a = b = c.O 


10.211 Cho ba so thuc khong am a, b , c, d, e. 

Chdng minh rang: 

_ a% + b 6 c + c 6 d + d?e + e 6 a > abcde(a 2 + b 2 + c 2 + d 2 + e 2 ) 

L6i giai. 

Neu abede = 0 thi bat dang thde hien nhien dung. 

Vdi abede ^ 0 ta co bat dang thde tUdng dudng vdi 

5 u5 5 5 

4- + -“- +V+V + ^-,> a?±t? + c? + <)?^e* 

ede dea eab abc bed 
Sd dung bat dang thde AM-GM, ta cd 


—— H- 7 - + c 2 + d 2 + e 2 > 5\ —~.—-.c 2 .d 2 .e 2 — 5 a 2 

ede ede V ede ede 

Time hien tUdng tu cho cac hang td con lai, sau do cong ve theo ve ta cd dieu phai chdng minh. 
Dang thde xay ra khi va chi khi a = b = c — d. □ 


10.22 

Cho ba so thuc dudng a, 6 , c. 


Chdng 

minh rang: 

a b 

c ^ 3 (a + b + c) 


a 2 + be b 2 + a< 

z c 2 + ab ~ 2 (ab + bc+ ca) 


LcJi giai. 

Bat dang thde can chdng minh tUdng dudng vdi: 

a 2 (b + c) b 2 (c + a) c 2 (a + b) 


+ bc b 2 + ca c 2 + ab ^ a 2 + be 


. 3(o + b + c) 
: 2 


Ta nhan thay rang bat dang thde nay dude suy true tiep td 2 ket qua sau: 
a 2 (b + c) b 2 (c + a) c 2 (a + b) 

+ + Tri~ a + b+c 

2 2 2 111 

a 2 + be b 2 + ca + c 2 + ab ~ ab be ca 


Chdng minh 1): 

Dat (x: y: z) = (a _ 1 ; 6 _1 ;c 


2 + ab ab be 


Dat (x; y;z) = (a 4 ;b he 4 ) , ta chuyen bat dang thde thanh: 

x + y y + z z + x 1 1 

-— + —-)-< - H- 

z 2 + xy x 2 + yz y 2 + zx x y 

Khong mat tinh tong quat, gia sd x < y < z, khi do ta cd: 
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(1 _ x + y \ /1 _ z + x \ /1 _ y+ z 

V - z 2 + xyj \x y 2 + zx) \y x 2 + y; 

(z-s)(z-y) + (y 2 - a: 2 )(y - x)(^x + yz - xy) 
z 3 + xyz xy(x 2 + yz) (y 2 + zx) 


Nhcf vay, bat dang thile 1) drfdc chilng minh. 

Chilng minh 2 ): 

Ap dung bat dang thile AM-GM: 

4 < 2 < 1 1 

a 2 + be ~ aVbc ~ ab ac 

Cong ve theo ve cac bat dang thile trtdng tit ta co bat dang thile 2) drfdc chilng minh. 
Phep chilng minh hoan tat. 

Dang thlie xay ra khi va chi khi a = b = c.O 


10.23 Cho ba so thrfc drfdng a, b, c thoa man a + b + c= 3. 


Chilng minh rang: 


~2 + Ta + ~2 - ° 2 + &2 + ° 2 
a 2 b 2 c 2 


Cach 1. Sil dung hang dang thile quen thuoc 

(a + b + c) 2 = a 2 + b 2 + c 2 + 2 (ab + bc + ca) 

Ta drfa bat dang thile ve dang 

— + tx 4 —y + 2 (ab + be + ca) > (a + b + c ) 2 
a 2 b 2 c 2 , 

Theo bat dang thile AM-GM va gia thiet ta co 

-y + pr 4—^ + 2 (ab + be + ca) > —- 4 - -—I- 1 - 2y/3abc(a + b + c) 

a 2 b 2 c 2 ab be ca 

= 3 + '^abc + Vabc^j 

>9 — (a + b + c) 2 . 

Phep chilng minh hoan tat. 

Dang thile xay ra khi va chi khi a = b = c — l.D 

Cach 2. Sil dung bat dang thile AM-GM ta co 

1 1 11 1 1 _ a + b + c_ 3 

a 2 b 2 c 2 — ab 6 c ca abc abc 

Vi the ta can phai chilng minh 

> a 2 + 6 2 + c 2 

abc 

Hay 


abc(a 2 + b 2 + c 2 ) <3 


Den day ta co hai hrfdng tan cong. 

Hrfdng 1. Don bien 

Gia si! c = min{a, b, c} thi 3 = a + b + c > 3c, tile c < 1 dan den —> 1 
Dat 


f(a, b, c) = abc(a 2 + b 2 + c 2 ) 
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a + b a + b 


c) = c { [a &(« 2 + 6 2 ) - AtV] + [a 6 c 2 - } 


f(a,b,c)~f[ 

Ma theo bat dang thitc AM-GM thi 

(<a + b) A = ( a 2 + b 2 + 2 ab) 2 > 8 ab(a 2 + b 2 ) 
(be + ca ) 2 > 46c.ca = 4a6c 2 

nen ta co 


/ (a, b,c)<f 


a + b a + b 


cuoi cung ta chi con chimg minh 


I <3 


dat x = > 1, tfif giai thiet ta rut ra drfdc c — 3 — 2x. Xet 

/ — 3 = —(4x 5 — 14x 4 + 8x 3 — 9x 2 — 1) = ~(x — l) 2 [2x(x — l)(2;r — 1) + 1] < 0 

Tit do suy ra dieu phai chitrig mirih.D 

Hrfdng 2. Dung bat dang thitc co dien 

Ta viet bat dang thitc can chiing minh lai nhrf sau 

27 > 3 .abc(a + b + c)(a 2 + b 2 + c 2 ) 

Sit dung bat dang thitc quen thuoc 

(ab + bc+ ca) 2 > 3abc(a + b + c ) 

Ta drfa bat dang thitc ve chitng minh 

27 > (a 2 + b 2 + c 2 ) (ab + bc + ca) 2 
That vay, theo bat dang thitc AM-GM thi 

a 2 + b 2 + c 2 + ab + be + ca + ab + be + c 


(a 2 + b 2 + c 2 )(ab + bc + ca) 2 < 


Chitng minh hoan tat. 

Dang thitc xay ra khi va chi khi a = b = c — 1. 

Cach 3. Dat x — ab + bc + ca. Khi do sit dung cac bat dang thitc quen thuoc 

(a + b +c) 2 > 3 (ab + bc+ ca), (ab + bc + ca) 2 > 3 abc(a + b + c) 

Ta co 

+ 1 

0 < x < 3 va abc < 

Vi the 

1 1 1 (l 1 1\ 2 /I 1 1\ x 2 6 


9 


a 2 b 2 c 2 \a b c) ^ \ab + be + ca) a 2 b 2 c 2 abc 


Ta se chitng minh 
That vay 


x 2 — 6 abc > (9 — 2 x)a 2 b 2 c 2 


VT - VP > x 2 - — - X ^ 9 ~ 2X ^ = x2 ( x ~ 3 ) 2 ( 2x + 3 ) > o 


Bai toan drfpc chitng minh hoan toan. 

Dang thitc xay ra khi va chi khi a = b = c — !.□ 


10.24 | Cho ba so thitc ditOng a, b, c thoa man a 2 + b 2 + c 2 = 3. 
Chitng minh rang: 

_ a + b + c> a 2 b 2 + b 2 c 2 + c 2 a 2 


L6i giai. 
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Cach 1. Dat x — a 2 , y = b 2 , z — c 2 thi x + y + z — 3 va bat dang thdc trd thanh 
y/x + y/y + y/z > xy + yz + zx 

Titdrig ditdng vdi 

2 (y/x + y/y + y/z) + x 2 + y 2 + z 2 > ( x + y + z) 2 
Theo bat dang thdc AM-GM thi 

yfx + y/x + X 2 >3X 

Vi the ma 

VT > 3(x + y + z) — (x + y + z ) 2 

Bai toan ditdc chilng minh xong. 

Dang thhc xay ra khi va chi khi a = 6 = c = 1. □ 

Cach 2. Sh dung bat dang thhc Holder, ta c6 

(y/x + y/V + y/z) 2 (x 2 + y 2 + z 2 ) > (x + y + z) 3 = 27 

Vay ta chi can chitng minh ditdc 

(x 2 + y 2 + z 2 ).(xy + yz + zx) 2 < 27 

That vay, theo bat dang tlihc AM-GM thi 

/ 2 i 2 i 2 \( , , n 2 / fx 2 + y 2 + z 2 + xy + yz + zx + xy + yz + zx\ 

y + z ){xy - yz - zx.y < I --- ) = 27 

Cluing minh hoan tat. 

Dang thiic xay ra khi va chi khi a = b = c — 1. 


10.25 | Cho ba so thitc drfdng a, 6, c. 

Cluing minh rang: 

_ a 2 + b 2 + c 2 + 2 abc + 1 > 2(ab + bc + ca) 


Ldi giai. 

Trong 3 so a, b, c thi luon ton tai 2 so nam cung phia so vdi 1. 

Gia sd 2 so do la a va b. 

Khi do ta co: 

c(a — 1)(6 — 1) > 0 

Mat khac, ta thay rang: 

a 2 + b 2 + c 2 + 2 abc + 1 — 2 ab — 2 be — 2 ca = {a — b) 2 + (c — l) 2 + 2c(a — l)(b — 1) > 0. 
Do chinh la dieu ta can cluing minh. 

Dang Hide xay ra khi va chi khi a = b = c = !.□ 


10.26 | Cho ba so thpc a, b, c. 

Chdng minh rang: 

_ (2 + a 2 )(2 + b 2 ){2 + c 2 ) > 9 (ab + bc + ca) 


Ldi giai. 

Ta co: (2 + a 2 ) (2 + b 2 ){ 2 + c 2 ) = 4 (a 2 + b 2 + c 2 ) -+ 2 ( a 2 b 2 + b 2 c 2 + c 2 a 2 ) + 8 + a 2 b 2 c 2 
De y rang ta co cac bat dang thde sau: 

(a 2 + b 2 + c 2 ) + a 2 b 2 c 2 + 2 > (a 2 + b 2 + c 2 ) + 3^ a 2 b 2 c 2 


> (a 2 + b 2 + c 2 ) 4 s 


9 abc 

a + b + c 


Schur 

> 2 (ab + bc + ca). 
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va: 

3 (a 2 + lr — c 2 ) > 3 (ab + bc + ca). 

2 ( a 2 b 2 + b 2 c 2 + c 2 a 2 + 3) > 2 (2 ab + 2 be + 2 ca). 
Cong ve theo ve cac bat dang thde tren ta thu ngay dieu phai chdng minh. 
Dang thde xay ra khi va chi khi a = b — c. □ 


10.27 | Cho ba so thrfc drfdng x, y , z thoa man x + y + z — 1. 
Chdng minh rang: 

x y z < 9 

1 + x 2 + 1 + y 2 + 1+z 2 ~ 10 


L5i giai. 

Cach 1: 

Sd dung bat dang thde AM-GM ta co: 


x 2 + 1 


,111111111 „ 
= * + 9 + 9 + 9 + 9 + 9 + 9 + 9 + 9 + 9 210 ' 


Thiet lap 2 bieu thde trfdng tit, sau do cong ve theo ve, ta drfdc: 

rh + rh + rh s to (^ + 


I -y z i + z z 10 

Mat khac, cung theo bat dang thde AM-GM, ta nhan thay rang: 

3x + 3x + 3x + 3x + 1 > 5^/(3x) 4 . 

Trfdng trf vdi y, z, va chu yx + y + z = l, ta suy ra: 

Td do: 

x y z 9 

1 + x 2 + 1 + y 2 + 1 + z 2 ~ 10 

Bai toan drfpc chdng minh xong. 

Dang thde xay ra khi va chi khi x = y = z — 

Cach 2: 

Ta co: 

x 72x 3 

1 + x 2 ~ 100 + ? 50 

That vay, bat dang thde tren trfdng drfdng vdi 1 bat dang thde ludn dung (vdi moi x drfdng) sau: 
— {Ax + 3){3x — l) 2 < 0 

Trfdng trf vdi y, z, sau do cong ve vdi ve, ta co: 


l+x 2 + l + y 2 + l + i 


72 9 9 

i-Too ( ^ ?+2) + 50 = Io' 


Phep chdng minh hoan tat. 

Dang thde xay ra khi va chi khi x = y = z — : t 


10.28 | Cho ba so thrfc khong am a, b, c thoa man a 2 + b 2 + c 2 = 1 . 
Chdng minh rang: 

a b c 

_ 1 + be + 1 + ca + 1 + ab ~ _ 


Lefi giai. 

Ta se chdng minh rang: 

(a + b + c) 2 < 2(1 +be) 2 
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That vay, ket hdp vdi gia thiet a 2 + b 2 + c 2 = 1 thi bat dang thde tren se titdng ditdng vdi: 
2 (ab + be + ca) < 1 + 46c + 2 b 2 c 2 
2 a(b + c) < a 2 + (b + c ) 2 + 2 b 2 c 2 
(b + c - a) 2 + 2 b 2 c 2 > 0 


Bat dang thde cuoi luon dung. 

Tit do ta suy ra: 

a < ay/2 
1 + 6c — a + b + c 


Titdng tit 2 bieu thde cbn lai va cong ve thed ve ta ditdc: 

b c ay /2 by /2 


- = V5 


Dang tlidc xay ra khi va chi khi a = b = —=, c = 0 hoac cac hoan vi titdng dng. 
y/2 


□ 


10.29 | Cho a, b, c la do dai 3 canh cua 1 tam giac. 
Chdng minh rang: 


a + b — c 


c + a — b 


> ab + bc + c 


LcJi giai. 
LcJi giai 1. 


Dat x — b + c — a, y = c + a — b, z = a + b — c, bat dang thde khi do titdng ditdng vdi 
I(x + y)(y + z)(z + x) ( 111 


T* + vi + 7i)- x+v+z - 

Binh phitdng hai ve va quy dong, ta ditdc 

{x + y)(y + z)(z + x)(y/xy + y/yz + y/zxf > 8xyz(x + y + z) 2 . 


Dat tiep m — y/x, n = sjy, p — yfz, bat dang thde trb thanh 

(m 2 + n 2 ) (n 2 + p 2 ) (p 2 + m 2 ) > / m 2 + n 2 + p 2 \ 2 
8 m 2 n 2 p 2 ~ \mn + np + pmJ 

De y rang ta co nhan xet sau: 

Vdi x > y > 0 va z > 0 thi ta cd - > - 

y y + z 

Td nhan xet suy ra 


m 2 + n 5 

_ > 

m 2 + n 2 + p 2 

2 mn 


2 mn + p 2 

m 2 +p 2 

. > 

m 2 + n 2 + p 2 

2 mp 


2 mp + n 2 

p 2 + n 2 

> 

m 2 + n 2 + p 2 

2 pn 


2 pn + m 2 


Vay ta chi can chdng minh 

(mr +n 2 + p 2 ) (mn + mp + np) 2 > (m 2 + 2 np) ( n 2 + 2 mp) ( p 2 + 2 mn) 


^ (m — n) 2 (m — p) 2 {n — p) 2 > 0 
Bat dang thde cuoi luon dung, vay ta cd dieu phai chdng minh. 
Dang thde xay ra khi va chi khi a = b = c.U 

LcJi giai 2. 

Theo Bat dang thde Schur bac 4, ta cd 

abc(a + b +"c) > ^ (a + b — c)c 3 
Mat khac, theo Bat dang thde Holder ta cd: 
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£(a + 6-c)c 3 = £ 


Ket hop 2 dieu tren, ta su 


abc(a + b + c) > ^ 


\/a + b — c) 
abc I abc 


\a + b — c \/b + c — a V c- 

Do chinh la dieu can cluing minh. 

Dang thilc xay ra khi va chi khi a = b = c.D 


10.30 | Cho k> 1. 

Chilng minh rang: 

_ k k > (k + l) fc ~ 1 _ 

L6i giai. 

Vi k = 1 thi bat dang thilc trd thanh dang thilc nen ta chi can xet k > 1 
Lay Logarit Nepe hai ve, ta ditOc 

k In k > (k — 1) ln(& + 1). 

Hay viet lai ditdi dang 

In A: ^ ln(A; + 1) 

k — 1 ~ k 

Den day co the thay ngay la ta can chilng minh ham sau nghich bien 

r, \ 

j(x) = - - VOl X > 1. 

Lay dao ham f(x) ta co 


Lay dao ham g(x), ta c 


(x - 1) (x- 1) 


g'(x) = — - - < 0. 
x 2 x 

g(x) < lim g(x) = 0. 


f'{x) < 0. 

I'll do ta co ngay ham f(x) nghich bien tren (1; +oo). 
m do suy ra dieu phai chilng minh. 
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Dung bat dang thitc hoan vi, ta c6 

(hoac cung c6 the chilng minh bang phan tfch dang M(a — b) 2 + N(a — c)(b — c) > 0) 
be ca ab ab be ca 

- 7 T 7-I-— - 7 T 7-I-• 

a+b b+c c+a a+b b+c c+a 

Nhrf vay (bitdc cuoi dung AM-GM) 

be ca a b > 1 / be ca \ _|_ 1 / ab + be + ca 

a + b b + c c — a 2 \a — b b + c c + a) 2 \a + b b + c c + a 



Ta co dieu phai cluing minh. 

Dang thitc xay ra khi va chi khi a = b — c — 1. □ 


10.32 | Cho a,b,c la cac so thitc dudng thoa man 


Chilng minh rang: 


2 + b + 1 b + c +1 c + o + 1 


a + b + c>ab + bc -+( 


LcJi giai. 

Cach 1: 


Sit dung bat dang thitc Cauchy-Schwarz ta co: 

(a + b + 1) (a + b + c 2 ) > (ct + b + c) 2 


Suy ra: 


1 < 

^ a 


1 ^ ^ a + b + c 2 

■ ^ 7 


' a + b+1 ^ ( a + b + cf 

•vv- (a + b + c) < 2(ct + b + c) + a 2 + b 2 + c 2 


<+ab + bc + ca<a + b + c 
hay ta co dieu phai chilng minh. 

Dang thitc xay ra khi va chi khi a = b = c = l.D 
Cach 2: 


Sit dung bat dang thitc Cauchy-Schwarz ta co: 

2>W(i- \ —) = w 

“ ^ V a + h+1 J ^ 


a + b 


a + b+1 ^ a + b+ 1 

(a + b + b dbe — (' — a) 


(a + b)(a + b + 1) + (b -b e) (b + c + 1) + (c + a) (c + a + 1) 
<+ a 2 + b 2 + c 2 + ab + bc + ca + a + b + c> (a + b + c) 2 


+>ab + bc + ca<a + b + c 
hay ta co dieu phai chitng minh. 

Dang thitc xay ra khi va chi khi a — b — c — 1. 
Cach 3: 

Gia sit ton tai cac so drfdng a,b,c sao cho: 


□ 
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Khi do ta 


£- 7 -- > 1 vaa + 6 +'c< ab + be + c 

a + b + 1 


ab + be + ca 
a + b + c 
ab + bc- 


ab + bc + ca 

i + b)(a + b + c) + ab + be + c 


E ab + be + co ^ 

(a + 6 ) (a + b + c) + a& + be + ca 

^ 1 > L_ 2 (a& + be + co) _ 

^ [ (a + 6 ) (a + b + c) + ab + be + cc 
a 2 + ab + b 2 

1 ^ / - 

' (a + 6 ) (a + 6 + c) + ab + be + ca 

> 3 _ (a + ft ) 2 _ 

— 4 ^ (a + 6 ) (a + b + c) + a£> + 6 c + ca 
^ 3(a + b + c ) 2 

— £[(a + &)(a + b + c) + ab + be + ca] 

_ 3(a + 6 + c ) 2 ^ ^ 

2(a + b + c) + 3(a6 + be + ca) 

Dieu cuoi cung la vo If, do do bai toan cua ta dung. 

Phep cluing minh hoan tat. 

Dang tlnlc xay ra khi va chi khi a — b — c — 1. 

10.33 | Cho a, b, c la cac so thile dildng. 

Chilng minh rang: 

a + b + c (a -b) 2 + (b - c ) 2 + (c - a) 2 3/ ~— 

_ 3 ~ _ 12(q + b + c) _ a 

L6i giai. 

Cach 1: 

Ta co bat dang thile can chilng minh tnong dnong vdi 

2 (a + b + c ) 2 a 2 + b 2 + c 2 — ab — be — ca > 3 T- 

6 (a + b + c) 6 (a + b + c) V 

Hay: 

(a + b + c) 2 + 3(ab + bc + ca) > 6 \^abc(a + b + c 
Chuan hoa cho a + b + c = 3, bat dang thile trd thanh 


3 + ab + be + ca > 6 v abc 


ab + bc + ca> y/3abc(a + b + c) — 
ta dila bai toan ve chilng minh 

1 + V abc > 2 \fabc 

Dat t = \fabc < 1, ta co bat dang thile tren tildng dnong vdi 

t 3 + 1 > 2 1 2 


(1 — t)(l + x — x 2 ) >0 


Bai toan ditdc chilng minh xong. 
Cach 2: 
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Nhan 12 (a + b + c) cho hai ve, ta se ditdc bat dang thilc titdng ditdng la 
a 2 + b 2 + c 2 + 5 (ab + bc + ca) > 6 \fabc(a + b + c). 

Hay viet lai la 

(a + b + c ) 2 + 3 (ab + bc+ ca) > 6\^abc(a + b + c). 

Ap dung AM-GM hai lan ta se ce ngay dieu phai cluing minh 

(a + b + c) 2 + Sab + bc + ca ) >2 (a + b + c) y/3(ab + bc + ca) 
> 6 \fabc(a + b + c). 

Dang thilc xay ra khi va chi khi a = b = c. 


10.34 | Cho cac so thitc ditdng x\y\z thoa man xy + yz + zx — 3. 

Chilng minh rang: 

x + 2 y y + 2z z + 2x 

--- 1 --- 1 -< 1 

_ 2x + Ay + 3 z 2 2y + Az + 3x 2 2z + Ax + 3 y 2 _ 


LcJi giai. 

Vi 

x + 2 y 1 z 2 

2x + A y + 3z 2 3 3(2x + 4 y + 3 z 2 ) 

Nen bat dang thilc tren titdng ditdng vdi 

y 2 . l 


t + 7 


7 + 7 


2y + Az + 3x 2 2z + Ax + 3 y 2 2x + 4y + 3z 2 3 

Sil dung bat dang thilc Cauchy-Schwarz, ta c 6 

(y^ + y/y 3 + y/z^j 


£ 

Vay, ta can chi ra rang 


hay la 


2x + Ay + 3 z 2 3(x 3 + y 3 + z 3 ) + 6 (xy + yz + zx) 

(Vr 5 + y/y 3 ] 

3(x 3 + y 3 + z 3 ) + 6 (xy + yz + zx) ~ 3 


\! M 3 + yj (yz) 3 + y](zx f >xy + yz + z 
That vay, sil dung bat dang thilc AM-GM, ta c 6 : 


i+y) + y/(yz)^ : y/(zx) 

= (^yj(xy) 3 + y/xy'j + ( yz) 3 + x /yz'j + (^yj(zx) 3 + y/zx^j - (y/xy + y/yz + yfzx) 

>2 (xy + yz + zx) - (y/xy + y/yz + yfzx) 


> (xy + yz + zx) + (xy + yz + zx) - y/3 (xy + yz + zx) 
= (xy + yz + zx) + 3 - 3 
= (xy + yz + zx) 

Bai toan ditdc chilng minh xong. 

Dang thilc xay ra khi va chi khi x — y — z = 1 . 


10.35 | Cho cac so thitc ditdng a, b, c. 
Chilng minh rang: 


V 4 b 2 + bc + A c 2 \/d 


4q/_-f -ab — Ab 2 y % b 2 +jxi+- 4 c 2 V. 4c 2 . rhca_+ 4a 2 


Ldi giai. 

Cach 1: 
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StjC dung bat dang tlnlc Cauchy-Schwarz, ta c 6 : 


E 


I 4 a 2 + ab + 4 b 2 
Do do ta di chilng minh: 

E(4a 2 + ac + 4c 2 )] |E 


<E(4 « 2 + «c + 4c 2 )] E 


' (4a 2 + ab + 4b 2 )(4a 2 + ac + c 2 )\ 


' (4a 2 + ab + 4b 2 ) (4a 2 + ac + c 2 ) J 

Dieu nay tUdng dndng vdi: 

(8 E ° 2 + E a fy [8 E ° 2 fr 2 + abc(a + b + c)] < (4a 2 + ab + 4b 2 ) 

Hay: 

66 a 2 b 2 c 2 < 8 abc(a 3 + b 3 + c 3 ) + 8 (a 3 6 3 + b 3 c 3 + c 3 a 3 ) + 3 abc [a 2 (b + c) +b 2 (a+ c) + c 2 (a + &)] 
Dieu nay dung thed AM-GM. 

Vay bai toan ditdc chilng minh xong. 

Dang thilc xay ra khi va chi khi x = y = z = 1. □ 

Cach 2: 

De y rang: 

(x + 1) 2 (4x 2 + x + 4) — 4(x 2 + x + l) 2 = x(x — l) 2 > 0 

Nen ta c 6 : 


1 


. 1 x + 1 


V'44i?’*fx+4 ~ 2 X 2 + X + 1 
Thiet lap 2 bieu thilc titdrig tit, roi edng ve thed ve, ta ditdc: 

1 | 1 | 1 ^1( x+1 


y +1 


\J4x 2 + x+ 4 y]4y 2 + y +4 y/4z 2 +z + 4 2 \a ; 2 + a; + l y 2 +y + 1 z 2 + z + 1 

Nhit vay ta can chilng minh 


x + 1 


y +1 + y +1 , < 2 


Titdng ditdng vdi 


:r 2 — ;r — 1 — // — 1 2:^4- 2 — 1 

if 


- + - 


r + - 


x 2 + x + 1 y 2 + y+ 1 2: 2 + z + 1 ' 

Bat dang thilc nay luon dung theo Vasile Cirtoaje. 

Bai toan dude chilng minh xong. 

Dang thilc xay ra khi va chi khi x — y — z — 1. 


10.36 | Cho a, b, c la cac so thuc khong am thoa man a 2 + $ -f c 2 = 3. 
Chilng minh rang: 

2 

_ (a — b) (b — c) (c — a) + 2 > - (ab + bc + ca). 


L6i giai. 

Ta se chilng minh bat dang thilc manh hdn la nhit sau 
2 

2 — -(ab + be + ca) > \ (a — b)(b — c)(c — a) |. 
Den day, ta co the gia sil a > b > c > 0. 

De y rang 

2 (a - b) 2 + (b - c) 2 + (c - af 

2 - -(ab + bc + ca) = 2 - L - g 7 ---- 

Nen ta can chilng minh 


(a-bY^(b-cY-(c-aY 
3 

Ap dung bat dang thilc AM-GM, ta co 


> \(a — b)(b — c)(c — a)\ 
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(n _ b f + (6 - ,c) 2 + (c - of > _ 6)2(6 _ C ) 2(C _ n) 2 

Nhrt vay ta can chi ra rang 

yj(a — b) 2 (b — c) 2 (c — a) 2 . > |(a — &)(& — c)(c — a)| . 

Hay tdc la (sau khi da xet trrfdng hop hai bien bang nhau) 

1 > | (a — b) (b — c) (c — a) \ 

Bat dang thdc nay dung vi theo AM-GM va dieu gia sd ta co 

| (a — b) (b — c) (c — a) | = (a — b ) (a — c) (b — c ) 

< ab(a — b) — \Jab ■ ab ■ (a — b) 2 

{ ab + ab + (a — b) 2 \ 

* ) 

< 1 - 

Nhrf vay, ta co dieu phai chdng minh. □ 


10.37 |Cho a,l 

>, c la cac so time drfOng. 

rg: 

(a 3 + b 3 + c 3 ) 2 — (a 4 + b 4 + c 4 ) (ab + bc + ca) 

Chdng minh rai 

Ldi giai. 

Ta co dang thdc 

(a 3 + b 3 + c 3 ) 2 - (a 4 + b 4 + c 4 )(ab + bc + ca) = ± £[(a 2 - b 2 ) 2 + c 4 ](a - bf > 0 

Td do suy ra dieu phai chdng minh. 

Dang thdc xay ra khi va chi khi a = b — c. □ 

10.38 |Cho a, l 
Chdng minh rai 

| c, d la cac so time ditOng. 

rg: 

6 l32a(a + b)(a + b + c) / 246cd 

y 3(a + 6 + c + d ) 3 ' \ (a + b)(a + b + c)(a + b + c+d) ~ 


Ldi giai. 

Sd dung bat dang thdc AM-GM ta co: 
16 / 32a(a + b) (a + b + c) 
y 3(a + b + c + d ) 3 


2a 3(a + 6 ) 3(a + 6 ) 4(a + b + c) 4(a + b + c) 4(a + b + c) 

a + b 2(a + 6 + c) 2(a + b + c) 3(a + 6 + c + d) 3(a + 6 + c + d) 3(a + 6 + c + d) 


< 2a 2 3(a + 6 ) 4(a + b + c) 

a + 6 2(a + 6 + c) 3(a — b c — d) 

_ 2a 3(a + 6 ) | 4(a + fr + c) | 1Q ^ 

a + b a + 6 + c a + 6 + c + d 

Mat khac, cung theo bat dang thdc AM-GM thi: 


+ 10 
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4 «/ 246cd - 4 4 / 2& 3c 4d 

y (a + 5) (a + 6 + c) (a + 6 + c + d) V a + &’a + 5 + c’a + & + c + d 

< + 3c 4d x 

— a +6 a + 5 + c a+5+c+d 
Cong ve theo ve (1) va (2) suy ra dieu phai chilng minh. 

Dang tlidc xay ra khi va chi khi a = b — c — d. 

10.39 | Cho x , y , z, t la cac so thile khong am. 

Chilng minh rang: 

_ 3(x 2 + y 2 + z 2 + t 2 ) + A^xyzt > ( x + z + t) 2 _ 

Ldi giai. 

Ta chilng minh bat dang thile tildng dildng (Tukervici): 

x 4 + y 4 + z 4 + t 4 + 2 xyzt > x 2 y 2 + y 2 z 2 + z 2 x 2 + t 2 x 2 + t 2 y 2 + z 2 t 2 
Khong mat tinh tong quat, gia sii t = min {x; y; z; t} 

Neu t = 0 thi ta co: 

x 4 + y 4 + z A > x 2 y 2 + y 2 z 2 + z 2 x 2 
(x 2 - y 2 ) 2 + (y 2 - z 2 ) 2 + (z 2 - x 2 ) 2 > 0 
Neu t > 0 ,chuan hoa t — 1. Ta can chilng minh: 

x 4 + y 4 + z A + 2 xyz + 1 > x 2 y 2 + y 2 z 2 + z 2 x 2 + x 2 + y 2 + z 2 
Mat khac, ta co bat dang thile vdi 3 bien dildng: 

x 2 + y 2 + z 2 + 2 xyz + 1 > 2 (xy + yz + zx) 

nen ta can chi ra rang 

x 4 + y 4 + z 4 - x 2 y 2 - y 2 z 2 - z 2 x 2 > 2(x 2 + y 2 + z 2 - xy - yz - zx) 

&(x- y) 2 [(x + y) 2 - 2 } + (y- z) 2 [(y + z) 2 - 2 ] + (z - x) 2 [(z + x) 2 - 2 ] > 0 
Nhrf vay, phep chilng minh hoan tat. 

Co 2 trrfdng hdp cua dang thile :x = y = z — t hoac x = y — z;t — 0.0 



L6i giai. 

Bat dang thile can chilng minh trfdng drfdng vdi: 

( b-c ) 2 | (c-a ) 2 | (a-b ) 2 > g (a - b) 2 + (b - c) 2 + (c - a ) 2 

be ca ab ~ (a + b + c ) 2 

^ (b — c ) 2 [a(a + b + c ) 2 — 8 abc] > 0 
Khong mat tinh tong quat gia sil a > b > c 
Ta co: 

S b + S a — (a + b)(a + b + c) 2 — 16a5c > 4c(a + b) 2 — 16a6c > 0 
S b + S c = (b + c)(a + b + c) 2 — 16a5c > 4 a(b + c) 2 — 16a5c > 0 
2S b >S b + S c >0^S b >0 
Nen theo dinh li S.O.S ta co dieu phai chilng minh. 

Dang thile xay ra khi va chi khi a = b — c.O 
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